Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



..Google 



..Google 



..Google 



..Google 



LECTURES 

ON THE 

PHILOSOPHY OF AEITHMETIC 

AHD THE 

ADAPTATION OF THAT SCIENCE 

TO THE BUSINESS PURPOSES OF LIFE : 



ADVANCED CLASSES IN SCHOOLS. 
By UEIAH PARKE. 

POUKTH EDITION, REVISED AND IHPROTED BY THE AUTBOB. 



" What man has d(me, man may do." "I WILL TRY." 



FKILADELF HIA, 
PUBLISHED BY MOSS & BROTHER. 

No. 12 South Fourth Street. 
1850. 



..Google 



Eniered according to Act of Congress, in the jear lS-19, 

By URIAH PARKE, 

In the Clerk's Office of the District Court of Ohio. 

tTk.&, p. a. CotLiKs, Primers, 



..Google 



PREFACE. 



In presenting the following work to the public in a revised 
form, but few remarks are necessary by way of Introduction. 
Though not engaged in teaching, circumstances had forcibly 
impressed on the attention of Hie author, the necessity of some 
book adapted to the use of teachers and others desirous of stu- 
dying the science of arithmetic, from principle, and tracing its 
uses in life. He examined accordingly every European and 
American publication that he supposed might meet the difli 
culty ; but found none that seemed exactly to the purpose 
Leslie^ Philosophy of Arithmetic treats copiouslj on the use 
of counters, and the ancient modes of study, besides tracing 
some of the more curiou" properties of numbers , but there is 
nothing practical and life-like in it. Its scircitj , even in Eng 
land, shows that it does not there meet the wants and the taste 
of the multitude. Barlow's Elementary Investigation oj the 
Theory of J^umbers, involves the necessity of an intimate il- 
quaintance with Algebra ; and though it is ngidiy "icientific in 
its development of the properties of numbers, and may suit the 
college, it is not sought for by the people either in Gre'it Bntain 
or America. Finding the ground unoccupied, and believing 
that a boob adapted to the wants of life in our country, was 
necessary, the present publication was put forth, and the result 
fully justified the author's anticipations. The first edition was 
sold, and the demand continuing to increase, the work has 
been carefully revised, and is now otfered to the public with 
full confidence that it will be found a useful companion to the 
teacher, the student, and the enterprizmg reader who loves in- 
vestigation. 

(3) 
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The author has not sought to elucidate a!l the properties of 
numbers, nor to pursue a rigidly systematic course ; but study- 
ing the wants of those for whom he has written, he has aimed 
to make a book that will be useful to them ; and that will 
foster a spirit of investigation and study, without affecting to 
despise the inferior attainments with which thousands must rest 
satisfied. He does not seek to supersede or to build up, any 
particular system, but to occupy general ground, heretofore un- 
occupied, and to be useful. Teachers are sometimes found, 
that seem greatly at a loss in seeking to explain the principles 
of what they teach ; for to know, and to be able to tell clearly 
what we know, are two things, not always found together ; and 
if a teacher were learned as a Newton or a Labdneb, it would 
not benefit his pupils, unless he could communicate his know- 
ledge. It is hoped that this book wiU be found to suggest 
some desirable modes of explanation. Locke says truly, " It 
is one thing to think right, and another thing to know the right 
way to lay our thoughts before others with advantage and 
clearness, be they right or wrong." 

To the thousands of young men in our country, who are 
without the aid of living teachers, and yet desire to study this 
subject thoroughly, we trust the book before them will prove 
an assistant, no less valuable than to the teacher or the pupil 
in the school room. 

If found acceptable to his countrymen, the author will have 
his reward, 

URIAH PARKE. 

Zanestille, Ohio, September, 1848. 

g^^It affords me pleasure to say that in the process of re- 
vision, I have been materially indebted to the assistance of Dr. 
Samuel C. Mendenhali., a gentleman intimately acquainted 
with the science of Mathematics ; and who has asked no 
living teacher for instruction in that branch of knowledge. To 
Imri Richards, Esq., also my thanks are due for valuable 
assistance. 
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LECTURES 

ON THE PHILOSOPHY OP NUMBERS. 



LECTURE I. 



TIIE STUDY OF ARITHMETIC, ITS HISTORY, ETC. 

The science of Arithmetic is of great antiquity and of mueh 
importance. It is alike indispensable to the scholar and tlie 
man of business ; and must remain of primary importance 
through all the vicissitudes of time ; for ■while sensible objects 
exist among civilized men, the science of numbering tiiem 
must exist also. 

Before we take up the principles and application of the 
science, it may be well to make some general remarks on its 
study, so often denounced by young persons as difficult and 
wearisome. We shall always find study irksome when we do 
not engage in it with full purpose of success ; but if we direct 
our attention with energy and skill to any subject, and perse- 
veringly seek to understand its principles, we seldom fail of 
success. 

The study of Mathematics, of which Arithmetic is an im- 
portant branch, has been resorted to by many philosophers, as 
a means of strengthening the reasoning faculties ; and perhaps 
there is no mode more effectual than Qie close and connected 
train of thinking necessary to investigate the principles of this 
science. They who devote much attention to it, generally 
become passionately fond of the study, and often acquire great 
proficiency, though their general education may be very de- 
fective. Men of the highest rank have spent much time ia 
this study and have enriched the science with many important 
discoveries; and who is prepared to &c;' what timid schoolboy 



..Google 



14 STl'DY, IIISTOllY, ETC. 

that is now conning his elementary rules, is not destined at 
some future day to make discoveries that shall carry the light 
of science far into the territory of ignorance and doubt ? 

Lord Napier, of Merchiston, Scotland, enriched the science 
of Arithmetic with one of tlie greatest mathematical discoveries 
of modem times, Logarithms; he also constructed several 
machines or instruments to facilitate calculation. Even the 
immortal Sir Isaac Newton lent the powers of his mighty 
mind to the science of numbers, and made important dis- 

Some persons possess by nature an astonishing aptness in 
calculation, being able to perform the most difficult operations 
in numbers, without the previous training which most minds 
require. But because nature has not been thus bountiliil to 
us all, shall we fold our arms in listless despondency and do 
nothing .' 

Of a number of those persons we shall give some account 
hereafter. But a well balanced mind, in which the various 
powers are four.d to exist in an ordinary degree, is greatly to 
be preferred to one possessing some single astonishing feature, 
but deficient, as they generally are in otiiers. Prodigies aie 
seldom well adapted to the every-day affairs of life, and are 
generally unhappy; white the individual of strong common 
sense, expects nothing wilitout labor, and applying himself 
diligently, shows himself sufficient for every emergency. If 
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acquire proficiency in Mathematics without patient study of 
first principles, he will be disappointed, and instead of finding 
his way becoming more smooth and easy at every step, it will 
become more rugged and difficult, until lost in a labyrinth of 
uncertainty. There is no royal road to learning. 

For the reader's encouragement I might point to our country- 
men, BowDiTCH, the great navigator, and Rittenhouse, the 
great self-taught astronomer; in England to Sandehsos, blind 
irom his inl'ancy, yet he became not only an expert mathema- 
tician, but a professor of Mathematics ; and to Hehschel, the 
astronomer, who rose from the rank of a drummer in the British 
army to be one of the greatest astronomers of the age; and to 
CoBBETT, who commenced his career as a private soldier, and 
rose to be a member of the British parliament ; and to Fer- 
Gusox, the shepherd boy who studied the stars at night while 
he tended his master's flock, and by perseverance rose to 
eminence. But I need not cross the ocean to seek examples, 
they abound in our own land. How many of our professional 
men and highest officers hare been the artificers of their own 
fortunes ! and of those who have distinguished themselves in 
the walks of science, how many commenced their career like 
BuHRiTT, "the learned blacksmith," under the most unfavor- 
able circumstances! 

I might name many, but it is unnecessary ; let each youth 
cast his eye around upon his own acquaintance and see how 
few of those who occupy respectable stations in social com- 
munity, or who enjoy the possession of wealth, were bom 
under the smiles of fortune. It is not alone upon the high 
and shining mark in the list of statesmen, warriors, and men 
of science that the aspiring youth should look for encourage- 
ment, for if all below these were labor lost, how few would 
enjoy the meed of success ! It is only the eagle of the strong- 
est pinions tliat can reach the upper skies. The youth who 
aims high may fail to effect all he desires, yet he will gene- 
rally eilect much; while he who seeks nothing will effect 
nothing. AVhen difficulties rise up in his way, let his motto 
be "I WILL TRY," and if he perseveringly carry out his 
determination, success will be his reward. The youth who is 
determined to succeed, must erase tlie word FAIL from his 
vocabulary. 

I have remarked that the science of Arithmetic is of great 
antiquity, but we are not to understand that it has existed from 
antiquity in its present form; or containing the matter we now 
find in our school systems, arranged under the heads of Barter, 
Loss and Gain, Fellowship, and other rules. Not at all. This 
is a modem a'-angement growing out of the application of the 
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principles of pure science to the practical purposes of life. In 
the early days of this science, the art of printing was unknown, 
books were unknown, and even the art of wiitiiiir, as it now 
exists, was unknown. Then the pebbles of the brook ssjppred 
the place of the pen and pencil, while a rude diagram, sketched 
perhaps in the sand or upon the tender bark of some forest tree, 
served the purpose of the geometer. As successive discoveries 
were made in the science, its limits were extended, and while 
valuable matter was added, rubbish was removed, for much 
time had been spent by some in idle speculations on "Magic 
Squares" and other matters of no practical use in life, and of 
little benefit to the cause of science ; but as none could tell at 
what moment a valuable principle might be discovered, phi- 
losophers persevered in what proved to be but learned trifles. 
WhUe men of science introduced principles valuable in a 
scientific point of view, and threw them into form for the study 
of youth; the wants of business were not disregarded, and 
hence the introduction of many rules of a practical nature, 
involving no new principle of science, but being entirely a 
practical application of the principles developed in other rules: 
and thus the systems of our schools have been brought to their 
present shape. 

In the infancy of the science the power of combining num- 
bers was limited to a very few simple operations; yet these 
were the groundwork, and as ages on ages have rolled on, the 
grand superstructure has been reared, until it has risen far 
above the clouds, and numbered the stars of the heavens, cal- 
culating their courses and declaring the days of their revolu- 
tions. To this result the discoveries and labors of centuries 
have contributed, and Arithmetic has now become an indis- 
pensable branch of education in every station of life. 

The following brief sketch of its early history we copy 
from the Western Academician, where we find it suited to our 
purpose ; 

"As the arts and sciences, in their early stages must have 
been very imperfect, it was impossible to appreciate their 
value, or to predict their future importance to man. And 
since most of them were cultivated in some measure before 
maidcind were qualified to record their progress, their early 
histories are either entirely unknown, or they are involved in 
doubt and obscurity, beyond which no research has been able 
to penetrate. This is especially tlie case with Arithmetic. 

The Chaldeans, the Egyptians, and the inhabitants of the 
various parts of India, distinguished themselves at a very early 
period, by their knowledge of Astronomy. Their acquaintance 
with several periodical appearances of the heavenly bodies, 
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some of which embraced many ages, was tnily astonishing, 
and indicates a very advanced state in the knowledge of com- 
putation. 

At this remote period of time, however, it is impossible to 
ascertain who were tiie real inventors of Arithmetic, or even 
to whom we are indebted for its earliest improvements. Tiio 
Egyptians claim the merit of having first cultivated it: but 
they deem the invention too sublime to have been effected by 
human ingenuity, and piously ascribe it to the gods. 

Some of the Greeks ascribe the invention of Arithmetic to 
thePhcenicians; and affirm that the first system of this science^ 
was written in the Phcenician language W Agenor; but this 
appears to be without much foundation. It is highly probable 
that tiie operations of Arithmetic were improved by that com- 
mercial people; but there can be no question of their having 
borrowed their first ideas of it from the Egyptians, 

JosEPHDs maintains that Abraham was the inventor of 
Arithmetic; and tliat his descendants carried the knowledge 
of it with them into Egypt. However this may be, it is 
certain tliat the Greeks copied both their alphabet and their 
metiiod of notation from the Hebrews. The latter employed 
the first nine letters of their alphabet to represent the nine 
digits; and the Greeks afterwards adopted the same method, 
which is an evidence sufficient to determine between tiiese 
two nations alone, the merit of priority m the cultivation of 
Arithmetic. 

The Greeks are undoubtedly the first European nation among 
whom the subject of Arithmetic received anj considerable at- 
tention. Mathematics had been cultivated to some extent 
v/hen Thales appeared, (about 500 years before Christ ;) but 
from that period may be dated the commencement of a more 
rapid progress. This eminent mathematician and philosopher, 
travelled to the East in search of information, where, no doubt, 
he jeceived accessions to his knowledge of this useful science. 

Pythagoras, a disciple of Thales, also travelled among 
the Egyptians and the Indians in pursuit of knowledge, and 
spent twenty-two years in those countries, collecting infor- 
mation. Among otiier objects of inquiry, he gave especial 
attention to the science of Arithmetic, It does not appear, 
however, that the immediate followers of Pythagoras, con- 
tributed much to the improvement of Arithmetic in its more 
useful branches. They devoted their almost exclusive atten- 
tion to the discovery of the abstract properties of numbers, 
instead of trying to simplify the methods of calculation. They 
however, discovered many useful properties of numbers, and 
the common multiplication table is ascribed to Pythagoras 
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himself. One of the greatest benefits the Pytliagoreans con- 
ferred on the science, was the discovery of the property of the 
right-angled triangle — the square of whose longest side is equal 
to the sum of the squares of the two other sides. 

From some fragments of Grecian Arithmetic, it appears that 
they were not only acquainted with the operation of Addition, 
Subtraction, Multiplication, and Division ; but aiso with the 
method of extracting the square and cubic roots, and the theory 
of geometrical progression. Their methods of calculation, were 
doubtless complicated and tedious, very unlike those of tlie 
present day; but their knowledge of the combination of num- 
bers must have been extremely accurate as well as extensive. 

About tlie second century of the Christian era, a system of 
notation was invented, called the Sexigesimal Arithmetic, of 
■which Ptolemy is supposed to be the author. Some traces 
of it are still found in the division of an hour, minute, circle, 
etc. ITie principal design of this notation was to avoid the 
inconvenience of the common method, especially in fractions. 
Every unit was divided into sixty parts, and each of these into 
sixty others: and in order to render the computation more 
simple, the progression in whole numbers was also made sexi- 
gesimal. From unity to fifty-nine the numbers were repre- 
sented in the common way; and sixty, which was called 
sexigesimal prima, was denoted by unity with a dash over it; 
twice sixty by two units and a dash, etc., to fifty-nine times 
sixty, where the series was resumed, except only that sixty 
times sixty was denoted by unity with two dashes. When a 
number less than sixty was joined to a sexigesimal, it was 
annexed in its proper character, thus: 1' represented sixty; 
I'v sixly-five; x' ten times sixty; x'xl ten times sixty and ten 
and one, or 611, etc. Fractions were represented by placing 
ilie dash at the bottom, 1, equal one sixtieth, or at tlie left 
hand '1 which was the same. 

Tlie notation of this system of Arithmetic is founded upon 
the same princi])le as that of the Arabian method, and differs 
only in the scale. The Ptolemaic by sixty, and the Arabic 
by ten, the dash representing the cypher. The only objection 
to this system, is the great number of characters necessary to 
its use; but this is nothing in comparison with the advantages 
it presents. Notwithstanding the sexigesimal Arithmetic, is 
ascribed to Ptolemy, yet it is probably of Eastern origin, as 
the Indians of this day employ this division of time. They 
divide the day into sixty parts — each of these into sixty, and 
lasdy these into sixty. They also reckon periods of sixty 
years as we do centuries. 

The science of Arithmetic was enriched in the fourth centurv. 
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by DioPHANTUs, of the Alexandrian school; and the supposed 
inventor of Algebra. The tirae in which he lived was probably 
about the middle of the fourth century. He wrote thirteen 
books on Arithmetic, only six of which have escaped the de- 
stroying hand of time. An edition of his work was published 
in Paris, in 1621. The Diophantine Arithmetic was almost 
entirely neglected from that period to the time of the dis- 
tinguished Euler; who was born at Basil, 1707. 

The science of Arithnietic never received much attention by 
the Romans. The war-like disposition of that people being 
averse to the milder arts of peace. Boethius, (who died 
about A. D. 525j} was perhaps the only mathematician of note 
among them. He translated the Geometry of Euclid, and 
Arithmetic of Nichomacps. 

About the middle of the seventh century, the Arabs who 
were a fierce and uncivilized people overran Egypt and Persia. 
The famous Alexandrian Library, which contained the accu- 
mulated Kbois ol ages, and which was almost the only de- 
pository of tlie learning ol intiquity, was consigned by them 
to the fiimes Ihe manneis ot this people, however, soon 
changed In Jess th m a century they began to cultivate the 
\er> suences the) had endeavored to banish from the earth. 

About the beginning of the eighth century, tliey invaded tJie 
southern provinces of Spain They capried with them the arts 
and sciences, and introduce I into Europe the decimal scale 
oi notation, and their admirible system of Arithmetic. 

This SI stem which ii now used by every civilized nation, 
has ail the precision we can desire, vvith the important ad- 
vantage of concistnesa and <iimpiicity. A better scale than 
the decimal might possibly be adopted; but the principles of 
notation are incapable of improv ement. 

The celebrated Gehbeht, who was raised to the pontifical 
chair, under the title of Silvester II. contributed greatly to 
the diffusion of the kno v'ed ^e of Arabian Arithmetic tbrougli- 
out Europe Hl went into Sjain himself, and acquired a 
knowledge of it, -iiid returned to Prance, and introduced it 
among hiscountrjmen, about the year 970, Soon after which, 
it was introduced into Britain Though we are indebted to 
the Arabs tor our present system of Arithmetic, that people do 
not pretend to have been the inventors, but acknowledge that 
they received it originally from India. Several manuscript 
copies of Arabian Tieatises on Arithmetic are to be found. 
One of these has been preserved in the Library of Leyden, 
entitled " The Art of calculating according to the method of 
the Indians." 

The difficulties experienced in the infancy of every science 
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are great, and were not less in this tlian in others; and Lence, 
much labor was wasted in speculations leading to no valuable 
purpose, and not a small share of ingenuity was devoted at 
various times to the construction of machines or instruments, 
designed to facilitate calculations by numbers; most of them 
iiowever, exist now rather as mafliematical curiosities in the 
cabinets of the curious, than as auxiliaries to the tcaclier in 
the school room, or the solitary student at his desk. The in- 
vention of Logarithms, so far improved the facilities of calcu- 
lation, that no farther attempts were, for a long t!jne, made to 
introduce machines. Recently, however, we have seen notices 
of further attempts at their construction, and of astonishing 
success. 

The Greeks had tlieir Abax, on which rows of counters were 
placed, consisting of pebbles, pieces of ivory, coins, dc, and 
from the abas of the Greeks, tlie Romans constructed dieir 
Abacus, which was in hke manner a board on which pebbles 
were placed, and by their various arrangements, calculations 
were perfonned. "The use of the Abacus," says Professor 
Leslie "formed an essential part of the education of every 
noble youth. A small box or colTer called a loaihis, having 
compartments for holding the calculi or counters, was con- 
sidered a necessary appendage. Instead of carrying a slate 
and satchel, as in nAdem times, the Roman boy was accus- 
tomed to trudge to school loaded with those ruder implements, 
his arithmetical board, and his box of counters." 

"The Greek word for pebble," says Dr. Lardner, "is 
psepkos, and hence the word psepkizeiti, to reckon or compute ; 
the Latin word for pebble is calculus, and hence cakv'.are to 
reckon, and our term caladate." Sipher, as appropriated to 
tlie digital characters, is an Arabic word, and introduced, says 
Professor Leslie, by tlie Saracens into Spain, and si[jnifying lo 
enumerate. 

The form of the Abacus, as we now find it in schools, is an 
improvement on the original constraetion ; the counters being 
made to move on wires that cross the frame. An instmraent 
very similar to this is used by the Chinese, not only in their 
schools, but by their most expert accountants; it is called the 
Swanpan, or Schwanpan. During tlie middle ages, officers 
of die revenue in Europe, used a black cloth, on which white 
lines were drawn, crossing each other at right angles, as we 
see chess boards divided at the present day. This was called 
an Exchequer, and calculations were made by means of 
coimters placed on the several squares. 

Gunter's Scale, and Cog gf.s hall's Sliding rule have lines 
of nv.mbers for multiplying, dividing, &c., but they are new 
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little used, as their accuracy is never equal to calculation, and 
in the hands of a careless person, or when the instrument is 
not well made, ihey cannot be relied upon at all. 

Baron Napiee, the celebrated inventor of Logarithms, con- 
trived a machine called A'apier's Bones or Rods; and the same 
gentleman contrived two other machines, for purposes of cal- 
culation, but Uiey were complex, and though curious as well 
as scientific in construction, they have never been introduced 
into practical use. 

Pascal also invented a machine by which many combi- 
nations of numbers could be effected, but it is now found 
existing only as a specimen of human ingenuity, M. de 
L'Epine and M. Boiiissekdeau, improved this machine or 
invented others upon the same principle. The inventions of Sir 
Samuel Moreland, George Brown, William Fhend, &c., 
followed, but like their predecessors, were never of much 
practical use. 

For the blind, some apparatus sensible to the touch is indis- 
pensable; but that now used in the best schools for the blind, 
is very simple. Their slate, as they term it, is a metalic plate 
8 or 10 inches square, covered with rows of cells or small 
apartments, (like the cells of a honey comb, only they are 
square,) formed by partitions crossing each other at right 
angles, as lines in the common Multiplication Table; and 
adapted to receive metalic types, on the ends of which, the 
figures are raised so as to be recognized by the touch. These 
are arranged in their elementary rules very much as figures 
are by those who see ; but in the more advanced stages of 
tlieir studies other characters are used, better adapted to the 
purpose of the operator, but which must be seen, and the uses 
explained to be well understood. After making some progress 
and learning the principles of numbers, the student is led by 
degrees to dispense with sensible characters and to conduct 
the process in his mind ; in which the blind, having no external 
objects to distract their attention, become very expert. In this 
they are aided by having their forms of calculation adapted to 
a purely mental process, as is done in teaching children under 
t'.K Pestalozzian system. 

Sanderson's contrivances to enable him to perform mathe- 
matical calculations were very ingenious, and perhaps laid 
the foundation for the modern improvements in teaching the 
blin.1. A Mr. Greenville and Dr, Hekry Moves, both of 
w'lom like Mr. Sanderson, were blind, contrived machines 
for purposes of calculation. Like the tablets used in modern 
schoals for the blind, these machines were. formed in squares 
with holes to receive pins, which being recognizable by tha 
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louch, and capable of various arrangement, enabled the opera- 
tor to express any number at pleasure. Mr. Sanderson was 
long professor of Mathematics at Cambridge, England, and 
Dr. Moves pursued the occupation of a lecturer on Natural 
Philosophy and Chemistry, and it is said that his precision in 
elucidating the doctiine, even of light and colors was sur- 
prising.* 

*Thi! riiUowin? extract of a letter li-om 11. N. HuhBEU., Esq., Principal 
of tlie Ohio Deaf and Dumb Asylum, details some particulars relative to 
the mode of instructing mutes, that may prove interesting to such aa liave 
not witnessed the process. 

i Ohio Deaf and Dumb Asylvw, 
I Columbus, O., Oct. SI, 1639. 
U, Parke, Bs«uihb: 

Dear Sir — I received a letter from you a few days ago, requesting 
infiirmation respecting the manner of instructing the Deaf and Dumb in 
Aritlimetic. I would gladly furnish you with any information in my 
power; I am apprehensive, however, that 1 CKnnot give such a description 
of the mode as will he very interesting. 

It will he obvious that the mental operations of mules in the study and 
use of Arithcnetio, are similar to those of persons who hear and speak. 
They differ only in the mechanical part of the process, mutes being obliged 
by their necessities to lay hold of some visible symbols, corresponding in 
si^ification to the vocal sounds employed by others tu express the same 
tlimgs ; but the expression of the mute is generally most forcible, his 
language being natuiai, while that of the others is artificial and arbitrary. 

It is a motto with mutes, "The hand answers the purposes of the 
tongue." This is true in learning and using Arithmetic, as well as in 
other subjects ; and it is especially true in using the fingers to express 
numbers, for they furnish a ready means of expressing all their combina- 
tions to an unlimited extent- The ten fingers well express the digits, 
indeed the word digit signifies finger, and these were undoubtedly u^ed 
ly the ancients, as they are by barbarous people at the present day, to 
express numbers, as far as tliey had occasion to employ them or were 
capable of understanding them. The use of decimal Arillimetic by almost 
all nations has no Ibrce as an argument to prove lliat all nations had Ihe 
same origm, as a celebrated author (Dr. Good) supposes, for it is in al! 
cases derived from the ton fingers; and it is rather strange that such an 
argument should be adduced hy such a man, to prove what is doubled 

In counting, the mute uses one hand, beginning with the liunih and 
proceeding to the little finger, malting five ; returning by touching the 
end of tlio thumb to the ends of the several fingers he makes nine. A 
horizontal motion with the whole hand clenched expresses ten. By a 
cbmbintttion of these signs iie expresses any number under tivenly. 
Twenty is represented by a horizontal motion of the thumb and tore finger 
cloeed; thirty by the thumb and two fingers, and so on ; aliorizontal motion 
expressing tens. A hundred by t!ie letter C of the manual alphabet, and 
a thousand by the letter M. A repeiition of the thousand sign makes 
millions, and thus any conceivable number can be expressed with as much 
rapidity as can be efiected by the uee of speech. The ordinal numbers, 
first, second, third, &c.. are dietinguiahed from these by an upward per- 
pendicular motion. 
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In 1831, Mr. Ouvek A. Shaw, of Richmond, Virginia, 
invented a set of wooden figures which he called the Visible 
JVumeratoT, and having taken oiit a patent for his invention, 
he visited different states of tlie Union in the character of an 
itinerant lecturer on Arithmetic; but though it was successful 
in the hands of the inventor, it has never been extensively in- 
troduced into schools. Like many other means of illustration, 
it probably owed much of its supposed value to the expertness 
of him who used it. 

It consisted of a series of mahogany blocks, represent I ng 
units, tens, hundreds, &c., ingeniously put up in a neat ma- 
hogany box about 9 inches wide, and a foot in len^. The 
blocks representing units, were cubes ^"15 of an inch square; 
the tens were ten times as large, being ^^ square and ap inch 
long; the hundreds ten times as large as the tens, being an 
inch square, and ^5 thick; while the thousands were in the 
same ratio, being cubic inches; other blocks represented larger 
quantities. 

From the recommendations attached to Mr. Sii.\w's book, 
it seems probable tiiat he was able by liis oral lectures to give 
interest to the subject, and by means of his apparatus to make 

Numeration I leaeh Uiua : Instead of saying' units, tens, &c., in nume- 
rating a tow of figures, 6843250 for instance, I place abbreviations above 
them, thus; m h ty th h ty 

6 8 4 S 2 6 naming the figure 

first, wbic]i reads 6 millions, 8 Aundred, 4 forty, 3 (Aousand, 2 /lunureJ, 
and fifty. Thus with a blank over the riglit hand figure, ty for the tens, 
and the regular recurrence of ty,b,th,ty,h, m,ty,h,th, ty, h, b, (billions) 
I find no difficulty in enabling the learner in a few minutes to enumerate 
any given number. 

In teaching them Addition, whatever number is to be carried froin one 
column to another is put at the bottom of the column to which it is carried, 
and added to the column, and the reason why carried, of course esplainod 

In Subtraction, when the lower figure is emallesl, tiiey esperience ;!o 
difficulty. When it is largest, 1 is placed at the left hand of the iinper 
figure, and 1 carried to the next lower figure; this being fijUy explained 
to them in sign language, they generally proceed with fecility. 

Multiplication and Division being but concise methods of performing 
many additions and subtractions, are learned m the same way. The 
eiemenlary rules being thus acquired, their application and use in business 
transactions are readily explained. 

Mutes, while at school, have so much to do with learning the meaning 
and use of language, that they devote only what time is barely necesBiry 
tothe study of Arithmetic.and we find as little difticulty perhaps in teach- 
ing them whatever may be necessary in this branch of their education, as 
is experienced by other teachers whose pupils can hear and speak. 
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some parts very plain; indeed his book is adapted to convey 
a very clear idea of the nature of numbers, and of our system 
of Notation; though like many other pieces of machinery 
designed to illustrate, the process is in some parts rather 
obscure, and far-fetched. This is often the case where formal 
systems of illustration are attempted; for though it is well to 
refer to sensible objects in our early study of numbers, it should 
only be for special illustration and not for the purpose of build- 
ing up a general system. Such systems carried out into 
minutiEe are often more difficult to understand than the prin- 
ciple sought to be explained, and then the idea is less clear, 
being encumbered with the machinery of explanation, 

Mr. Shaw's notion seems to have been to adopt a system 
of sensible or visible objects that might do for Arithmetic, what 
diagrams have done for Geometry; and perhaps he has done 
as much in that way as the nature of the subject will admit. 
He objects very pointedly to explaining the ratio of numbers 
by considering 1 in the tens' place as equivalent to 10 ones 
in the units' place ; or 1 in the hundreds' place as equivalent 
to 10 ones in tlie tens' place, or 100 ones in the units' place ; 
but prefers as simpler and easier to understand, that 1 in the 
lO's place be considered as one, though ten limes as large or 
as valuable as 1 in the units' place; just as 1 dollar is as much 
1 as one dime, but the 1 dollar is 10 times as great and 
valuable as the one dime. He thinks that usage alone leads 
us to commence expressing numbers at the higher denomina- 
tions, and that apart from custom we might just as properly 
sa.j_fijty and one hundred, as to say one hundred andjifly; or 
the book co^ijijiy cents and two dollars, as the book cost two 
dollars and fifty cents. 

There seems, however, reason for the present arrange- 
ment, apart from custom. Having a great number of units, 
we group them into tens, these tens into hundreds, tlie hun- 
dreds into thousands, &.c. If none of the lower orders remain, 
the whole quantity is expressed in a single term of the larger 
class, and that is what is sought to be done; but if any remain, 
we express the large number first, as giving the nearest ap- 
proximation in a single expression, to the whole quantity, and 
we then name the several overplusses in the different denomi- 
nations. Suppose I ask the precise length of a street, and I 
am told that it is 3 inches, 1 foot, and 500 yards, I can form 
no approximation to an opinion until the last term is expressed ; 
and the same may be said if I ask the price of a book, and am 
told that it is 12J cents and $2; but if the leading or larger 
amount is first given, it gives a pretty accurate idea, which is 
more fully defined by what follows. 
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If I seek to measure a quantity of wheat, I fiU my bushel 
i often as it can be filled, and when tber 



longer enough to fill it again, I may use my peck, and suc- 
cessively my gallon, quart, pint, &c. The bushel being con- 
sidered the measuring unit, while the smaller measures serve 
to express the overplus. 

His Numerator aeems principally adapted to illustrate the 
elementary operations of pure Arithmetic and the doctrine of 
Proportion; though he applies it also to the compound rales 
and fractions. It is easy to see that a block representing 10 
would be proportionate in size to one representing 100, as a 
block representing 100 would be to one representing 1000. 

His iilustiation of the extraction of roots is by blocks, and 
is similar to the mode used in several of our best school 
systems of Arithmetic. 

Mr. Shaw pursued for a few years the business of a travel- 
ling lecturer, and speaks of his system having been adopted 
in many schools, hut I have never met with it in use, nor seen 
more than one set of the apparatus and piales, and this was in 
(he hands of a gentleman who had heard his lectures and at 
the time was pleased with the plan, but he never used it in his 
school. From him I purchased the apparatus with the book 
of lectures, and have kept them as a curiosity rather than for 
any practical purpose. 



LECTURE 11. 



ON THE PRINCIPLES OF NUMBERING. 

To every science is assigned certain subject matter, 1 
to Grammar, the materials of the physical world to Chemistry, 
its laws to Philosophy in the limited meaning usually attached 
to that word, and Mathematics is the science which treats of 
all kinds of quantity whatever, that can be numbered or mea- 
sured. That part of this great science which treats of num- 
bering is called Arithmetic, while that which has reference to 
magnitude only is called Geometry. 

Any tiling which admits of increase and decrease, as sur- 
faces, lines, weight, motion, &c., is properly called quantity; 
and when quantity is considered as undivided, as a quantity of 
3 
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land, a quantity of water, &c., we consider it in reference to 
magnitude, or magnitude and shape, regarding it as an 
undivided whole; and these are the legitimate properties for 
the science of Geometry to investigate. When we consider 
quantity as made up of individual and distinct parts, as ten 
men, a hundred books, we consider the quantity as an assem- 
blage or multitude, and the numbering of the parts is effected 
by the aid of Arithmetic, Each individual of the multitude is 
called a unit, and the extent of the multitude is determined by 
the number of the units; but in determining the magnitude 
of undivided hulk, we must apply to it some measure of known 
dimension. The carpenter applies his rule to the hoard — the 
sur\-eyor his chain to the land — whde liquids are measured in 
vessels of known size, and the flight of time is artificially 
marked by seconds, minutes, and hours, or naturally by days 
and seasons. 

While we call the unit of multitude the natural unit, wo 
may call the assumed unit by which we measure magnitude, 
the artificial unit. So long as our calculations are confined 
to natural units, it is pure Arithmetic; and when we consider 
magnitude without reference to its measurement by the artificial 
unit, it is pure Geometry ; hut when our calculations respecting 
magnitude are based on measurement by the artificial unit, it 
is properly called mixed Mathematics, a denomination under 
which a large portion of our business calculations may be 
properly classed. 

Algebra is a very extensive and important branch of Arith- 
metic, for much of Algebra may be regarded as a kind of 
universal Arithmetic; but as our discussions are confined at 
this time to first principles, it would be premature to introduce 
any thing on that important branch of mathematical science. 
It may be in place here to remark that it is amusing to hear 
persons of intelligence speaking of Arithmetic and Mathematics 
as distinct sciences; and even teachers in their bills of prices 
often so treat them; as though the boy who is studying his 
elementary rules, were not engaged in studjing a portion of 
Mathematics; a task to him as diificult as Navigation and 
Astronomy will he when he is prepared for their study. Per- 
haps, however, it is only proper that teachers who skim the 
surface of Arithmetic, who teach it without reference to prin- 
ciple, should not degrade Mathematics by considering the 
arbitrary rules which they teach, as a part of that noble science. 
At any rate they would not be very likely to exclaim with the 
mathematician, who, after reading Milton's Paradise Lost, 
said to a friend, " The story 's well enough, but what does it 
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all prove ?" He could see no merit in what did not prove 
some mathematical proposition. 

When the savage is asked the number of his 'family, he 
probably holds out to you a corresponding number of fingers ; 
but ask him the number of his tribe, and his untutored intel- 
lect cannot frame an answer, nor his language furnish words 
to express so large a number. He points then to the leaves 
of the forest, or the hairs of his head ; or tells you to count 
the particles of sand upon the sea shore, or the stars of the 
firmament. 

We are so accustomed from infancy to our admirable mode 
of numbering, that we think it somediing natural ; that there 
is a natural connexion between numbers and our mode of ex- 
pressing them, and we can scarcely understand how any one 
can find difficulty in so simple an operation. Yet simple as it 
appears to us, ages elapsed before it was invented, and though 
now generally adopted by the civilized world, uneducated 
tribes are yet found, whose knowledge of numbers scarcely 
extends beyond the number of fingers upon their hands, and 
toes upon their feet. 

The mode of numbering which would most naturally occur 
to one unskilled in the artificial science, would be to give a 
separate and independent name to each number, from a unit 
upwards as far as the series is made to extend. This we now 
do as far as the number ten, (and indeed as far as twelve,) 
but think for a moment what would be the labor and difficulty 
of having 10,000 distinct names to express the units or in- 
dividuals in that number — and then to have 10,000 distinct 
characters in writing to express those numbers — and yet 10,000 
is a small number compared with what we are often called 
upon to express. But even if we could succeed in giving a 
distinct name to each without reference to the rest, such would 
be the multiplicity of names, that we would have no distinct 
idea of large numbers ; any more than we now have of billions, 
trillions, quadrillions, &c. The mind would have no resting 
points as it has in the present system — " it would have no 
landmarks in the great ocean of numbers." We would not 
know without reflection, larger from smaller numbers, as per- 
sons sometimes forget the order of letters in the alphabet, until 
repeated in succession. 

One of the first steps therefore, in the science of numbering, 
is the adoption of a radix or basis, on which the numerical 
system shall be constructed. Different nations have adopted 
different bases, but that most extensively used, is the decimal ; 
so called because it proceeds by tens, that number being 
called decent in the Latin language. This is our system. We 
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commence and give a distinct name 1o each unit as far as ten ; 
we *!ien commence a second ten, which carries us to twenty ; 
a name probably derived from two ten, as thirty, forty, fifty, 
&c , express three, four, five tens. We proceed thus to ten 
tens, which we call one hundred; and when by successive 
additions we have formed another hundred, we call it two 
hundredy and thus we proceed to ten hundreds, which we call 
■a thousand; and a thousand of thousands we call a million. 
These tens, and hundreds, and thousands, are the "resting 
points," the "landmarks," which enable the mind at a glance 
to form a clear conception of a number composed of hundreds, 
or even thousands, and which if designated by an arhitiary and 
independent name, would be conceived by the mind faintly and 
indefinitely. 

There is no reason why ten should have been adopted as 
the radix or root of the system rather than any other number, 
and indeed, for reasons which may be hereafter given, twelve 
would have been a better basis; but ten was no doubt adopted 
from the digits of the hands. They would be naturally re- 
sorted to in the absence of names, as they now are by persons 
not well acquainted with the language they are speaking, or 
as they are by the deaf and dumb ; and the adoption of the 
same scale by almost all nations, civilized and savage, shows 
conclusively tiiat there is a better reason for its selection than 
fancy or freak; and especially as the number adopted, is not 
for calculating purposes, as good as some others, and could 
not therefore have been selected for its excellence in this 
respect. But in its selection, which must have been ante- 
cedent to all arithmetical investigation, the computer sought 
only to express number, and let us see how he would be most 
likely to attempt this. As a sign, the fingers would express 
any number as high as ten, and there being no connexion 
between one of these numbers and another, the names assigned 
them would probably be independent and arbitrary, as we find 
them in our own language, for there is no analogy or connexion 
in orthography or sound between one, two, three, four, five, 
six, &c., to ten, but between 3, 13, 30; 4, 14, 40; &c., diere 
is an analogy both in orthography and sound. Having ex- 
pressed 10 in this way, it would be natural to express a second 
ten by the same signs somewhat varied, and by the same 
words modified so as to express the difference, as three, thir- 
teen ; four, fourteen ; &c., the latter words being plainly modifica- 
tions of three ten, four-ten The third, fourth, i.c , seiies of tens 
would have their modified signs and names, and llius would 
the whole science ot numbering resolve itself into successive 
perioiJs of ten units each It la cleai that die serits, by the 



..Google 



PRiNCIPLES OF NUMBERING. 29 

combinations of a few names, may be made to express any 
number, however large. 

For purposes of calculation, twelve would have been a bet"ter 
radix, as it admits of a greater number of divisions without re- 
mainders- and had man been a twehe fingered animal, there 
IS little doubt but v,e would ha^e had a duodecimal scale of 
numbers The numbeia eleien and twelve being irregular, 
seem** to fa^or the idea thit thej aie the relici of such a scale, 
but It is possible that the irregulanty grew into use from the 
frequent expression of such numbers in familur intercourse 
The computation of irticles b^ dozens, the division of feet and 
inches, the division of the circle into signs, the year into 
months, &.c , make it probable howeier, thit the duodecimal 
Scale wis partially used at some remote period We have 
also remains of a sexigesimil scale, (bj sixties,) as in degrees 
and minutes, and it is known that this scile, from the number 
of iliquot pirts of which it is 'i i=!ceptible, his hid strenuous 
ad\ocates, but the number of distinct nimes of which tie iirst 
series must consist, would be an insupenble objection to this 
Ejstem Thirty has been propo'^ed, so has one hundred ind 
twenty, but it is not probable that the system will ever be 
chinged, though there aie those who would yet acliocate the 
attempt 

In some nations file is known to exist as a bas s, and m 
others fifteen and twentj, but instead of invalidating the sup- 
position that the fingers have suggested our basis, these otlier 
bases 5, 15 and 20, the fingers en one hand, and the fingers 
and toes, go to confirm the position that no basis has been 
arbitrarily adopted. The basis 15 may have been suggested 
by the 3 joints of die fingers on one hand; and 20 by the 
joints and the ends of the fingers, as readdy as by the fingers 
and toes, and it is more likely if there was a corresponding 
sign language, inasmuch as the parts of the hand could be 
more readily exhibited to view than the foot. The different 
scales will be more fully explained hereafter. 

It is difficult for an educated person, or even the most 
ignorant person in civilized society, to realize the difference 
between the situation of the uneducated around him and the 
savage. We find persons who know very little, who cannot 
read, who know nothing of public men and public matters, 
and who seem incorrigibly stupid, yet we could scarcely find 
a person so ignorant as not to be able to count. Having never 
known the want of such ability we are scarcely able to realize 
the situation of one who does, nor to appreciate the value of 
such unthought-of advantages. 

The adoption of the foregoing moJe of oral counting was an 
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important point gained ; but still it was necessary to invent 
some mode of expressing numbers in writing. To writ*; them 
in full was not practicable in making calculations, and was at 
all times tedious; and to designate item severally by marks 
was little better, since the number of marks would require 
great labor in the process of reading the numbers written. 
This would otherwise be the simplest mode, and addition 
would be performed by simply adding the additional marks; 
as subtraction would be by striking tiiem off. Multiplication 
would be nearly allied to addition; and division would consist 
in marking off the characters into periods equal the number in 
the divisor. It was found better, however, to adopt a notation 
corresponding to the radix of the system; and with this view 
the Hebrews, Greeks and Romans adopted letters from their 
alphabets, and this was found convenient enough to express 
numbers less than ten, but to express the second series of ten, 
and each successive ten, marks were attached to the letters, 
which rendered their systems complex and difficult to learn as 
well as use. A specimen of Roman Notation is yet seen in tlie 
letters with which the chapters in many books are numbered, 
but the difficulty of performing calculations with such charac- 
ters caused them to fall into disuse amongst the scientific 
throughout Europe, very soon after the Arabian system was 
introduced. As late however as the tenth century, it was the 
system used in the study of Arithmetic as well as by the ac- 
countant. How very awkward such a system was, will be 
evident to any one who will attempt to add, subtract, multiply, 
or divide numbers so expressed. For instance let the numbers 
586, 340, 619, 499, be expressed in letters according to the 
Roman Notation and added together. 

586 will be DLXXXVI 

340 " CCCXL 

619 " DCXIX 

499 " CCCCXCIX 



Again, From 586 DLXXXYI 

Take 340 CCCXL 



Again, Multiply 586 DLXXXVI 

By 340 CCCXL 



Lastly Divide 586 by 19 i. c. XIX)DLXXXVr( 



..Google 



PRINCIPLES OF NUMBERING. 31 

The last of these operations would be most difficidt, but tliey 
are all far less convenient than the system we now use; a 
system which probably can never be improved in simplicity. 

The modes of operation adopted by the ancients, if we may 
so designate such as lived hundreds of years since the Christian 
era, were extremely laborious. The learned Bede, of the 
eighth century, wrote two treatises on the science of Arithme- 
tic, one of which was devoted exclusively to the division of 
numbers; showing tlie complicated processes, which, in con- 
sequence of their awkward notation, they were compelled to 
adopt. Though the Roman letters have been used for ages, 
tliey are not considered the original numeral marks. The 
simplest mark which was originally used to designate a unit, 
and stil! is so, was a straight stroke I, which was changed for 
convemence to I; when these had been repeated to ten, two 
strokes, crossing each other, thus X, were used, and this was 
atlerwards represented by the letter X. For convenience half 
the ten mark was afterwards used to designate five, and this 
was changed to V. When the accountant reached 100, three 
straight strokes were used, thus [, (the original form of the 
letter C,) and being modernized in use, by rounding off the 
corners, that number is represented by C ; while two of the 
strokes L, changed to L, express 50. The next power of 
10, or 1000, was represented by four strokes M, and for (his 
character the letter M furnishes a ready substitute, while half 
the character N, expressing 500, gradually changed to D;' a 
much better substitute at the hands of a printer, than 5 in- 
verted makes for the French 9; as in Francois for Francois. 

These primitive characters are yet found in ancient inscrip- 
tions; the straightness of the strokes, rendering them well 
adapted to the purposes of the engraver. The Greek and 
Roman capital letters, says Professor Leslie, are more ancient 
than the small letters, and were originally used, like the Runic 
letters of modem Europe, for the purpose of the lapidary; and 
.hence like the latter are formed principally of straight strokes. 
The curved and wiry forms of many alphabetical characters 
are probably owing to the material on which they were traced 
by flieir inventors; while the bold forms and right lines of 
others may he traced to the convenience of the engraver. 

About the beginning of the eighth century, when the Arabs 
established themselves in the southern provinces of Spain, they 
introduced into Europe tiieir admirable system of Notation, 
now used throughout the civilized world. The first writer who 
appears to have employed this system in calculation was Jor- 
DANUS Nemorarius, who wrote about the year 1230. The 
first treatise on Decimal Fractions was published in 1582 by 
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SxEvrjrus, but tliey had been used in the extraction of roots 
and for some other purposes, for several years prior to that 
time. After their introduction the sexagesimal system, which 
had been invented by Ptolemy, or at least sanctioned and 
used by him, was soon abandoned. 

With the Arabian system we received also the Arabian 
characters, or numerals; and these are now used throughout 
the civilized world. These characters, like hieroglyphics, 
represent things not words, and hence a dozen individuals, 
speaking as many different languages, may pursue the same 
arithmetical calculation, and all will understand, so long as 
their tongues are kept still. It is a kind of common language, 
which all may write, but not speak. 

The great feature which gives to the Arabian system its 
excellence, and distinguishes it from all others, is making the 
value of the characters depend upon their place: an arrange- 
ment which enables the operator, with a few figures, to express 
tlie largest numbers; besides affording much convenience to 
the madiematician in his calculations. 

The doctrine of carrying in the elementary rales results 
from this feature in our notation. When a character stands 
by itself, its value is simply the number it represents, as 5 or 7 
will represent the number five or seven; but if we place 
another figure to the right of either we increase the value of 
the left hand figure ten fold, thus 53, 75; the character which 
represented five when it stood alone, becomes Jiflp when 
anotiier stands at its right, and if we add another so that it 
shall occupy the third place, it becomes ^ue hundred; and in 
the same way by successive removes it may be made to repre- 
sent millions. It is still the same figure, but its value has 
changed with its place, and will fluctuate as its place does. 
If we desire to express a round number, as it is sometimes 
termed, of hundreds, or thousands, or millions, we fill all the 
lower denominations with ciphers, merely to fix the place of 
the significant figure. To express five thousand the 5 must 
occupy the fourth place, we therefore fill the first, second, and 
third with ciphers, thus: 5000; but if there be hundreds, and 
tens, and units, as well as thousands, then the proper figures 
to express them are inserted instead of the ciphers; thus: 5493. 
This device is apparently very simple, but it is perfectly effi- 
cient, and serves, with infinitely superior convenience, the 
purposes of the complex systems that had preceded it, and 
heme supplanted them wherever they came in contact; until 
the old have disappeared except in the pages of history. It 
may not he tedious to look a little into the history of its 
adoption; or rather to offer an hypothesis to show how the 
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idea may have suggested itself to the inventor of the system; 
and by presenting the subject in a new light it may be made 
plainer than by the few remarks we have suggested. 

The ancients, as well as uncivilized nations of later days, 
were much in (he habit of using sensible objects as counters, 
to aid in their calculations. These were arranged on boards 
or tables laid off by lines, or upon the abacus. Suppose the 
following nine tines to represent grooves in which counters are 
to be placed : 



X 



S K 



c; 



12 4 2 6 

Now suppose a very large number is to be represented by 
counters, as in measuring grain by the bushel. We com- 
mence by putting counters into the units' groove until there 
are ten, as the numbers are successively announced by him 
who calls out the measures, and to prevent that from being 
filled up we take up the ten and put 1 into the next groove on 
the left, and as fens successively accumulate in tile units' 
groove they are removed and 1 put into the tens' groove; ailer 
awhile there will be ten in the tens' groove, when they are to 
be removed and 1 put into the hundreds' groove; thus the 
operation is to be continued, and the tens constantly marked 
by putting one into the next left hand groove, until the grain 
is all measured, when the grooves are found to contain, as 
marked, viz: 1 ten tliousand, 2 thousand, 4 hundred, 2 tens, 
and six units, or 12426 bushels. This mode of keeping 
" tally" where there are large numbers, would be perfectly 
natural, and the table of grooves and counters would be a per- 
manent apparatus for all persons engaged in trade requiring 
its use ; the number of grooves being increased indefinitely to 
the left, as the size of the numbers might require. It would 
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not do for the ratio between the grooves, {the radix of the 
system,) to be too large, or the eye could not readily catch the 
number in each groove, neither would it do to have the ratio 
too small, lest the number of grooves be too great; ten is pro- 
bably about right, as the operator may read the sum total from 
the counters in the grooves about as readily as figures .could 
be read, nor would it be necessary to mark them with units, 
tens, &c., any more than it would be to mark figures so, for 
practice would make one familiar, as readily as the other. 
Here then is the principle of value according to place as fully 
developed as in lie Arabic Notation, and it would seem but 
an easy step to substitute characters in place of numbers and 
read them as we now do, and especially in recording an 
amount, or in writing it for the information of others. It is 
true that an empty groove between such as are not so, would 
make the numbers read wrong, as suppose the groove of 
hundreds in the above was empty, it would then be 1226, 
which would not truly express the number; but this vacant 
place must be marked to preserve the proper places, and for 
this purpose let a cipher, which has no value, be introduced 
and we have 12026, the precise form used in our ordinary 
notation.* 

Having advanced so far as to ho able to express numbers 
in this way, the algorithm, or mode of calculation, would soon 
be discovered; though if an old mode exist, prejudices are 
slow to yield, and the most evident improvements are the 
work of time. Notwithstanding the acknowledged superioritj' 
of the Arabic Notation, business men continued for nearly 300 
years after its introduction into Great Britain, to use their old 

* The character representing a va.ca.nt space, 0, is variously termed 
zero, cipher, and noiig-bt, all signirying' nothing, there being none of the 
denomination whose place is thus marked. But the name is oflen pro- 
nounced wisely, aught, which means anu thing, aa naiight, or nought 
means not aught or jiot any thing, of which it is evidently an abbrevia- 
tion. By this corroptjon the meaning is reversed and our expression 
falsified, fiir though nothing multiplied a hundred Ibid ts still nothing, we 
cannot say with any regard to propriety that "aught" (any thing) how- 
ever small, multiplied by 100 will be nothing, it must be something, with 
or without multiplication ; and thoug'h nought (nothing) taken from 100, 
leives a hundred still, yet if "aught" be taken there cannot be a hundred 
lefl. This may seem a criticism in a small matter, but we see this ridi- 
culous blunder pass from the school rociin to the counting room, the work- 
shop, and the office of the professional man, and thus kept up. Perfection 
consists in attention to accuracy. It is not sufficient that the marks of the 
axe and the saw be removed when the workman conatructa hia best furni- 
ture ; he must remove ewery imperfection before he can bestow the proper 
polish. So the correct speaker must avoid every error, if he would be a 
fit pattern in the use of good language ; and no teacher should consent to 
be less. 
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awkward Roman numerals for bu'impss transachons, and the 
pertinacity with which many in our own country adheied to 
the inconvenient currency of £ s d , after the ad Dption of the 
Federal money is wed known Indeed we hiid a disposition 
yet with many, to express >alue la tiiat way Such cheinges 
require at least one generation 

To understand the supenority of the Arabic algorithm, it is 
only necessary to compare the problems we haie g ven, for 
though they may be wrought by letteis, the piocesi, especially 
in Division, is complex and difiimlt Hence, as alieady re- 
marked, mathematicians had many special rules for division, 
by which the operation was simplified or abndged 

By the Numeration Table as given in most school Arithme- 
tics, enumeration is carried only to nine places, or hundreds 
of milUons, which is far enough tor all ordinary puiposes, but 
the series may be extended almost without limit by Bdlions, 
Trillions, Quadrillions, Qumtillions, Sextilhons, Septillions, 
Octillions, Nonillions, Decillions, &c , which are terms denved 
from the Latin numerals as high 11 10, and as eai,h name, 
according to the English S}stem of Nuraeiition, e^piesses 5 \ 
places, there would be 10x6=6') pKces of J>Ture>,, besides 
the units period, or 66 in all An I a beiitj of units of one 
fourth that extent would be beyond the power of man to 
imagine. Even milUons convey 1 \ei'y iiidtfinite 1 ea, and 
when it rises to billions, the mind tin no longer e^iaa^i the 
number, for though we miy lead the cxpiession i is ^eiy 
much as we read sentences m an unknoiAn language 

But the mind may be aided by some little calculation We 
often see millions spoken of in our national cxpendrtureb, and 
yet even that is a large number, for if a man were to rount 
$1500 an hour, (equal to 25 per minute,) and wok faithfully 
8 hours per day, it would require nearly 3 months to count a 
million of dollars, and if the dollars wpie 1 mcli and | m 
diameter and laid toucbinff in a straight hr e tmy wouli leach 
136 miles; and 14 wagons carrying i\\ 1 tons eacl , would not 
be sufficient to convey them Our only }. a 1 thtn is to gioup 
the number by imagining 1000 piles and 1000 lollais m each 
pile, when we can form as dishnct an idea oi t\e numbe: of 
piles, as of the individuals ot each pile B it when we ex end 
even this mode to such a sum as the n itional iebt of Great 
Britain, the imagination becomes bewildered Di Ihomp On, 
Professor of Mathematics at Belfast, m Iieland, very jusfly 
remarks, "Such is the facility with winch larf,e numbers are 
expressed, both by figures and m language, that we generally 
have a very limited and inadequate conception of their real 
The following, considerahjrs mi^, pe 1 aj s. 
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assist ill enlarging the ideas of the pupil, on this subject: — To 
count a million, at one per second, ■would require between 23 
and 24 days of 12 hours each. The seconds in 6000 years 
are less than one fifth of a trillion. A quadrillion of leaves 
of paper, each the two hundredth part of an inch in thickness, 
would form a pile, the height of which would be tbree hundred 
and thirty times the moon's distance from the earth. Let it 
also be remembered that a million is equal to a thousand re- 
peated a thousand times, and a billion equal to a million 
repeated a thousand times." And if we adopt the English 
notation it is a million of millions. A cannon ball files very 
swiftly, but were one fired at the moment that one of our 
national presidents takes his seat in the presidential chair, and 
were it to continue with an unabated velocity of 1200 feet per 
second, during his entire term of 4 years, including one leap 
year, it would not travel three millions of miles. 

"We never hear," says an anonymous writer "of the 
'Wandering Jew,' but we mentally inquire, what was the 
sentence of his punishment? Perhaps he was told to walk the 
earth until he counted a Trillion. But we hear somebody say, 
'he would soon do that!' We fear not. Suppose a man to 
count one in everj- second of time, day and night, without 
stopping to rest, to eat, to drink, or to sleep, it would take 
thirty-two years to count a Billion, or 32,000 years to count a 
Trillion; even as the French understand that term. What a 
limited idea we generally entertain of the immensity of 
numbers!" 

A curious practice of grouping numbers, is related of the 
people of Madagascar. Flacourt says, "When the people 
of that island wish to count a great multitude of objects, such, 
for example, as the number of men in a large army, they cause 
the objects to pass in succession through a narrow passage 
before those whose business it is to count them. For each 
object that passes, they lay down a stone in a certain place; 
when all the objects to be counted have passed, tbey then dis- 
pose the stones in heaps often; they next dispose these heaps 
in groups, having ten heaps each, so as to form hundreds ; and 
in the same way would dispose the groups of hundreds so as 
to form thousands, until the number of stones has been ex- 
hausted." Nicholson, states that the native Peruvians use 
grains of maize, by the various arrangement of which they 
calculate with wonderful facility. 

The following table exhibits the extended Numeration table 
on the English system, the periods consisting of six figures 
each; while that which foUows exhibits the same numbers on 
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the French system, in which the periods consist of three figures 
only. Both modes of enumeration are used, and perhaps the 
French is now more frequently used than the English. 









zfmi 



1,1X1111, 11111 1,111111* 






1,1 1 1,1 1 1,1 1 1,1 1 1,1 1 1 

We may discover by this that the systems are similar as far 
as hundreds of millions, which is the extent of the common 
table, but here the English go on to " Hundreds of Thousands 
of Millions," which is a million of millions, before they com- 
mence bilbons, while the French and Italians commence this 
denomination immediately after " Hundreds of Millions." 
The word billion is probably derived from bis million, second 
million, as trillion, quadrillion, &c., signify third million, 
fourth million, &c. 

If it were usual to read numbers from right to left, or in 
more general terms, to read numbers by proceeding from the 
lower to the higher denominations, the result would be the 
same as under the present system, and we would never be 
compelled to stop to enumerate; but as it is not always easy 
for tiie eye to catch the whole number of figures, it becomes 
necessary to fix the denomination of the highest number by 
beginning at the units place and naming the places towards 
the left, preparatory to reading the amount from left to right. 

To annex a cipher to the right of a number has the same 
effect as to multiply by 10, for every figure is thus removed 
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one^lace further from tlie unit's place, and to annex any sig- 
nificant figure multiplies the number by fen, and adds the 
significant figure to tlie product. To 375 annex and it 
becomes ten times as great, viz., 3750 ; and if we annex 4 the 
number is multiplied by 10 and 4 added, making 3754. 

What would be die effect of annexing 25 to 486? Jins. 
It would be equivalent to multiplying by 100 and adding 25 
to the product. 

How would 835 be affected by attaching 236 to its right ? 
Ans. Just as it would be by multiplying by 1000 and adding 
236 to the product. 

How would 836 be affected by prefixing 236 to its left? 
Am. Just as it would be by adding 236,000 to the number. 

The process of carrying in addition and the other elementary 
rules, is an incidental effect of this system of value according 
to place. 

It is not only necessary to be able to express numbers 
greater than a unit, or large assemblages of units, but to 
express numbers representing less than a unit; or collections 
of such less numbers. These are called Compound Numbers, 
Vulgar Fractions, Decimal Fractions, &c.; though they are 
all properly called Fractions or broken numbers, in contra- 
distinction to Integers or whole numbers. 

Compound numbers, consist of denominations differing in 
value, the whole taken together expressing but one quantity; 
as the distance from Zanesville to Columbus may be 52 miles 
4 furlongs 20 rods. Here the fractional part or diBta.nce over 
52 miles is expressed in furlongs or eighths of a mile as far as 
they will go, and the surplus that will not make a furlong, is 
expressed in rods; the furlongs and rods expressing the frac- 
tional part of a mile over 52. This may be as accurately 
expressed in the shape of a vulgar fraction, being /g of a mile, 
or the -whole distance being 52/g miles; or it may be expressed 
as a decimal fraction, being .5625 of a mile, and the whole 
distance 52.5625 miles; but for business purposes, it is found 
better to express fractional parts of numbers by di^dsions and 
subdivisions, bearing distinct names, rather than to adopt the 
ordinary fractional form. It, for instance, suits the workman 
best to have his rule divided into feet, inches, &c., or feet and 
tenths, and so to take and express numbers; and the same 
may be said of the lbs. oz. drams of the grocer; the lbs. oz. 
dwt. grs. of the jeweler ; the lbs. oz. dr. scr. of the apodiecary ; 
or the division of time mto years, months, days, &c. In all 
these and every other case, the expres^on may be changed 
to a different fractional form if necessary in calculation. 
The common mode of expressing a fractional quantity is by 
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two numbers, one placed aboYe tiie other, with a line drawn 
between them, as J, |. The lower number is called the 
Denominator, because, it denominates or gives narae to the 
fraction, for if it be 4, the fractions are fourths; if 5, fifths; 6, 
sixths, and so on. The upper number is called the JVuinera- 
tor, because it numbers or numerates the parts expressed in 
the fraction. 

This subject will be made plainer by considering the nature 
of a fraction. It means something broken, and derives its 
name from the lja.imJrango, to break; in Arithmetic it means 
a broken integer. If any thing be cut into parts, they are 
properly called sections, from the Latin seco, to cut. If we 
consider the unit, whether it be an apple, or a line, or any 
thing else capable of mechanical division, as being broken, (or 
cut if you choose,) into four, five, six, &c,, parts, then they are 
4ths, 5ths, or 6ths. Suppose we divide an apple into 8 parts 
and give away 5 of them, then the quantity given away will 
be represented fractionally as ^: the denominator 8 giving 
name to the fraction (8lhs) and telling into how many parts 
the unit is divided; and the numerator 5, numbering the parts 
given. 

In Decimal Fractions, (so called from the Latin Decern, 
Ten,) the denominators are always tens, hundreds, thousands, ■ 
&c., constantly increasing in a tenfold ratio. In Duodecimal 
Fractions, (so called from Duodedm, 12,) they are always 
twelves. The subject of Fractional numbers, will demand, 
for the purpose of detailed investigation, a distinct lecture, 
and needs not therefore be enlarged upon at present. 

Having traced as much in detail as we think proper at 
present, the early efforts of mankind to perfect a system of 
numbering, and shown the advantages in general terms of the 
Arabic mode of notation ; and having shown how numbers less 
than a unit are to be expressed, we shall in our next lecture, 
discuss some of Tfie Properties oJ'JWtmbers. 
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LECTURE III. 



ON THE PROPERTIES OP NUMBERS. 

In order to present this subject distinctly, it will be neces- 
sary first to define the terms which we shall be compelled to 
use; especially such as are not of very frequent occurrence. 

Number has been defined by some to be "A collection of 
units," and so far as tlie definition goes, it is well enough, for 
every coHection of units is a number; but it does not follow 
that every number is a collection of units. One, which is 
unity itself, has all the properties of number, but is certainly 
not "a collection of units." Basing their arguments on this 
distinction, some ancient writers contended zealously that the 
■difference between 2 and 3 is infinitely greater than that be- 
tween 1 and 2; indeed they contended Ibat 1 could bear no 
ratio to 2, 3, 4, &c., since they are numbers, but one is not a 
number. Amended so as to include unity, the definition wiil 
answer our purpose. 

Quantity is a more general term than number, and is that 
property of matter which regards size or extent; it is that 
property which is capable of increase or decrease. If con- 
sidered as one undivided whole, it is called magnitude; but 
if made up of individuals it is called multitude; and it is this 
property of matter, either applied or in the abstract, which it is 
the province of Arithmetic to discuss. 

Vnity or a unit, is one of the individuals or single things of 
which multitude is composed, and is called one. Whatever 
measure of space is used in determining magnitude, it is called 
the measuring unit; and all parts of such unit are fractions. 
The cubic inch determines tiie capacity of vessels and the 
solidify of small bodies — the cubic foot of cord-wood, &c. — 
the cubic yard, of excavated earth; while the cubic mile is 
used to express the bulk of the globe we inliabit. A Dollar is 
the money unit of our Federal currency, as a Pound is of 
sterling or English money. All inferior denominations below 
the unit of the system, are fractions of the unit; and each may 
he considered a fraction of those above it. 
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An Integer is a unit, or any quantity considered as a whole; 
so called from the Latin word integer, signiiying whole, un- 
broken. 

A Fraction is a broken number, being part or parts of a 

All numbers are of course either Integers or Fractions. 

A Digit, (from digitus, Latin, a finger,) means any of the 
single figures or characters used to express numbers, as 1, 2, 
3, 4, &c. That our numerical system is based upon the 
fingers of the human hand is generally admitted, "The 
Carribbees," says Peacock, "call the number 10 by a name 
signifying all the children of the hand." 

An Abstract number refers to no particular object, as 1 , 8, 3, 

An Applicate or Concrete number refers to some particular 
thing; as 1 man, 8 horses, 3 houses. 

An Even number is one that is divisible by 2, without a 
remainder, as 4, 6, 8. 

An Odd number is one that is not divisible by 2, without a 
remainder; as 3, 5, 7. 

When a number can be divided by another without a re- 
mainder, it is said to be measured by it. 

All numbers are either even or odd. 

A Prime number is one that is measurable by no other 
number than itself, or unity, as 3, 5, 7. One number is prime 
to another when they have no prime factor in common, though 
they may or may not be absolutely prime numbers: as 8 and 
9 are prime to each other, though neither is prime of itself, 

A Composite number is one that is measurable by some 
other number; as 4, 6, 9, &c. It is composed of other num- 
bers multiplied together. 

All numbers are either Prime or Composite. The number 
of Prime numbers is unlimited, but by no means so numerous 
as the Composite; for every even number is measurable by 2, 
and every number ending with or 5 is measurable by 5; 
while many others are divisible, having other terminations. 
In the numbers from 1 to 20, we find 9 primes, viz., 1, 2, 3, 
5, 7, 11, 13, 17, 19; but in the next ten we find only 23 and 
29; in the next 31 and 37; and in the next 41, 43 and 47. 
They occur irregularly and without any certain law, so far as 
can be discovered. 

Eratosthenes, an ancient writer, used a mode of finding 
what numbers were prime, which from its form was called 
"The Sieve of Eratosthenes." He wrote all the odd num- 
bers, (for except 2, the even are ali composite,) as far as he 
wished the table to extend. He then began and dividing by 
3, 5, 7, &c., he cut out such as divided without a remainder; 
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and when he had divided by all tlie prime numbers, up to the 
square root of the highest number in his table, and had cut out 
the numbers that left no remainder, all that remained in his 
table were of necessity prime. His table thus filled with 
holes, bore no faint resemblance to a sieve for domestic pur- 
poses. Though a better mode than this might be devised, 
there is no general and simple rule for the purpose; and it is 
not important there should be. 

A Perfect Number is one that is equal to the sum of all its 
parts; as 6^=^+1 4- §: i.e. the number being divided by every 
integer above unity Uiat will divide it without a remainder, tlie 
sum of the quotients will be the number itself. 

In the efforts of tbe Pythagoreans to discover occult or 
hidden properties in numbers, this class was investigated, but 
is of no practical use whatever. The only perfect numbers 
known are 6, 28, 496, 8128, 33550336, and five very large 
numbers. A Perfect Number is necessarily composite; 

Amicable JVumbers are such that the sum of each is equal 
to the sum of all the Divisors of the others. 220 and 284 are 
the smallest pair of amicable numbers. 220 is divisible by 1, 
2, 4, 5, 10, 11, 20, 22, 44, 55, and 110, which when added 
together make 284. And 284 is divisible by 1, 2, 4, 71, and 
142, which added make 220. 

A Square J\umher is tbe product of a number multiplied by 
itself. The number thus multiplied is called the square root 
of the square. 16 is a square number, being produced by 
squaring 4; hence 16 is the square of 4, and 4 is the square 
root of 16, 

A square number may be repre- 
sented by a geometrical square, one 
side of which will then represent 
the square root. The line AE, be- 
ing divided into 4 parts, let it re- 
present the number 4, then will the 
square ABCD, erected upon such 
line represent 16. 

A Cvbic Jfumber is the product of a number multiplied by 
itself, and that product again by the same multiplier; Uius 64 
is the cube of 4, for 4 times 4=16, and 4 times 16^64. 
The number thus multiplied is called the cube root. 

A cubic number may be represented by a square block, the 
length of one side being the cube root, and the area of one side 
will be the square of ^e root, which in the above illustration 
is 16. Numbers may be involved or raised to any power, the 
number raised being called the root of the resulting power, A 
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number multiplied by itself produces the 2d power, or Square, 
again multiplied it produces the 3d power or Cube ; another 
multiplication produces the 4th power or Biquadrate. This 
process of multiplication is called Involution; but if the power 
is given to find the root, the process is called Evolution. A 
Rational number is one whose desired root can be ascertained 
accurately; a Surd is a number, the root of which cannot be 
accurately ascertained; 4 is a rational number, when we seek 
to extract its square root, while 27 would be a surd; though 
rational when its cube is sought. 

A Measure of a number, is any number that will divide it 
without a remainder. A common measure of two or more 
numbers, is any number that will divide all of them without 
a remainder: 3 is a common measure of 6, 9, 12 and 15, for 
it will divide all of them without a remainder. We might 
measure four boards respectively 6, 9, 12 and 15 feet long, by 
means of a measure 3 feet long; but we could not measure 16 
or 17 feet with such a rule, since there would be a remainder; 
the length of which could not be determined with a rule 3 feet 
in lengtii. 

A Multiple of a given number is any number which the 
given number will measure : 8 is a multiple of 2, but not of 3. 
Measures are sometimes called sub-muitiples. 

A Common Multiple of two or more given numbers, is any 
number which may be measured by all the given numbers: 
12 is a common multiple of 3 and 4. 

An Aliquot part of a number is any measure of it; in other 
words any part that divides the whole without a remainder: 3 
is an aliquot part of 12, 

An Aliquaid part is any part that is not a measure of the 
whole; 3 is an aliquot part of 9, but an aliquant part of 10; 
while 2 is an aliquot part of 10 but not of 9. 

Ratio is the relation between numbersor quantities, expressed 
by the quotient of one divided by the other; as 3 is the ratio 
of 2 to 6. 

Proportion is an equality of ratios ; for when tlie first of three 
numbers bears the same ratio to the second, that the second 
does to the third, the three numbers are said to be proportional ; 
as 3 : 6 : : 6 : 12. So when four numbers are such that the first 
is to the second, as the third to (he fourth, they are called pro- 
portionals, as 3 : 6 :: 4 : 8, i. e. 3 is to 6 as 4 is to 8. 

The several kinds of Proportion will be explained in a future 
lecture. 

Perhaps the present will be the most appropriate time to 
explain the common signs used in calculation. 
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The sign =^ expresses equality, and two or more quantities 
having this sign between them are considered equal to each 
other; as $5=^500 cents. It is read eqval or equal to. 

+ signifies addition, and is called plus, a Latin word signi- 
fying more. "When placed between numbers they are to be 
added together; as 6+4^9, and the expression is read 5 plus 
4 equal 9. The same mark -i- is used to denote a remainder, 
implying that there is more. 

— signifies subtraction, and is called minus, the Latin for 
less. When placed between two numbers it signifies that the 
latter is to be taken from the former; 5 — 4=^1. 

X signifies multiplication, and is read "into" or "multi- 
plied by," or "times," as 5x4=^20. 

-H signifies division, and is read "by" or "divided by," as 
8-i-4=2, Division is also expressed by placing the divisor 
under the dividend in the form of a vulgar fraction, 1=^2. 

v' signifies the square root of any quantity, *•/ the cube 
root, *\/ the fourth root, &c. v'16^=4. 

^ placed after a quantity expresses the square of such num- 
ber, ^ the cube, * the fourth power, &c. 4^=^16, 4^=^64, 
4^=256. 

: ; : : expresses a proportion 2 : 4 : : 4 : 8. 

Other terms will be explained as they occur hereafter. 

We come now to treat of the properties and laws of num- 
bers, not to search out hidden and magic properties as at- 
tempted in the infancy of the science, when its devotees 
imagined that even the universe was constructed in reference 
to the abstract properties of numbers; but to treat of such 
natural and accidental properties as may tend to explain the 
various modes of solving problems, and thus enable the atten- 
tive student to proceed understand ingly. 

Some properties of numbers are natural, being inherent in 
the nature of the subject, and existing without reference to 
any particular system of Notation; others are accidental, and 
would not exist under a different Notation. The peculiar 
properties of the number 9 are accidental; the division of 
numbers into even and odd is natural. 

In order to present the most important of these properties 
distinctly, we shall state them in the form of separate Proposi- 
tions, and add such explanations and comments as their im- 
portance may demand. We shall at the same time point out 
their practical application in the solution of problems, and 
show how tne common rules of Arithmetic are buiit upon them. 
This may involve considerable detail, especially as we are 
debarred to a great extent the aid of Algebra and Geometry, 
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but the most important propositions can be elucidated, perhaps 
sufficiently for our purpose, without resorting to either. Pro- 
positions involving an amount of demonstration disproportion- 
ate to their importance, we shall not hesitate to teave for the 
student's future investigation, when he shall be better prepared 
for the task, and have leisure to look into more voluminous 
treatises on mathematical science. We will commence witJi 
tlie cardinal feature in our system of Notation. 

Proposition 1. 

Digits, in our system qfJVotation, increase in value Jrom right 
to left in a terifold ratio. 

This doctrine of local value is the grand distinguishing 
feature of our system of writing numbers,.as compared witih 
tliose of the ancients. To tliis our system owes its efficiency 
and great superiority over every other, and especially in the 
simplicity of the algorithm or mode of calculation. It has 
been already remarked that this principle of value according 
to place gives rise to carrying in the elementary rules; and 
we may now show that this is tme. Suppose we seek to add 
the annexed sums; ■vi^e begin by adding . , , oocr 

up the units and they amount to 24, ^^'^ ^°^^ 
which is 2 tens and 4 units, the 4 units sBfiR 

we set down and carry the 2 tens to the ^RfSR 

column of tens, by which that column 

comes out 22. Then as 22 tens are <, i^ao± 
equal to 2 hundreds and 2 tens, the 2 "™ ^^^-^^ 

tens are set down under the column of 
tens, and the 2 hundreds carried to the column of hundreds, 
by which that column is made to amount to S4 hundreds: the 
4 hundreds we set down, and the 3, which are thousands, we 
carry to the column of thousands, which coming out 15 we set 
down in full; there being no column of a higher denomination 
in the question. 

By giving the same problem a different form we may ii- 
lustmte the docti'ine of Multiplication, ^ .^ , ^sfsfi 
which depends on the same principle, ji '' ^ ^ * 

and produces the same result, though •' 

more briefly. It is true that in one case yi i . ,,^,^, 
w call tlie result the mm, and in the ^"^'"'* ]^ 
other the product; but it is the same re- 
sult, and will be readily understood by the illustrations which 
were given in Addition. 
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When the multipher consists of several figures, the opera- 
tion may require a remark; but it will iyi„]f-^i -jcfifi 
only further exempliiy the principle. In tj qa 

multiplying by 2, which are 2 tens we ^ 

set the resulting figure under the (ens, , f)424 

and as tens by tens wiil produce bun- 7712 

dreds, the product of 6 by 2 must go 

into the hundreds' place; and so of tlie p j 1. qoraa 

rest. We might further illustrate thia 

operation by multiplying 3856 by 4 and 

then by 20, and adding the products together; which is in 
reality just what we have done; though if done in full, the 
units' place of the product of the 2 tens, or 20, would be 
filled with a cipher. If the multiplier were made to consist 
of any additional number of figures, the explanation would be 
made on precisely -the same principle. 

Let us now take one number from another and see whether 
the same principle applies. It is evident p ^«4qi 

that the lower number or subtrahend is rp 1 . ^7^,0 

less than the upper or minuend, and may 

be deducted from it; but as the denomi- » . cyi'jvi 
nations stand, the lower cannot severally 
be taken from those immediately above , 

tiiem. We cannot take 8 from 1, 7 from 4, &c. But we can 
take 1 ten from the minuend, and calling it 10 units we add 
the 1 unit, making 11 units, from which we can take 8 units, 
and setting down the difference, we proceed to take 5 tens 
from 8 tens (the other ten having been made into units) and 3 
remains- We find the same difficulty again in taking 7 hun- 
dreds from 4 hundreds, and we get over it in the same way, 
by taking one of the 8 thousands and converting it into hun- 
dreds, making 7 thousands and 14 hundreds. 

Instead, however, of considering the figure from which we 
borrow as 1 less, it is usual, and equally convenient, to con- 
sider the figure underneath it as increased 1 ; or, as we usually 
say, we carry 1 : the operation upon Hie minuend being called 
borrowing 10. We might take away, first, tlie one we bor- 
rowed, and afterwards deduct the subtrahend figure; but it is 
as well to add them together, and take them away at once; 
which is just what we do in carrying. The same operation 
may be explained, perhaps more readily, on the principle of 
adding equal quantities to both minuend and subtrahend, as 
it is obvious we do by adding 10 units to tlie minuend and 1 
ten to the subtrahend; or 10 tens to the minuend and 1 hun- 
dred to the subtrahend ; or any other denominations. This, 
however, results from the same law. 



..Google 



PROPERTIES OF NUMBERS. 47 

In the process of Division we commence at the highest de- 
nomination, and setting down the number of times the divisor 
is contained in the first figure of the 'A^qii^r 

dividend, we reduce the remainder to ' 

the next lower denomination, and add- iqs7S 

ing the number of that denomination to 

the result, we again divide; and so pro- 
ceed to the units' place. Thus we find that 2 is contained 1 
time and 1 over in 3, and the 1 over being equal to 10 of the 
next lower denomination, we add the 9 and have 19 which 
we divide, and again we have 1 over, which being equal to 
10 of the next lower we add the 7 and form 17; and so we 
proceed to the units' place. Instead however of calling the 
1 over 10 and adding it to the next figure, we may merely 
imagine it set to the lefl: of the next lower, which in whole 
numbers amounts to the same thing. Or we may say that 2 
goes into 3 tens of thousands (for 3 there represents that num- 
ber) 1 ten thousand times and 1 ten thousand remains, which 
added to 9 thousands makes 19 thousands; this divided by 2 
gives 9 thousands, and 1 thousand remains. One thousand 
brought to hundreds makes 10 hundreds, and 7 beinf^ added 
makes 17 hundreds, which we divide, and so pro<;eed to the 
units' place. Both these modes of explanation depend on the 
principle of value according to place; and in no operation 
are the advantages of the system more apparent than in 
Division. 

In Division, as in Addition and Multiplication, we carry, 
and on the same principle; but as in Division we proceed from 
left to right, we carry 10 for 1, instead of 1 for 10, as we do 
when proceeding from right to left. 

Long Division, as it ia called, is on the same principle as 
Short Division, but varies in form for the convenience of find- 
ing the several remainders. It needs, therefore, no separate 
illustration. The process of carrying in the compound rules, 
fractions, Slc, depends on the same principle, and may be 
explained in the same manner. 

If we attempt to compare the simple elementary processes 
under our own system with the same operations wrought out 
by the Roman notation, as proposed in a preceding Lecture, 
we cannot fail to discover the great superiority of our own 
modes, even after making generous allowance for our want 
of familiarity with that system. 



..Google 



PROPERTIES OF NUMBERS. 



In any series of digits ejpressing a number, the value of any 
digit is greater than the value of all the digits on its right. 

This property results also from value according to place; 
and that the proposition is true is obvious, for if we take the 
smallest digit (1) and place it on the left of the largest (9) we 
form 19; lie 1 expresses 10 units, while the 9 expresses but 
9 units; and let us add what number of nines we may, the 
unit will constantly retain its greater value: e. g. 19, 199, 
1999, &c. Not only is the left hand digit higher in value 
than aU upon its right, but the same remark applies to each 
digit, in reference to those on its right. 

PeO POSITION 3. 

If the sum of the digits in any number be a multiple nf 9, the 
whole number is a multiple q/9. 

This is one of several peculiar properties of tlie number 9, 
all arising from its being just one less than the radix of our 
system of notation, and hence the highest number expressed 
by a single character; and these properties will belong to the 
highest number so expressed in any system. We might go a 
step further in reference to this property, and say that it belongs 
to any number that will divide the radix of the system, and 
leave one as a remainder. 

If we carefully examine the genesis of numbers, we must 
see that, so far as the number 9 is concerned, this is an acci- 
dental property, resulting from our scale of notation. We 
constantly express each successive number from unity to 9, 
inclusive, by a digit of greater value than any preceding it; 
but when we pass 9 we express the next number, 10, by a 
unit and a cipher. The number is one greater than 9, and 
the sum of its digits is 1, Eleven is 2 greater, and the sum 
of its digits is 1 + 1=2. Thus we proceed, the sum of the 
digits constantly expressing the excess over 9, until we reach 
18, or twice 9. Nineteen is 1 and 9, and it is one over twice 
9. 20 is 2 over twice 9, and the sum of its digits is 2. The 
same course continued to millions, would but produce the 
same recurring result. Nine is 1 less than 10; twice 9 are 2 
less than 20; 3x9 are 3 less than 30; and so on; and hence 
the J of 10, 2 of 20, 3 of 30, &c., come just in the proper 
place to keep up the excess above 9 and its multiples. If the 
multiples of 9 did not constantly fall at each product, one 
further behind the corresponding multiples of 10, the 2 of 20, 
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3 of 30, &c., -would not fall in the right place to keep up the 
regular order of the series. 

Let us try 8. We stumble at tlie threshold, for wc cannot 
get over 9; and if we could, the 1 of 10 does not express the 
excess of that numbor above 8. The sum of the digits will 
be 1 less than the excess, and the sum of the digits, 1 + 6, 
expressing 16 or twice 8, will not make 8, as the digits ex- 
pressing 18, or twice 9, make 9. At each multiplication the 
sum of the digits will be 1 less, 1+6^7; 2+4=6; 3+2=5; 
4+0=4; 4+8=4 over 8; 5+6=3; 6+4=2; 7+2=1; 
8+0^^0; &c., &c. So we might trace other numbers, and 
find some pervading law in each; but in none would we find 
the law that the sum of tbe digits of the several products, 
equals the figure multiplied, or is unifoimly a multiple of it, 
except in 9 and 3. 

Let us try 9 and 3. Add together the digits of the several 
multiples of 9, viz: 18, 27, 36, 45, 54, 63, 72, 81, 90, 99, 
108, &c., indefinitely, and you find they make 9; or multiples 
of 9. So tlie sums of the digits arising from multiplying 3, 
which is a measure of 9, are multiples of 3, t. g. 6, 9, 12, 
15, IS, 21, &c. 

Pno POSITION 4. 

If the sum of the digits in any number be a multiple of 3, the 
number is a multiple of 3. 

The same reasoning applied to the number 9 to show the 
correctness of the preceding proposition, will show the cor- 
rectness of this. Ten, the sum of whose digits is 1, is 1 
over 3 times 3; 11, the sum of whose digits is 2, is 2 more 
than 3 times 3; 12, the sum of whose digits is 3, is a mul- 
tiple, &c., &c. 

Proposition 5. 

Dividing any number by 9 or 3, will have the same remainder 
as dividing the sum of its digits by 9 or 3. 

This proposition follows as a matter of course from the two 
next preceding it; and we shall adduce no other proof of its 
correctness. Like the former, it is an accidental property of 
the highest number expressed by a single digit in any system, 
and of all its factors. If 9 were the basis of our system, these 
properties would belong to 8, 4 and 2 ; if 8, then 7 only, since 
7 has no factors; and if 7 were the basis, then 6, Sand 2 
would possess these properties; and if 12 were the basis, then 
11 only would possess such properties; for it would in tliat 
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case be expressed by a single digit, and would be the highest 
Eiumber so expressed. Twelve would be written with a unit 
and a cipher as 10 now is; and 11 being prime, it would 
be the only number that would divide the radix of the system, 
and leave 1 as a remainder. 

As early as 1657, Dr. Wallis, of England applied this prin- 
ciple to prove the correctness of operations in the elementary 
rules of Arithmetic ; and the practice has been continued to 
the present time. The operation is performed thus: 

We cast the nines out of each num- . , , >-qq(;.^_- 
ber separately, and set the excess on ^2075=8 

the right. We then cast the nines out oon-\A—rt 

of the sum total 305160, and also out fiisdo— i 

of the sum of the excesses 8+1+8+7, 48167—8 

and they are equal: both being 6, and 

we hence infer that the work is right. ^nfll (in fi 

To cast out the nines, the number may ~~ 

be divided by 9; but a better way is to 
add the digits together in each number, rejecting 9 whenever 
it occurs, and carrying forward only the excess. Thus 7 and 
8 are 15; 9 being rejected, we carry 6 to 6 is 12; rejecting 9, 
we carry 3 to 4^^7; the number carried in each place is the 
excess over 9; and where 9 occurs it is passed over. 

In Subtraction cast out the nines from the minuend and sub- 
trahend, and also from the remainder. If the excess in the 
remainder is equal to the difference of excesses in the minuend 
and subtrahend, the work is right. 

Here as we cannot take 8 from From 6894321^6 
6, we take from 9 and add 6; the Take 2960864^8 

result, 7 agrees with the excess 

above 9 in the difference of the Leaves 3933457=7 
numbers. 



In Multiplication, find the excesses in die factors, and if the 
excess in the product of these two excesses equals the excess 
in the product of the factors the operation is correct. 
iWultiply 48756=3 

^Y 245=2 

243780 3 ( 2 

195024 — — 

97512 6 I 6 



This is often called proving by the cross; and instead of 
placing the excesses alter marks of equality, they are placed 
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in the angles of a cross as on the right hand of the above 
operation. 

In Division cast the nines out of the divisor, dividend, quo- 
tient, and remainder; then to the product of die excesses in 
the divisor and quotient, add the excess in the remainder, and 
cast the nines out of the sum, and if the excess equal that in 
the dividend the work is right. 

Excess in Divisor 

Excess in Quotient 8 

27)465 — 

Product of Excesses 

17-1-6 Add Excess of Remainder 6 

Excess in Dividend 6^6 

Hence the work is right, the excesses being equal. 

It is proper to remark that this mode of proof is liable to 
much objection. If the figures become transposed, or if mis- 
takes are made that balance each other, the work will prove 
right when it is wrong. The work will, however, never prove 
wrong when it is right. In the product above, you may trans- 
pose the digits as you please, the work wUl prove, since die 
excess is the same whatever is the order of the digits; and 
Ciphers may always be omitted. Or if mistakes balance each 
other, as if instead of 91145 it be 83216. The excess here 
will be the same and the work will prove, though not a figure 
IS right. 

Proposition 6. 
If from any numher the sum of its digits be subtracted, the 
remainder is a midt^le of 9. 

From 31416 For, 

Take 15^3-|-l-f4-f 1+6 31416h-9^3490-}-6 

15-^9= l-f-6 



9)31401 

3489 times 9, diff. 



31401-^9=3489 



As the remainder on dividing the given number by 9 will 
be just the same as on dividing the sum of its digits, (prop. 
5,) it is obviovis that the difference must be an even multiple. 
The given number is 6 more than 3490 times 9; the sum of 
digits is 6 more than I timf, hencp their difference is 3489 
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Or we may illustrate the proposition in this way. Separate 
the number into its constituent parts: 

If we divide these several numbers rsOOOO 

by 9, the remainders will be the same 1000 

as the significant figures which they 31416^= -j 400 

contain, viz, 3, I, 4, 1, 6, as is obvi- 10 

ous for the reasons already given. l^ 6 

■ Now it is plain that if 

these numbers were seve- 30000-^9^3333 and 3 over, 
rally diminished by dieir 1000-^9= 111 " 1 " 

remainders, they would be 400-i-9= 44 " 4 " 

multiples of the divisor leav- 10-t-9^ 1 " 1 " 

ing such remainder, viz; 9. 6-t-9^= " 6 " 

Thus: 

30000— 3=29997") 
1000 — 1— 999 These are seve- 
400— 4^ 396 } rally multiples 
10—1= 9 of 9. 

6— 6^ Oj 



31416—15^31401=3489 times 9 a b f 
It needs no proof to show that if the remaind t k p 
rately from the parts leave multiples, the sum of tl e m nd 
taken from the sum of the parts will leave a multi] 1 

P BO POSITION 7. 

The difference between a given number y and the digits com- 
posing such number reversed or anyhow arranged, is always 
a multiple of 9. 

The difference for instance between 7425, and any arrange- 
ment you can make of the same figures is a multiple of 9. 
From 7425 7425 7425 

Take 5247 5724 2457 



9)2178 
343 



This is based on the same reason as the preceding; for 
whether you take the sum of the digits or transpose the digits, 
it is the same in effect. The excess over an even multiple 
being the same as in the given number, the difference must 
necessarily be an even multiple. 

A practical application is sometimes made of this principle 
by a person setting down two rows of figures for subtraction. 



552 
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but being careful to have the figures of the subtrahend and 
minuend the same, though differently arranged. One figure 
of the remainder is then stricken out, and the puzzle is to re- 
store it without seeing the minuend and subtrahend. It is 
done by taking such number as will make the remainder a 
multiple of 9. 

Here if 5, 4, or 1 be erased, any From 7354681 

one may restore it; but if the 9 or Take 1864537 

be removed he cannot know 

whether a 9 or a cipher should be 5490144 

supplied, as either will make the 

number a multiple of 9. 

The mode we have adopted in explaining the four last 
preceding propositions, appears to us plain and sufiiciently 
satisfactory. 

In addition to the use of these properties as modes of proof, 
they are the key to many numeral puzzles and amusing ques- 
tions; and hence the care we have bestowed in explaining the 
jirinciple. What has been said may be a sufficient explana- 
tion of the following article on the " Wonder/id Properties of 
the JVumber JVine," which we copy from a periodical of the day. 

"Multiply 9 by itself or any other digit, and the figures of 
the product added will be 9. 

Take the sum of our numerals 1 -|-2+ 3+4-1-5 +6-1- 7+8+ 
9=45, the digits of which 4+5^9. Multiply each of these 
digits by 9, and their sum will be 405; which added 4+0+ 
5=9; and 405-^9=45, also a multiple of 9. 

Multiply any number, large or small, by 9 or 9 times any 
digit; and the sum of the digits of the product will be a mul- 
tiple of 9. 

Multiply the 9 digits in their order, 123456789 by 9, 
or any multiple of 9 not exceeding 9 times 9, and the product, 
except the tens' place, will be all the same figures; while the 
tens' place will be filled with 0. The significant figure will 
always be the number of times 9 is contained in the mul- 
tiplier. 

27, or 3 times 9, will produce 123456789 

all 3s; 4 times 9 all 4s. 18—9X2 

Omit 8 in the multiplicand and 

the product will be all the same 987654312 

digits, the having disappeared." 123456789 

To a superficial observer the 

above results may seem accidental, 2222222202 

but investigation will siiow that 

they all flow from tlie laws and 

principles we have laid down; and that a much longer list 
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might be made of apparently simple and detached facts, but 
really of results 0owing from well established laws There are 
no unaccountable properties in numbers; and in the common 
acceptation of the word accidental, as implying a happening 
unexpectedly or by chance, opposed to that which is constant, 
there are no accidental properties. The word accidental, as 
applied by mathematicians to numbers, means rather as in 
Logic, not essential, but rather incidental to something else. 
In this sense the properties of matter, as hardness, softness, 
color, &c., are called accidents. 

While the number 9 has some peculiar properties from 
being the next below the radix of the system, the number 11 
has some peculiarities from being next above the radix. 
Among these are the following: " If from any number the 
sum of the digits standing in the odd places be subtracted, 
and to the remainder the sum of the digits standing in the 
even places be added; then Ihe result is a multiple of 11." 
Again, "If the sum of the digits standing in the even places 
he equal to the sum of the digits standing in the odd placet^, 
or differ by 11 or any of its multiples, the number is a mul- 
tiple of 11." 

As these however are of no practical utility, we shall not 
discuss them. 

The number 7 has also some peculiarities, but we shall 
name only one, as they are useless, i/" a number be divided 
into periods of three figures each, beginning at the units' place, 
token the difference of the sums of the alternate periods is a 
multiple of 7, the whole number is a multiple of 7. 

Here 862—428 is a multiple of 7)382,907,428,862 

7, and so is 907—382, therefore 

the whole number is a multiple 54,701,061,266 
of 7. 

The division of numbers into Even and Odd, seems to arise 
from considering them in pairs. The following facts growing 
out of this division will be readily understood. 

The sum of two even numbers is even, and so is their dif- 
ference: 8+4^12, 8-^=4. 

The sum of an odd number of odd numbers is odd ; but the 
sura of an even number of odd numbers is even; 3+54-7^: 
15; 3-^5=8 and 5+7=12. 

An even and an odd number being added together, or one 
subtracted from the other, the result will be odd; 8-1-3=11, 
S~3=5. 

If a number has 0, 2, 4, 6 or 8 in the units' place, it is 
divisible by 2, and is consequently even. 
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No odd number can be divided by an even number without 
a vemainder. 

If an odd number measure an even one, it will also measure 
the half of it. 7 measures 42, and therefore measures 21, the 
half of it. 



LECTURE IV. 



One of the most important classifications of numbers is into 
Prime and Composite. The two classes include all numbers, 
and the consideration of their peculiarities enables us to under- 
stand distinctly some important practical applications of llie 
science. It is obvious that a composite number may be repre- 
sented by its prime factors, so connected as to imply multipli- 
cation; but a prime number having no factors, cannot be so 
expressed. 6^2x3, but 7 cannot be so expressed, unless we 
say 7^=1x7, which does not divide the number into factors. 
12^2X2X3 or 2^X3, 324=2*x3% or 2x2x3x3x3x3. 

There is no mode of determining by mere inspection, 
whether a number is certainly prime, though we may at a 
glance determine that many are not prime, and by other cal- 
culations the field of search, within which such numbers are 
found, may be reduced to very narrow limits. No even 
number, above two, can possibly be prime, for they are all 
measured by 2. All numbers ending in 5 or are measured 
by 5, and many other numbers of other terminations are com- 
posite; as 21, 27, 33, 39, &c. Prime numbers therefore must 
always end in 1, 3, 7 or 9; but it is not true that all numbers 
ending in 1, 3, 7 or 9 are prime. Every prime nmjiber above 
3 is either one greater or one less than some multiple of six, 
for six being even, all its multiples will be even, and any 
number 2 greater or 2 less will also be even: if 3 greater or 3 
less, it will be a multiple of 3: if 4 greater or 4 less, it will 
again be even; but if 5 greater or 5 less, it will be again 
within 1 of some greater or less multiple of 6, and may be 
prime. In the same way we may show that every prime 
number is 1 greater or 1 less than some multiple of 4; but it 
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is not necessary to pursue tliis subject further, as no formula 
has ever been devised that will produce only prime numbers. 

In order therefore to determine whether a number is prime, 
the most certain and expeditious mode, perhaps, would be to 
see if it be odd and does not end in 5, and if so to divide by 
6, and if the quotient either falls short or exceeds by 1, an even 
multiple of 6, it may he prime. To determine the fact posi- 
tively, divide by all the prime numbers less than (he square 
root of the number, except 2 and 5, and, if none will measure 
evenly, the number is prime. It is evident that you need not 
divide by 2, for if 2 were one of a thousand prime factors, the 
product would not be odd, and of course not prime ; and if it 
end in 5, it will be measurable by 5, and of course not prime ; 
and as factors exist by pairs, one exceeding and the other 
falling short of the mean or square root, if there is not a factor 
less than the square root, there carmot be one greater. 

To ascertain the prime factors of a Composite number, 
divide it by 2 if practicable, and repeat the same operation on 
the quotient, and so on until the final resulting quotient cannot 
be measured by 2; this will determine how often 2 enters as 
a prime factor into the number. Then treat the quotient last 
found in the same manner, only using 3 as a divisor; and so 
on by each succeeding prime number, until the resulting quo- 
tient is known to be prime, or your divisor equals the square 
root of the original number. Or we might say — divide the 
number successively by all tlie prime numbers less than its 
square root, continuing the division of the quotient each time 
by the divisor, so long as no remainder occurs; but the former 
mode is preferable. Required the prime factors of 84. 

2 84 



Answer. 2, 2, 3 and 7; or better 
expressed, 2', 3 and 7. 

It might be thought that a different result would be pio- 
duced by dividmg in different order, but this is not true ; if 
the prime factors enter into the composition of the number, 
they will come out unchanged ; and we commence with 2 as 
being the least prime number, and ascend in the scale of 
primes, only for the sake of system. Our first division shows 
that 84=2x42; the second that 42—2x21; the third that 
"ll—Zxl; and the fourth that 7 is prime. But though 21 is 
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not measured by 2, may not a future resulting quotient be 
measured by 2; especially where there are many divisions? 
Certainly not; for we first determine how often 2 entered into 
84 as a constituent prime factor, and it cannot afterwards be 
developed in a factor. We must distinguish between a priine 
and a composite factor of a number. 2, 3 and 7 are prime 
factors of 84; but 42, 28, 21, 12, 6 and 4 are composite 
factors. 

If we know the prime factors of a number, we may readily 
by multiplying them together, determine all the possible com- 
posite factors; or, in other words all the divisors wliich the 
nnmber admits of; for no number can be measured except by 
its prime factors; and their various products by each other. 

Try by how many numbers 84 may be divided evenly. The 
prime factors, as determined above, are 2*, 3' and 7'; hence, 

1 3 7 21 

2 6 14 42 
4 12 28 84 

It is measured in tlie first place by 1, 2 and 2^, or 2 times 
2=4. It is then measured by 3 times each of these,=3, 6 and 
12. And, again, it is measured by 7 times the first columnj= 
7, 14 and 28; and 7 times the second,=21, 42 and 84; and 
it can be measured evenly by no other integral number. 

This operation is in accordance with tbe following rule, as 
will be obvious on close inspection. "Increase the exponent 
of each factor 1, and multiply the several sums together, the 
product will express the whole number of divisors." Tbe 
exponents are 2, 1, which increased a unit will be 3, 2, 2; 
and 3x2x2^12, the whole number of divisors that 84 can 
have, that will leave no remainder. Hence, if we had a walk 
to measure, 84 rods long, we might have 12 different measures 
to do it with, viz. 1, 2, 4, 3, 6, 12, 7, 14, 28, 21,42 or 84 rods 
in length. 

How many divisors or aliquot parts has the number 4725? 

4725 
1575 '" 



The prime factors are therefore 3*, 5*, 7", 
and increasing these exponents each a unit, 
and multiplying the sums together we have 
4x3x2=24, the number of divisors of which 
4725 is susceptible. 



..Google 



68 PROPERTIES OF NUMBERS. 

The converse of this operation, or the finding a numbei 
that shall have a given number of divisors, will be spoken of 
before we close. 

The most frequent application of the doctrine of prime and 
composite numbers is in the calculation of fractional quantities, 
and in the solution of questions involving common measures, 
common multiples, &c., of quantities. 

The following are such of the properties of prime numbers 
as may aid us in future investigations. 

Proposition 8. 

If two numbers be prime to each otlier, then mill tJieir sum and 

di^'erence be prime to each of them. 

Five and sixteen are prime to each otber; therefore 11 their 
difference, and 21, their sum, are each prime to 5 and 16. 

Proposition 9. 

If two numbers areprime to each other, then will their sum and 
difference beprime to each other, or only have 2 as a common 



Twenty-one and II are the sum and difference of 5 and 16, 
and they are prime to each other. 8 and 2 are Ibe sum and 
diiference of 3 and 5, and they are divisible on!y by 2. 

The truth of Proposition 9 may be thus shown. Let a and 
6 represent the numbers, tiien if a+b and a — 6 have any com- 
mon measure, their sum has the same measure. But a and b 
being prime to each other, 2 a and 2 6 can have no common 
measure except 2; and if either a or S is odd, their sum and 
difference will be odd ; and not being measured by 2 will ne- 
cessarily be prime. 

The following propositions might all be proved in a similar 
manner, but this will serve as a specimen of this mode of 
demonstration. 

Proposition 10. 
The product of any set oj^ prime numbers, is prime to t/tfi. product 
ofany other set of entirely different prime numbers. 

The product of 3x5x7=105, is prime to the product of 
11X13X2^286, or any other set of prime numbers, not 
including 3, 5, or 7. Hence if two numbers have no prime 
factors in common, their product is their least common multi- 
jjle: 105x286=30030, which is tlie least common multiple 
of 105 and 28G. The reason is obvious. 
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Proposition 11. 
If there be two numbers prime to each other, the product of 
•neither by a third integral number, can be divisible by (he 
other. 

You cannot, for instance, multiply 11 by any whole number, 
except 5, that will make a product divisible by 5; nor 4 by 
any whole number, except 11, that will make a product divi- 
sible by 11, 

Proposition 12. 
TAeproduct of two di^erent prime numbers cannot be asquare. 

This is evident; for the two different prime factors are the 
only integral divisors of the number, and being unequal, neither 
of them can be the root. 

The following are the leading properties of Composite num- 
bers. 

Proposition 13- 
vVo number can have more than one set of prime factors, and 

their general product will be the given number. 

The prime factors of 60 are 2, 2, 3, 5; and it can have no 
other set. It may have other factors as 6 x 10, 4 X 15, &c., but 
they are all resolvable into 2, 2, 3, 5. 

Pkoposition 14. 

.Ill composite numbers that measure any given number must 
have the same prime factors as such number. 

The prime factors of 60 are 2x2x3x5. It is divisible also 
by the following composite numbers, 4, 6, 10, 12, 15, 20, and 
30, but these are al! resolvable into the prime factors we have 
named. 

Proposition 15. 

If a number be a common multiple of all the prime factors of 
two or more numbers, it is a common multiple of such num- 
bers also. 

Sixty is a common multiple of 2, 3, and 5, into which the 
following composite numbers, 4, 6, 10, 12, 15, 20, and 30, 
maybe resolved; and therefore it is a common multiple of 
such composite numbers also. 
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Proposition 16. 

If a number he not measurable by all thejhdors of a proposed 
number, neither is it measurable by suck proposed number. 

If 60 were not measurable by all the factors of 30, neither 
would it be by 30, 

PkO POSITION 17. 

Ifa number measure another, it will measure every product of 
such other. 

Five measures 60, and will therefore measure any and every 
multiple of 60; for if 60 is 12 fives, twice 60 will be twice 12 
fives, or 24 fives, &c. 

PhO POSITION 18. 

The common measures of two or more numbers, are either the 
prime factors, which they have in common, or some products 
of them, one by another; and the greatest common measure 
is the product of all the prime factors they have in common. 

Take 60 and 84. The prime factors of 60 we have found 
to be 2, 2, 3, 5; and those of S4 we wdl seek thus: 

By dividing 84 and the quotients found, fid— "2^=4^^ 

by the prime numbers, 2, 3, &c., success- .„ ! „ --. 
iveiy, we find it resolved into 2x2x3x7. oiZltll -j 
Any prime factor common to both, will - '. - , 

necessarily be a common measure of both; ' 

and so will any products that can be formed in both: 2, 2, 

3, are common to both; 4, 6, 12 may be formed in either, and 
wiJi also be common measures. Fifteen may be formed in 
the primes of 60, but not in those of 84 ; 21 in those of 84, but 
not in 60; neither 15 nor 21 is therefore a common measure. 
This might be neatly explained mechanically. 

Proposition 19. 

If a number measures two other numbers, it will also measure 
their sum, and their difference. 

Four measures 12 and 20, it will Iherefore measure 32, their 
sum; and 8, their difference. The difference between 3 times 

4, and 5 times 4, is 2 times 4; and if to 3 times 4, we add 5 
times 4, the result will be 8 times 4. 
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Proposition 20. 

n measure of two or more numbers bunot the great- 
i measure, it will be a measure of such greatest 
common measure. 

We found, at prop. 18, the common measures of 60 and 
84 to be 2, 3, 4, 6, and 12; the last named number being 
the greatest possible ; and each of the others measures of it. 

Proposition 21. 

If there be three numbers, the first of lohich is a measure of 
the second, and the second of the third, the first will be a 
measure of the third. 

Let there be 6, 10, 30. Five is a measure of 10, and 10 
is a measure of 30; therefore 5 is a measure of 30. Thirty is 
3 times 10, and 10 is twice 5, therefore 30 is 3 times twice 
5, or 6 times 5. 

Proposition 22. 

If the product of two numbers be divided by any factor com- 
mon to both; the quotient will be a common multiple of the 
two numbers. 
6x4^=24; and if we diyide 24 by 2, (which is a factor 

common to both 6 and 4,) the quotient 12, will be a common 

multiple of 6 and 4. 

Proposition 23. 

TTie least common multiple of two or more numbers is their 
^product divided by their greatest common measure; or what 
amounts to the same thing, the product of all their prime 
factors not common to any two or more of them. 

The greatest common measure of 8 and 20 is 4, the least 
common multiple is 8x20-7-4=40; and 40=2x2x2x5 the 
prime factors of 8 and 20. 

The principle of common measures and common multiples 
is practically applied in operating on fractional quantities; and 
likewise in the solution of some descriptions of problems. In 
reducing fractions to their lowest terms, we seek the greatest 
common measure of the numerator and denominator, by which 
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bofli are to be divided ; and for the aid of memory, the rule 
may be thus versified : 

" The greater by the less divide. 
The lees by whit remains beside, — 

The last divisor still again, 

By what remains — till remains. 
And what divides and leaveth 0, 
Will be the common measure sought." 



Let 3 J be reduced to its lowest terms. 
Seven " divides and leaveth 0" 21)35(1 

and is therefore the greatest com- 21 

mon measure of 21 and 35, and TaAot/i 

'7)'il{i, the lowest terms of the lij^ill 

fraction. ___ 

That 7 is a common measure is 7)14 

evident, for it divides both 21 and 
35, and that it is (he greatest com- 2+0 

mon measure may be thus shown; In the operation we per- 
ceive that 7 measures itself and measures 14, it therefore, (by 
proposition 19,) measures their sum, 21, which is one of the 
numbers to be divided; and measuring 14 it will also measure 
their sum, 35, which is the other number to be divided; it 
therefore must be a common measure. It also is the greatest, 
for if there be a greater measure of 21 and 35, it must also 
measure 14, their difference; and measuring 21 and 14, it 
must also measure 7, their difference. That is, a greater num- 
ber must measure a less, which is absurd. 7 is therefore the 
greatest common measure. 

We may explain this principle also by lines. 
Let AB represent a a 

line 35 rods long, and A 1 1 B 

CD another 21 rods c 

long ; then as the com- C 1 D 

mon measure cannot be greater than CD, cut off from AB the 
length CD as often as it can be applied, which here is but 
once, Aa, and 14 remains; then apply this 14 to the shorter 
line CD and it measures once Cc and 7 rods remain; try 
whether this piece of 7 rods will measure the remainder qB, 
and we find it will without a remainder; it is therefore a com- 
mon measure. To do this properly no numbers should be 
applied; and it might be illustrated very handsomely and ex- 
peditiously, by taking two strips of wood or paper, and cutting 
off alternately from the remainders of each, until one remain- 
der would measure another. The length of the measure thus 
found, if the strips were respectively 21 and 35 inches long, 
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©3 



would prove to be 7 inches. The reason must be plain from 
what is said^f numbers. We would recommend that this 
experiment be tried. 

105)286(2 
210 



Let us try to reduce 
Jg| to lower terms, 
they being the number 
named under proposi- 
tion 10. We find they 
run down to a unit. — 
The numbers there- 
fore are prime to each 
other. 



76)105(1 
76 



29)76(2 
58 



18)29(1 
18 



11)18(1 



7)11(1 



4)7(1 
4 

1+1 

This principle is also applicable in the solution of problems. 

1, A gentleman owns a prairie 320 rods long and 180 rods 
wide, and wishes to lay it off into the smallest practicable 
number of precisely square fields. What will be tieir size 
and number? 

Twenty we find is the largest 180)320(1 
number that will divide both 180 

side and end without a remain- 
der, the fields cannot exceed 
20 rods square; and 320-^20 
=16, the number of rows of 
fields across; and 180-r-20^ 
9,' the number of rows the 
other way. Then 16x9=144, 
the whole number of fields. ^^ 

2. My garden is 430 feet long, and 320 broad, and I wish 
to enclose it with a fence, the panels of which shaU be ail of 
equal length. What is the greatest length I can use? 

Proceeding as before, we find 10 to be the greatest common 
measure, and of course the greatest length that can be used. 

If there were several unequal sides to die garden, or in 
other words, if we desire to find the greatest common n 



140)180(1 
140 



40)140(3 
120 



20)40(2 



..Google 



64 PROPERTIES OF NUMBERS. 

of several numbers, we commence by finding the greaiest 
common measure of any two numbers, then of this measure 
and a third ; and thenof the newnieasure and fourth ; and so 
on until all the numbers are included. It follows of course 
that the probability of finding a large common measure de- 
creases as the number of quantities increases; indeed if there 
are many numbers there is little probability of any number 
being a common measure. 

The word ''common" occurs very frequently in discussing 
certain properties of numbers ; as when we speak of " common 
measures," "common denominators," &.C. It is in this con- 
struction used to mean belonging to more than one— possessed 
by several. So we say "Light and air are common property," 
"A and B own the lot in common," "The Ohio common 
schools," meaning such as all have a common interest in ; not 
such as are of inferior grade. 

To find the least common multiple of two or more num- 
bers, we arrange the numbers in a line and proceed to divide 
by any prime number that will divide two or more of diem 
without a remainder; and continue the operation on the 
quotients and the remaining numbers, until no two of them 
have a common measure: tlien multiply the several divisors, 
and undivided quotient figures, and any undivided numbers 
that may remain, and their product will be the least possible 
common multiple. This operation is in effect finding the 
several prime factors of the numbers. 

Required the least common multiple of 6 and 9? 

Then 3x2x3^18, die least common 3 [ 6_ 9_ 

multiple of 6 and 9, or the least number 2 3 

that both will divide without a remainder. 

The natural common multiple, if we may so express it, of 
two or more numbers, is their product; which in the above 
case would be 54; and the least is the same product divided 
by all the factors such numbers have in common; or in other 
words by their greatest common measure. 

Required the least common multiple of 4, 9, 6, 8? 

Then 3x2x2x3x2=72, tiie 
least common multiple. 

We might in this solution have 
divided by 4 instead of by 2 twice, 
and the result would not have been 
affected ; but we have no assurance when we divide by com- 
posite numbers that the result will be the least common mul- 
tiple. Take for example the following; iii which we seek the 
least common multiple of 12, 25, 30, 45. 
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6X5X2X5X9=2700, which 6 I 
appears to be the least common 5 
multiple. 

Let us now use prime numbers only: 

3x2x5x2x5x3=900, the 
true least common multiple. — 
This difference arises from the 
fact that 45 is a multiple of 3, 
one of the factors of 6, but is 
not a multiple of 6. The con- 
clusion then is that though the result when composite divisors 
are used may be the least common multiple; when prime 
numbers are used the result must be the least. It is never 
the least, unless the numbers multiplied are prime to each 
other: in the above 6 and 9 have a common measure, 3; and 
2700-^3=900 the least common multiple. 

To show still farther that composite numbers cannot be 
relied upon, let us use another set. 

15X3X2X2X25=4500,— 
still worse than the first. 

To abridge the process we 
may cancel any number that is 
a measure of another that is to 
be divided. In the numbers 4 9 6 8, ■ 
altogether; because it is a measure i 

of 8 and we may reject 2 in the line 
of quotients, because it also is a 

measure of 8; for let the multiple of 8 be what it may, botii 4 
and 2 will measure it. 

If we consider a number and any multiple of it, as resolved 
into their constituent prime factors, we shall find in the latter 
all the factors contained in the former. So if two numbers be 
not prime to each other, they must contain factors common to 
both; and these being rejected, the multiple must be the least, 
since no factor is retained that is not necessary to produce one 
of the given numbers. But if two numbers are prime to each 
other, then they possess no common factor; and as there is 
none such to reject, their product will be the least common 
multiple. 

The purpose to which this calculation is most frequently 
applied, is finding the least common denominator in lie addi- 
tion and subtraction of fractional quantities; though where the 
quantities are small, an expert accountant will readily deter- 
mine the least common multiple by inspection. Any one will 



! may reject the 4 
4 9 6 8 
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perceive at a glance lliat the least number into which 2, 3, and 
4 will divide without remainder is 12 ; and widi a litde prac- 
tice mucli larger numbers are readily determined. 

We might illustrate the doctrine of common multiples me- 
chanically, as we did that of common measures ; but we pass 
on to an example or two showing its direct application to the 
solution of problems. 

Suppose 63 galls, to fill a hogshead, 42 a tierce, and 35 a 
barrel, what is flie smallest quantity of molasses that being first 
shipped in hogsheads, then reshipped in tierces, and then again 
reshipped in barrels, shall always just fill flie vessels without 
defect or redundancy.' 

42 35 



7x3x3x2x5=630 Galls. Ans. 
What is the least whole number that being divided by 2, 3, 
4, 5, 6, 7, 8, 9 and 10, will leave as remainders 1, 2, 3, 4, 5, 6, 
7, 8, and 9 respectively.' 

The least common multiple of the above divisors is 2520; 
and it is obvious that if we diminish this number one we shall 
have the required result, viz. 2519, which will answer the con- 
ditions of the question. 

Sometimes one or more of the numbers have fractions an- 
nexed, in which case the mixed number must be brought to 
an improper fraction, and the numerator alone used in the 
calculation. Thus — find the least common multiple of 3|, 6| 
and 30 that shall be a whole number. 

3], 6| and 30:='j"} ^3 and 30, and using the numerators 
only we have 

5 I 10 20 30 

2 I _2 4_ " 

I 1 2 
common multiple. 

To divide by a fraction we are taught to multiply by the 
Denominator, and divide by the Numerator, being just the 
reverse of multiplication. If therefore any number is a multi- 
ple of the numerator it is a multiple of the fraction ; and if the 
fraction be in its lowest terms, it will be the least multiple. 
In the above example, 10 is the lowest integral number that 
3^ will measure, and it can measure no other integral number, 
that is not a multiple of 10. So 20 is the least whole number 
that 63 will measure, and it can measure no whole numbers 



and 2x3x2x5=60, the least 
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but 20 and its multiples. If therefore we bring the annexed 
fractions to their lowest terms, and then the mixed numbers 
to improper fractions, the least common multiple of the nume- 
rators must be the least common multiples of the fractions. 

On the same principle, we may find the least common mul- 
tiple of two or more fractional quantities, so as to give integral 
quotients, by reducing the fractions to their lowest terms, and 
taking the least common multiple of the numerators. 

Required the least common multiple off, f and I, so that 
the quotients may be whole numbers. 

3 I 3 6 4 Numerators. 
2 1 2 4 

11 1 2 and 2x2x3=12 Ans. 

('12-^1=16 

Proof < 12-^^^U 
U2h-|=15 

We have shown how the number of divisors of which a num- 
ber is capable may be determined; it is sometimes required to 
determine tlie least number that shall have a given number of 
divisors. This involves the same principle as finding the 
number of divisors in a given number. 

Required the least number that shall have 30 divisors. 

30=^2x3x5, which according to the principles already ex- 
plained, are the exponents increased 1, of the factors of the 
required number, the exponents therefore are 1, 2, 4, and as 
that number wdl be least when the number having the greatest 
exponents is least, and so on in order, therefore taking 2, 3, 5, 
(the least primes) as the factors, and applying the exponents 
as explained, we have 

2^X3^X5'=720. The number required. 

Had we taken 5* X 3' x2' tie result would have been 11250, 
and 5^X3' X2* gives 7500. 

The reason is obvious enough from what has been said. In 
this case, as in seeking the number of divisors, 1 and the num- 
ber itself are both included. 

We may sometimes save ourselves trouble in calculating, 
by observing certain simple facts, the reason of which will be 
obvious without explanation. For instance — 

If a number has 0, 2, 4, 6 or 8 in the units' place, it is 
measurable by 2; but 

No odd number can be divided by an even number without 
a remainder. 
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If tlie two right hand digits of a number he a multiple of 4, 
llie whole number is a multiple of 4. 724 is a multiple of 4, 
because 24 is. 

If the three right hand digits of a number be a multiple of 
8, the whole is a multiple of 8. 

If any number have or 5 in the units' place, the number 
is a multiple of 5, 

To the above others might be added, but as they will readily 
occur to the attentive student, we shall omit them here; lest 
more important matter be displaced. 



LECTURE V. 



PROPERTIES OF FRACTIONAL NUMBERS. 

The subject of our present lecture is Numbers in their frac- 
tional or broken form, as contrasted with Numbers in their 
whole or integral form. All are familiar with the present mode 
of expressing fractional quantities, and we have not space to 
dwell on the modes adopted in times past; but after stating a 
few propositions we shall pass on to a discussion of the subject 
in general, which wd! probably be more interesting than dis- 
cussing the several propositions individually. 



Pkoposition 24. 

The value of a fraction does not depend on the size of the 
numbers by which it is expressed, but on their ratio to each 
other. 

Whether we consider an integer as divided into two parts, 
two hundred, or two thousand, is not important, if in the first 
case we can claim 1 of the 2 parts; in die second 50 of the 
100; or in the third 500 of the 1000, we shall in eidier case 
have one half. From this proposition the following results as 
a matter of course. 
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Pboposition 25. 

Multiplying or dividing both terms of a fraction by the same 
number does not alter its value. 

If the terms of | be multipJied by 2, they become /^ and if 
divided by 2 they become 3 ; but the value is not altered, for 
I, %, and 1^2 are the same thing in value. The ratio between 
the numerators and denominators remains unaltered. 

Proposition 26. 
If the numerator be increased or diminished, and not the de- 
nominator, the value of t}ie fraction will be increased or 
diminished. 

If instead of multiplying, as just stated, both terms by 2, 
we multiply only the numerator, ^ becomes §; and had we 
divided that term only, J would have become §, The unit 
would be divided as before, but the number of parts taken 
would vary. 

Proposition 27. 

If the denominator be increased vnthout altering the numerator, 
thevalueof the Jr action will be diminished; but if diminished 
the value will be increased. 

Let the denominator of | be multiplied by 2, and it he- 
comes -,*2, but if divided by 2, it becomes J. From proposi- 
tions 26 and 27, it is obvious that we may multiply a fraction 
by dividing its denominator or multiplying its numerator; and 
we may divide it by dividing the numerator or multiplying the 
denominator. 

Proposition 28. 

Multiplying the numerator of a fraction has the same effect on 
its value, as dividing the denominator, and vice versa. 

|. Here to multiply 4 by 2 wdl have the same effect as 
dividing 6 by 2; and multiplying 6 by 2 has the same effect 
as dividing 4 by 2: and it wiU obviously be so in all cases. 

Fractional numbers have in them much that is interesting 
when properly understood, and an intimate knowledge of their 
principles is a most efficient weapon in the hands of the expert 
arithmetician; for many operations that involve no fractions of 
integers, involve nevertheless, the use of the same principles. 
. Fractions, as we remarked in a former lecture, are of various 
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kinds, including what are usually called compound quantities 
and decimals, as well as the more common form known as 
Vulgar Fractions; a name equivalent to common or usual 
fractions. The word vulgar is now generally used in a dif- 
ferent and rather opprobrious sense ; but its original meaning 
was nothing more than commoriy not unusual; and if the word 
common were not used in numbers in a still different sense, 
as a common measure, common multiple, common denomi- 
nator, &.C., it might be well to designate this class of fractions 
as common fractions. The present mode of expressing a vulgar 
fraction is by two quantities placed one above the other with a 
dash drawn between Item, thus, g ; the lower figure being called 
the denominator, because it denominates or gives name to the 
fraction, and tlie upper the numerator, because it numbers or 
numerates the parts taken. We may consider that the denomi- 
nator tells into how many parts the integer is divided, and the 
numerator numbers the parts taken, as in the expression ^ of 
an apple, we suppose the apple to be divided into 8 parts and 
7 of them are the g ; had it been g then the apple would have 
been cut into 9 parts; and had it been -fj the appie would 
have been cut into 10 parts ; the denominator constantly giving 
name to the fraction which is called eighths, ninths, or tenths, 
as the unit or entire thing is divided into 8, 9 or 10 parts. A 
fraction is said to be in its lowest terms, when the numerator 
and denominator are prime to each other. 

Or we may consider the numerator as expressing so many 
integers and the denominator as telling how they are to be 
divided. Thus I would imply that 7 apples are to be divided 
into 8 parts, and the value would be the same as before. 
This would be ^ of 7, instead of J of 1. This view of the 
case accounts more plainly than the other for forming fractions 
of remainders in division, by placing the divisor underneath 
the remainder; and also for the mode of expressing division 
by making the dividend the numerator of a fraction and the 
divisor the denominator, thus if we would express tiiat 8 is to 
be divided by 2, we may adopt either of these forms, 2)8( 
8-i-2, or I, which latter form would be an ordinary improper 
fraction, and reducing it to its proper value, would require the 
very operation proposed; viz, division. So in all cases we 
may consider the numerator as the dividend and the denomi- 
nator as the divisor; or in other words that the numerator ex- 
presses some number of units, and the denominator expresses 
the manner of their division. In the expression ^ of an apple, 
we may imagine that we divide an apple mechanically into 8 
parts and take 7 of them, as we have already supposed; or 
that we have 7 apples, and take g from each; or could we 
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blend the whole into a mass as we would 7 pounds of butter, 
then that we should take ^ of the whole; for ^ of 7 pounds 
would he just the same as g of 1 pound. 

The nature of fractions may be illustrated by drawing a line 
and dividing it into parts to represent fractional numbers; and 
in the same way the nature of compound fractions may he 
shown, as I of -J, thus; Divide the line into three equal parts, 
which will represent thirds, then take the J of one of these 
thirds, which will be J of J, and as each of the 3 thirds will 
make two halves, the whole line wiD make 6 such parts, and 
hence ^ of -J is g of the unit. In the same way one of the 
halves of a third may be subdivided, say into 4 parts, and then 
one of the parts will be 1 of ^ of J, and as there would be 6 
such parts to be so divided into fourths, each such fourth 
would be a twenty fourth part of the whole; and so parts of 
parts might be taken without limit. The reason of the rule 
for changing such fractions of fractions into fractions of a unit 
would hence seem plain. 

In the same way complex fractions as ^ or ^ may be 
illustrated. In the first the line or unit is divided into 5 parts 
or iiiths, and 3|- of such parts are taken ; in the last the line 
or unit is divided into 5^ parts, and 3 of them constitute the 
fraction. The first expression would be equal to -^ and the 
last t\, for (by Proposition 25,) the value of a fraction is not 
altered by multiplying both numerator and denominator by 
the same factor, or dividing by the same divisor, and here to 
reduce the complex fractions to simple ones we have multi- 
plied both terms by 2. So the expressions ^ would mean 
that the line be divided into 5| parts and that 3^ of them be 
taken, and will be equal to i\. These forms of fractions are 
not very common, but they are perfectly natural, and it is 
vain to attempt to learn the rules and principles of operating 
upon fractions unless the value and principle of every form of 
fraction are distinctly understood, ^ lb. of butter would he 
I of 3^ lbs., or 3^ fifths of 1 lb. We have already shown that 
the value of a fraction is not affected by increasing or lessen- 
ing the terms, so long as both are changed in the same ratio ; 
we will only add that if we divide a unit, or the line before 
referred to, into 8 parts and take 4 of them, we shall have ^, 
just as clearly as if we had divided the line into only 2 parts 
and taken 1 of them ; or into 4 parts and taken 2 of them ; 
or into 16 parts and taken 8 of them ; or into 32 parts and 
taken l6 of them; or H parts and taken 5J of them. As 
we double the number of parts that the unit is divided into, 
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each part is only half as large, hut then at the same time Hie 
number received is doubled. Every chjld knows that if 1 
dollar be divided between two, each will have one 50 cent 
piece; or two 25s; or 4 "levies;" or 8 "fips;" according as 
the change is made in halves, quarters, eighths, or sixteenths 
of a dollar; nor will he object to the diminution in the value 
of each piece, so long as the number of pieces increases in the 
same ratio in which tiie size decreases. The rule for reducing 
a fraction to its lowest terms is based on this principle. 

The terms or numbers in which fractions are expressed, are 
frequently large and inconvenient to operate upon, and are 
not at once understood, for though every one knows at a 
glance what J means, it might require some calculation to 
determine the value of g^|, or other large numbers; and to 
reduce them to a more convenient, as well as more intelligible 
size, we are instructed to "Divide loth terms by any number 
that will divide both without a remainder;" and the larger 
such divisor is, the better, since the resulting fraction will be 
proportionately less. Suppose in the course of calculation a 
fraction comes out ^ff of a yard, I discover that 2 will reduce 
this unwieldy expression, making it y^g which is better, but 
stUI inconvenient, and I divide by 2 again, making 41, which 
is still better ; but by dividing by 3, 1 get ^| yet smaller ; and 
lastly dividing by 13, 1 get J; so that the large expression m 
of a yard, is resolved into half of a yard. The fractions found 
are all equivalent to each other, but had the greatest common 
measure been found as explained in the preceding lecture, 
only a single division would have been necessary. Thus 
156)|f^(.J. The mode of finding the greatest common mea- 
sure, and the reason of the mode, were there explained. 

The value of a fraction may be expressed by means of the 
quotients produced in finding the greatest common measure; 
but of this hereafter. 

The counter operation to dividing by a common measure, 
and thus reducing the amount of the terms to such as are less, 
is multiplying both terms by a common multiplier, i. e. by the 
same number; a process that would increase the size of Uie 
numbers, but would in no wise affect the value ; it would give 
a greater number of pieces to make the " change," but they 
would be individually less, and the aggregate would be the 
same in value as before the number was increased — it would 
be giving 8 "fips" instead of one fifty cent piece. This 
operation occurs in changing fractions to such as have a com- 
mon denominator, and also in cases where it is desirable to 
change the fraction to one equivalent in value, but of a lai^ei 
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numerator or denominator, eiiiier of which operations may 
become necessary in the process of calculation. 

The class of numbers known as improper fractions have the 
numerators equal to, or greater than tlie denominators, and 
hence are equal to, or greater than a unit; as |, I, 

Numbers are often expressed for division by placing the 
divisor underneath the dividend, instead of using the division 
mark-H; thus 'Jg^. In division of integers as treated of 
amongst the elementary rules, the operation is often imperfect, 
the quotient not showing the true number, but only the number 
of times the divisor is contained in that multiple of itself next 
less than the dividend; the difference between the multiple 
and the dividend remains undivided, and is called the 1*6- 
mainder. Take for instance the number we have given for 
illustration, \^*. 

Here by division we find, not how often 18)312(17 

18 is contained in 312, but how often 18 18 

is contained in 306, which is 17 times; 

the 6 remaining over, an undivided part 132 

of the dividend; neither does the young 126 

learner usually attach any definite idea to 

the remainder; and when he is directed 6 

to form a fraction of the remainder by putting the divisor under 
the remainder for a denominator, he too often regards it as a 
mode of getting clear of the remainder, i-ather than an arrange- 
ment expressive of division. In the above problem 6 remains, 
under which 18 being put, we have ^%, implying that IS was 
contained in the dividend 17 times and 6 remained over, which 
is also to be divided into 18 parts. 

It is difficult to understand how the number 6, abstractly 
considered, is to be divided into 18 parts, but suppose you 
consider the dividend as miles or some other real quantities, 
tlien there are 6 miles over, and there can be no more diffi- 
culty in understanding that the space of 6 miles is to be di- 
vided into 18 parts, Uian that 6 miles are to be divided into 2 
or 3 parts. The quotient will then be 17 units and 6 units 
yet subject to division. Or we may consider ^j^ as equal 
to Yb^+/b) the ^rV ^^ '^^^ express in an integral form, but 
the 1% we cannot ; we therefore leave it in a form that im- 
plies that it is yet to be divided. To make it more convenient 
we may reduce it to J, for dividing 6 miles into 18 parts 
would be just (he same as to divide 1 mile into 3 parts ; and 
in either case, if we express the remainder in yards, the result 
will come out 586§ yards. The name improper is no doubt 
derived from the fact that with the form of a fraction, the value 
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is greater than any fraction of an integer; while a 'proper frac 
tion is always less than an integer. 

It may be in place here to remark that the dirision of one 
number by another may be regarded in a two fold light ; first, 
as that operation by which we discover how many times the 
divisor is contained in the dividend ; and, secondly, as that 
process hy which the dividend is resolved into as many equal 
parts as tnere are units in the divisor. According to the first 
■view division is clearly impracticable where the divisor ex- 
ceeds Hie dividend, since it is not contained at all in the 
dividend ; but under the second aspect we may effect the 
division as well when the divisor exceeds the dividend as 
when it does not ; though the parts will have less than a unit 
in each. We generally obtain our first notions of numbers 
from integers, hence it costs an effort to see how a number is 
increased by division, or rather how the quotient can exceed 
the dividend. From the same cause we take it for granted 
that a number must be increased by being multiplied ; but a 
litde thought wUI make it plain that the quotient is less than 
the dividend, equal to it, or greater than it, according as the 
divisor is greater than a unit, just a unit, or less than a unit: 
and the same being reversed applies equally in Multiplication. 
The definitions in Multiplication and Division given in our 
school books are not adapted to convey a perfect idea of the 
subject; as they do not embrace fully the fractional operations. 
Multiplication is not always repeating a sum o given number 
of times, for it may be less than a time; and when the divisor 
exceeds the dividend, you cannot be said to find " how often 
one number is contained in another," since the less cannot in 
strictness be said to contain the greater. In tiat case however 
the second view just named strictly applies, and we may 
imagine the dividend however small to be divided into any 
number of parts, though each part should be less than tlie 
thousandth part of a unit. 

We may furthermore regard the dividend as a composite 
number, equal to the product of two numbers, one of which 
we have, and the other of which we seek to find. The known 
number is our divisor, the number sought is the quotient. Or 
the dividend may be regarded as the area of a rectangular 
parallelogram, and the divisor as one side, the quotient will be 
the other. 

From one end of a field 25 rods wide, it is required to cut 
off 10 acres: what must be the length of the part cut off? 

10 acres^ieOO rods, and 1600-4-25=64 rods. The Ans. 

We are sometimes called iipon to say what part one number 
is of another. What part of 75 is 25 ? 
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One is ^'^ of 75, it is one part of 75, and 25 being 25 times 
as much as 1, must be §|, which being reduced will be J. In 
the same way it is easy to show that we have only to fonn a 
fraction by placing the given number as a numerator, and the 
number of which it is a part as the denominator, and the frac- 
tion may then be reduced to its lowest terms. 

What part of 13 is 6? One is ^'g, and 6 is 6 times as much, 
or -fg. 

What part of a foot are 8 indies? One inch is ^^, 8 inches 
are -f j or ^. 

What part of a dollar are 23 cents? One cent is yJ<5> 23 
cents arc jVo- 

What part of a pound Avoirdupois are 9 ounces? One 
ounce is ^g, and 9 ounces are 9 times as much, or -^g. 

The reverse of this operation is to find the value of a frac- 
tion of any denomination in terms of a lower. 

What is Ihe value of -fg of a pound Avoirdupois ? j\ of a 
pound Avoirdupois is one ounce, and -^^ being 9 times as 
much will be 9 ounces. Or the operation is as well explained 
in all eases, and much better in some, by considering the frac- 
tion as the one sixteenth part of 9 pounds, instead of the f^ of 
one pound; for had it been the A or indeed any thing else 
than the yg, we could not have given so readily the value of 
one part, though we might then have set down 1 ib. oz. dr. 
and divided by 15, by which we would have got lb. I oz. 
l^g dr. as the ^g, and this multiplied by 9 would give lb. 
9 oz. 91 dr., as the yg. But the operation would be simpler 
to make 9 lb, oz. dr. the dividend, and 15 the divisor. 
But even adopting this form, we may consider that the -^g is 
still the fg of 1 lb., rather than -I'g of 9 lbs., and that we have 
multiplied the 1 lb. oz. dr. by 9 before dividing, just as 
we are in the habit of multiplying by the numerator and 
dividing by the denominator in taking fractional parts of num- 
bers. As if we would take -f of 200, it is rather easier to 
multiply by 2 and then divide by 3, than to take l first, which 
would give 66|, and multiply the fraction | by 2, and yet this 
is a very simple case. Wliere the denominator will divide the 
given number \vithout a remainder, it is generally best to 
divide first, and then multiply by the numerator, but not where 
dividing first would create an awkward fraction. 

How many cents are -^^^ of a dollar? yj^ is 1 cent, hence 
jVo ftre 23 cents. 

How many inches are in § of a foot? Here we i^annot so 
readily tell what ^ is, since 3 is not the number of inches in a 
foot; but we can set down 1 foot in. and divide by 3 and 
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thus we find there are 4 inches in 1 third, and hence twice 
4^=8 in §; or what is stiil better and must produce the same 
3)2 ft. in. 



Ans. 8 in. 

If fractions are to be added th tl fi 
to be considered is whether they U tl m d m 

nation; that is, all similar par fa d h tl 

same name or denomination, a th y ^* b tl 
nators are alike. Suppose it b q dd 

and y*g together, it is easy en tha a 

similar parts, and 3+1+8+5^17 u p rt = 

But suppose the fractions we and m y add 

the numerators as before, and tii w 1 b \\ 

are they? they are neither 17 hahes, tourths, sixteenths, nor 
eighths. We might just as well add 1 qr. 20 lb. 12 oz. 13 dr. 
into one mass, and we would be just as much at a loss to find 
a name for the resulting sum, in one case as in the other. But 
to get clear of the difficulfy we may bring all the weights to 
drams, and the fractions to sixteenths, being the lowest de- 
nominations mentioned, and hence all may be brought to them 
without fractional parts. Thus: 
1 qr. (25 lbs.)=6400 i=i% 

20 lbs. =5120 l^ji 

12 oz. = 192 ^^!g 

13 dr. = 13 fs=-t^B 

11725 dr. ^§=2Jig=2| the sum. 

From this it is evident that when we wish to add fractions 
of various denominations, or any numbers of various denomi- 
nations, we must bring them all "to the same name; and the 
principle is just the same in fractions as in whole numbers. 

In order to bring any number of fractions to similar ones 
having a common denominator, we must find a common mul- 
tiple of the denominators, and for convenience it is best to 
find die least common multiple, for by so doing, the new frac- 
tions will be the least possible. The rule for finding this mul- 
tiple and the reason of the rule were explained in Lec- 
ture 4. 

Let us add together J, |, | and i- Result 2g^. 

Different persons adopt different forms, but the principle is 
the same in all. In the first place we may with a little prac- 
tice generally find the least common multiple by inspection ; 
i. e. without any formal calculation; and should the multiple 
not be the least it will in no wise affect the value of the result, 
though it will the size of the numbers. In tiiis case it is easy 
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to see that 2, 3, 4 and 5 will divide 60 evenly, and will do 
so with no less number. But let us calculate. 
Here we find J=i3, 

i,and^=gg, 2)2,3,4,5, 



making in ^1 W or2|g. 

[n order to find the new 1, 3, 2, 5, and 5x2x3x2=60 

numerators, after finding Then, 60 common denom, 

the common denominator, — 

we multiply the common J^=30 

denominator by the nu- f^=40 

merator and divide by the f ^45 

denominator of each given i^='i^ 

fraction; or divide by the — 

denominator and multiply W=2^g. Answer, 

by the numerator. 

Perhaps the correctness of this cannot be shown in any way 
more readily than by laying down the position that any frac- 
tion may be changed to another having any given denomina- 
tor, by increasing or diminishing the numerator in the same 
ratio, for a new numerator. This in effect we have already 
shown, bj' proving that the value of a fraction is not altered 
by multiplying or dividing the terms by any number whatever 
so that bodi are changed in the same ratio: i. e. multiplied or 
divided by the same number. 

Here tbe first fraction is ^, and we wish it changed to 
another, having a denominator 30 times as large, we then 
multiply the numerator by 30 for a corresponding numerator. 

The next number is 3, we divide the common denominator 
and find it 20 times as large, we therefore multiply the nume- 
rator by 20, to find a corresponding new numerator. 

Or you may prove the statement by proportion. As 3 (the 
given denominator) ■ 60 (the proposed denominator) ' ■ 2 (the 
given numerator) 40 (the new numerator ) 

In thib way both numbers are increased m the same ratio, 
and while tliat is the case the ■value wdl not be alteied 

Instead of this lorm some prefLr the following 

Find a common denominator by multpljing together all 
tiie denominators an I then to find the several numerators, 
multiply each numerator into all the denominators e">Lcept its 

''"^^, *"'' , , , iX,x4x^=l'>0 com dem 

1 hii mode does not admit 

of the least common multi 1x3x4x5=60 | 

pie being sought, and hence 2x2x4x5^80 I Nume- 

the new fractions are seldom 3x2x3x5^=90 | rators. 

in the lowest terms tiiat the 4x4x3x2^96j 

condition of having a denominator in common will admit. In 
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the present instance it is twice as large as necessary. This is 
often a decided inconvenience. 

The following form, still different from both we have given, 
is also used by some. Add together y'^, \l, and |, 

These modes differ 21 10 12 9 

in form from the first, 1 — 

but the principle is the 3| 5 6 9 
same, resolving itself 5 x2 X3x3x2^180 c. den. 

at last mto the fact, — 

that both terms of each 10) f 18>< 7=126") j^ 

fraction are multiplied 12 Vl80^ 15x11-165 V™ 
by the same factors, 9) i^Ox 4= 80 J '^^°^^- 

and hence the value is not affected. Here we divide the 
common denominator, 180, by the several denominators to 
find their ratio to it, that the corresponding numerators may 
be increased in the same ratio. 

The same preparation is necessary in Subtraction as in Jid- 
dition, for we can no more take the difference than the sum 
ofdissimilar quantities; but having changed them to such as are 
Kmilar the sum or difference may be taken as readily as if the 
numbers were integers. The denominators serve the same 
purpose as different names and a table of their value in the 
compound rules. 

Multiplication of Fractional quantities does not require tiiis 
identity of denomination, neither does Division ; but if they are 
alllfe it will not affect the result- 
Multiply 150 by ^. 

In the absence of any rule, we have here two factors, either 
of which may be considered the multiplier, so that the product 
will be 150 times i=150 haIves—75 units; or 1 of 150—75. 
If 150 were multiplied by 1, the product would be 150, and 
if by tJie half of 1, the product must be half as much. 

We are generally instructed to multiply by (be numerator 
and divide by the denominator; let us try an example. 

Multiply 150 by §. 

Here we multiply by 2 and the 150 

product is 300, but as the multi- 2 

plier was really J of 2, so the pro- 

duct will be J of 300=100. Thus 3)300 

in any other case, as the multiplier ■ 

or fraction is equal to the numerator 100 Answer. 

divided by the denominator, so will 

the product be equal to the product of the numerator divided 
by the denominator. 

By the nature of fractional notation, if as already stated, we 
e the numerator in any ratio, in the same ratio will tlie 
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value of the fraction be increased, for we thus increase the 
number of parts without diminishing their value; but if the 
denominator be multiplied, the value of the fraction will be 
diminished in the same ratio in which the denominator is in- 
creased, for the value of the fractional parts is thus decreased 
without increasing tiieir number. But if both terms be in- 
creased or decreased in the same ratio, the value will not be 
altered, for as the number of parts increases or diminishes, the 
value of each part changes inversely in the same ratio, and 
thus the value of the egression is unchanged. If I take | and 
multiply the numerator by 2, the product is |, the number of 
parts being doubled while they are eighths still; but if I mul- 
tiply the denominator by 2, tlie result is ^^5, the number of parts 
not being increased, while the value is decreased one half, i. e. 
from eighths to sixteenths; but if both terras be multiplied by 
2, the result will be /j, which is neither more nor less than |. 

Again, if we divide the denominator it is equivalent to mul- 
tiplying the numerator, for it increases the value of the parts 
without diminishing their number; and on the other hand if 
we divide the numerator the value is reduced, for the number 
of parts is lessened without increasing their value ; but if both 
be divided, as we have before shown, the ratio between the 
terms is unaffected and so is the value. Thus taking |, if we 
divide the numerator by 2, it becomes g, and if we divide the 
denominator by 2 it becomes | or I, but if both be divided it 
is J, the same in value as |. 

These positions being understood, it is easy to see that if 
we wish to multiply a fraction, we may either multiply the 
numerator or divide the denominator; and if we would divide 
a fraction we may either divide the numerator or multiply the 
denominator, and the same effect will be produced. 

Hence, when we multiply two fractions, we multiply the 
numerators together for a new numerator, and the denomina- 
tors together for a new denominator, and this is just what we 
did in multiplying 150 by 3 ; it is multiplying by the numera- 
tor of the multiplier and dividing by the denominator; for 
multiplying the denominator of the multiplicand is the same as 
dividing the numerator. Multiply | by f . 

Multiplying | by the numerator 3, gives ^/ which we may 
divide by 4 and we will have |, or we multiply 8 by 4 which 
makes ^|, the same in value as |. 

Division is Ihe reverse of Multiplication, and as in the latter 
we multiply by the numerator and divide by the denominator, 
SO in the former we multiply by the denominator and divide 
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by the numerator; or we may divide the numerator and de- 
nominator of the dividend by the numerator and denominator 
of the divisor, and the result will be the same. 

Divide | by |. 

We may say 2 into 6 three times, for a numerator, and 4 into 
8 twice, for a denominator, making |^=1^. Answer. 

Or, inverting the divisor and multiplying, |X5^=fa=lJ* 
That this is the true quotient may be thus shown: |^f, and 
5^=^ ; then ^ will be contained 1|- times in ^, for J will be 
contained 1 time in ^, and half a time in }, and ^+i=f, the 
dividend. 

As in mnltiplying by a proper fraction, the product is always 
less than the multiplicand, for the multiplicand is taken less 
than once, so in dividing by a proper fraction the quotient is 
always greater than the dividend, for the divisor is less tban a 
unit, and must be contained oftener than a unit would be. 
This result is contrary to the result in whole numbers, for 
when a number is taken more Iban once, it is increased; and 
if divided by more than a unit, it is diminished; the fixed 
point in both operations is unity. 

But let us look into the reason of both the above modes and 
see why they are identical. 

There is no difficulty in seeing that dividing the numerator 
and denominator will give the correct quotient; for we thus 
find a number that multiplied by the divisor will produce the 
dividend, and the object of division is finding such a number. 

Divide H by f . 

We are bere required to find how often f are contained in 
11, or in otlier words, we are required to find a number that 
multipHed by ^ will produce i|. If we divide 15 by 3 we 
obtain such a number for the numerator, and if we divide 
16 by 4 we obtain such a number for the denominator, and 
this must be always the case in principle, whether the numbers 
divide evenly or not; but if one is not a multiple of tlie other 
a complex fraction will be the result. If we seek to divide 
1% by f, the result by this mode of calculation will come 

out — =-=;■ — ; for in order to reduce the complex fraction to a 

simple one, we must multiply both terms by some number 
that will clear both of fractions, and 6 is the least number 
that will do that, it being the least common multiple of the 
two denominators 2 and 3. 

But if that mode of operation be correct, then any mode 
which is equivalent to it, must also be correct; and we have 
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already shown that to multiply the numerator of a fraction by 
any number is the same as to divide the denominator by that 
number, therefore multiplying the numerator of the dividend 
5, by 3, the denominator of the divisor, and the denominator 
19, by 2, has the same effect, and must produce the same 
result, as dividing the contrary tenns; and by this mode we 
avoid complex fractions. 

Another view may be taken of this subject. Suppose I seek 
to divide 360 by f , or what is the same, by the fourth part 
of 3. I proceed first to divide by 3, and produce 120, but as I 
was to have divided by only the fourth part of 3, my divisor 
was 4 times too great, and consequently my quotient is 4 times 
too little ; I must therefore multiply the quotient by 4 to get 
tlie true quotient. In order to generalize this operation it is 
only necessary in dividing by any number, to divide by the 
numerator and multiply by the denominator; or to get clear of 
remainders, we may multiply first by the denominator, and 
afl^rwards divide by the numerator, as it can make no differ- 
ence in the result, which operation is first performed. 

For convenience, the terms of the divisor are sometimes 
reversed, and then the operation becomes one of multiplica- 
tion, but this is not necessary, as they may be multiplied cross- 
wise; thus, y3-=-s=jf or by reversing YgX|^=j|» the same as 
before. 

When a remainder occurs in dividing a mixed number by 
an integer, multiply the denominator of the annexed fraction 
by the remainder and add in the numerator, for a new nume- 
rator, and then multiply the denominator of the annexed frac- 
tion by your divisor for a new denominator; the new numerator 
and new denominator united fractionwise, will giVe the frac- 
tional part of your quotient. 

Here we divide 125 and find 2 
over, which we multiply by 4, 
changing them to 8 quarters and 

adding the 3, we have 11 quarters, ■*-'-ts 
to be divided by 3, which we may 

do by division, making -p, or by multiplying the denominator 

4 by 3, for it will be remembered that dividing the numerator 
and multiplying the denominator have the same efiect. 

In stating questions in the Rule of Three in Fractions, l3ie 
numbers are arranged just as tiiey are in whole numbers, and 
then the terms of the dividing number are inverted, when Ihe 
several numerators are multiplied together for a numerator. 
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and the several denominators for a denominator. Tliis is 
strictly multiplying the 2nd and 3rd terms together and 
dividing by the first. 

Where fractions are very large in their terms, it is some- 
times difficult to form an opinion at once of their valne; and 
modes of calculation have been devised to show very nearly 
their value in fractions of smaller terms, but it is not thought 
necessary to introduce them here, as the same may be effected 
by a little consideration; thus |J| is about |, as. we may 
see by dropping the units and tens of each term, an opera- 
tion equivalent to dividing each by 100: but it is nearer 

to -j— or — . In tliis way a pretty accurate idea may, at a 

glance, be formed of any fractional expression however large. 
It has been remarked that the fractional principle is fre- 
quently applied to questions that involve no fractional numbers, 
though fractional parts of the whole quantity are considered ; 
the following are solved on that principle. 

1. Thomas gave away | of all the apples in his hat, and 
had 5 ieft; how many had he at first .> 

If he gave away | he had | left, and this one fourth was 5, 
hence 4 fourths, or tiie whole quantity would be 20. 

2. A person spent i and { of his money, and had $60 left; 
liow much had he at first? 

He spent 1+1"=-^^, and hence had ■j% left^60. Then if 

j\ was $60, ^^5 was |l2, and \^ was $144. 

In questions of this kind the whole quantity is considered a 

unit, and the fractions are of such quantity, not of numbers. 

The principle is very important in solving questions by analysis, 

without reference to any formal rule, and a large proportion of 

the questions usually solved by Single Position, may be solved 

by ^s means. We shaU take occasion to present other 

examples hereafter. 

We shall now close this subject by adding two propositions, 

that may be sometimes useful. 

pROPOsirroN 29. 

If to any mimber aJracUonal part of itself be added, and from 
the restdting sum suck Jractional part of the sum be deducted 
that the original number shall he left; then the latter fraction 
wUl be found to have the same numerator as the former, 
and the denominator will be the sum of both terms of the 
firmer. 
If we add |, we must subtract I; if we add f, we must 

subtract f, &c. To 12 add f of 12, and we have 20; and 
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from 20 deduct f of 20 and we have 12 again. This princi- 
ple is rather an important one in solving some problems. Take 
the following for instance : 

If to my age there added be. 

One half, one third, and 3 times 3 ; 
Six score and ten the sum will t>e; 

What is my agel pray show it me. 

This may be solved by Position, but the process will be less 
simple than either of the following. 

3 times 3=9, and 9 taken from " 6 score and ten" leave 
121, which by the question is 1 age, + ^ an age, + ^ an 
age = l|. Then, As 1| : 1 : : 121 : 66 ^ns. Or, As we 
must add a+3=g to the unknown number to make 121, we 
must by the above proposition, deduct -/^ of 121 to leave the 
unknown number, which we are seeking; -/y of 121^=55; 
and 121 — 55=66 Jlns. as before. If we deduct the fixed 
number " 3 times 3," and operate with 121 instead of 130 
we may perform the solution by Single Position; otherwise we 
must resort to Double Position. 

That this theorem is correct may be readily shown: Sup- 
pose to a number I add its |, then I must deduct 5 to restore 
the first number; for the number itself has 3 equal parts or 
thirds, to which 2 more being added, there are 5 just such 
parts, hence what were thirds in the first instance become 
fifths; BO that we add | and subtract their equivalent | to 
restore the original number. 

Proposition 30. 

Jfjrom any number we subtract ajradioval part, and ihm we 
desire to add suckpart of the remainder to the remainder ai 
will make the original sum, the part to be added will have 
the same numerator, and a denomiTwior equal to the difference 
between thejirst numerator and denominator. 

From 15 take § of itself, and to the remainder we must 
add I of itself to make 15 again: 15— | of 15=9, and 9 
+ '^ of 9^15. The reason of this is obvious from proposi- 
tion 29. 
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LECTURE VI. 



DECIMAL FRACTIONS, CONTINUED FRACTIONS, ETC. 

It has been already shown that any fraction may be changed 
t« another Iractton of equal value, having a given numerator 
or denominator, by changing the other term of the fraction 
in the same ratio , thus, we may change | to a fraction 
haMng 6 for a denominator, by increasing the 3 in the same 
ratio as it would be necessary to increase the 4 in order to 
make 6 ot it Tins we may do by the rule of three, thus: — 
As 4 : 6 : : 3 : 4^ the new numerator, the fraction being 

— . Or we may cbange it to a fraction having 6 for a 

numerator, thus: — As 3 : 6 : : 4 : 8, the new denominator, 
and the fraction would be g. 

If we were to reduce all our fractions to a common deno- 
minator, it would be useless to express that denominator to 
every number, as it would be understood that they were all of 
a Idnd, all fourths, fifdis, sixths, &c., as the case might be. 
Duodecimals are an instance of this, the several periods being 
expressed as whole numbers and called seconds, thirds, 
fourths, &c., as they diminish in value from the units' place. 
The numbers in our compound rules are expressed as whole 
numbers, but the name attached to item is as expressive a 
" denominator" as a number could be if placed under a line. 
8 inches is the same in value as -j^j of a foot, the value being 
as decidedly marked in one ease as in the other. But there 
is only one common denominator that could be adopted, which 
would supersede the necessity of dividing and otherwise 
operating as in the compound rules, and this would also more 
effectually than any odier dispose of the complex fractions 
which will be found more or less troublesome in every such 
system. 

From the higher places towards unity, our numbers decrease 
in value in a tenfold ratio, and if we were to extend tlie same 
fatio of decrease onward indefinitely beyond the units' place, 
we would jiave a mode of expressing numbers less than a unit. 



..Google 



PROPERTIES OF NUMBERS. S5 

tliat would have many advantages. Small numbers might 
have 10 as a denominator, such as are larger might have 10 
times 10, and as (he numerators would increase, let the de- 
nominators increase in the same tenfold ratio. Such a mode 
of expressing fractional quantities- would present many advan- 
tages in facility of calculation, being as much superior to the 
common modes, as our Federal money is superior to the old 
currency. 

In order to cliange vulgar or common fractions to this form, 
the rule of stating already explained in this lecture might be 
adopted, or for greater convenience we might simply multiply 
the numerator by 10, 100, 1000, or whatever number might 
be found necessary, and divide the product by the denomina- 
tor, for a new numerator ; and as all the fractions would be 
tenths, or hundredths, or thousandths, there would be no ne- 
cessity for writing down the denominators as they would 
always be 10, 100, 1000, 10000, kc, according as the nu- 
merator might consist of one, two, three, or more figures. 
Such a system as this was invented by M. Purbach, of 
Austria; and I need scarcely add, if the student has attended 
to the subject, that it is our common system of Decimal Frac- 
tions. From unity we proceed upward by tens, hundreds, 
thousands, &c. of units, and downward by tenths, hundredths, 
thousandths, &c. of a unit ; we may therefore consider unity 
as the centre of our numerical system, witii an infinite ascend- 
ing series above it, and an infinite descending series below it. 

Simple as this seems to us in theory, and convenient as it is 
in practice, the invention is of recent date. The natives of 
India, though the inventors, perhaps, of our notation, are still 
ignorant, says Professor Leslie, of its application to fractions. 
Beiow the place of units they change the rate of progression, 
and descend by continued bisections, in halves, fourths, eighths, 
sixteenths, &c. 

In changing vulgar fractions to decimal ones, the principle 
we have advanced is always applied, though it is simplified 
to a mere addition of ciphers to tiie numerator and division by 
tne denommitor the division if practicable bting continued 
by the addition of ciphers, untd no lemainder occurs , and 
then the decimal fiaction is read by supposing the denominator 
to COT s st of 1 init with as manj iphcrt, as there are fig ires 
in the numeritor 

this prir c pie may be expKined by consideimg that the 
a Idition of three ciphers i"! eq m alent to multiply ing by 1000, 
indbydoiig so o r quotent will be a tlousanl times too 
much b it h-) ciitti i„ ifl 3 places we in effect divide the 
quotient by 1000, and thus bring it to its propei size 
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Change | to a decimal. 8)3.000 

.375 

Here 3 ciphers are added, or suj posed to be added, before 
the division comes out without a remainder, ind the result 
is TS' jh' lines' ^' tVn > the denominator may or may not 
be written ; but it is moie convenient not to wnte it an 1 to 
mark the decimal character of the expreswon by pKcii ^ a 
point on its left. The addition of ciphers to the n^ht of the 
decimal, has no effect upon its \alue for as tie numlc of 
places in the numerator is thus increased m a terfold nt o tl e 
number in the denominator is increased in the same ratio and 
the value will in that case be unaffected But ciphers on fl e 
leil: decrease the value in a tenfold ratio b^ increa in^ U e 
denominator without increasing tlie numencal amount of the 
numerator: thus, 3^,*!- 03= 1^, 003= -j'j , 8^c They 
change the position of the significant fiE^res ^Mth regard to 
the units' place, as the addition ot ciphers to the nght of a 
whole number does; but placmg ciphers on the left of a whole 
number has no such effect any more tnan placing ciphers oil 
the right of a decimal. 

But in changing vulgar frictions to decimals, it is not 
always practicable to continue the division until there i i o 
remainder; for instance I would produce 333 b^i- forever, 
and I would produce .666 &c., 4 would produce 71428o71 
&c., the same figures recurring again in the same order 
forever. These are called Repeating and Ctrculahng Denmali, 
of which we shall apeak hereafter. But though such decimals 
always leave a remainder, and do not therefore express pei- 
fectly the value of the vulgar fraction, thej are for ordinary 
purposes suiRciently exact after being extended to a few 
places of figures, as every place to which they are extended 
brings the value nearer to the trutii. ,3 is j'-, leas than I, 33 
is 355 less than ^, .333 is j^j'^g less, and so on at e\cr> 
step getting 10 times nearer die truth, without any possibility 
of ever quite reaching it. But if the figures are dissimiUi, 
tis in reducing f above, to a decimal, the ratio of appioxima- 
f ion is not precisely tenfold, though it does not vary materially 
from it. 

Decimal fractions are generally called for brevity siVe de- 
cimals, and sometimes the whole subject is called decimal 
arithmetic ihut the word decimal is often applied to our entire 
system of notation, to distinguish it from such as are based on 
some other radix. For decimal is denied from the Latm 
decern, ten, and only means proceeding by tens, or ha\ing 
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reference to tens, and is hence used to distin^ish ours from 
the binary, the ternary, and other systems liaving bs'o, tliree, 
&c., for their bases. 

To change a decimal fraction to the form of a vulgar frac- 
tion, place the proper denominator under it, but still as long 
as the denominator is 10, or any power of 10, the fraction is a 
decimal one; but reduce it to its lowest terms or to any fonn 
that changes the denominator from a power of 10, and it loses 
that character. 

Before passing to Addition, &c., it may be well to consider 
a little further the nature of decimal expressions, for much of 
the difficulty found in numbers results from want of cleariy 
understanding first principles. 

We may read all the decimal expression together, and that 
is the usual mode, or we may call the first figure tenths, the 
second hundredths, the third thousandth, the fourth is gener- 
ally called so many ten thousandths, but it would perhaps be 
rather more accurate to call them so many tenths of a thou- 
sandth ; and instead of calling the fifth place hundred tliou- 
sandth, it should be called hundredth of a thousandth. The 
same criticism may be applied to other forms of expression. 
We may say|=yyo*[j, or ^=3j^-\-J^^+^^^^, and the meaning 
will be the same. So we may read a mixed number, 25.13, 
as 25j-5*n, or disregarding the point we may call the expression 
Wb*) ^'"^ ^^ value will be the same. 

In arranging decimal numbers for addition, the general rule 
applies that numbers of a like denomination must be placed 
under each other, so that tenths and hundredths, as well as 
units, tens, and hundreds, shall be in vertical columns, and 
thus add together; and to effect this we are generally in- 
structed to regulate the numbers by the points; for if they be 
in a vertical column the numbers wdl all be right. And as 
the value of ali the columns, decimal as well as integral, in- 
creases from right to left in a tenfold ratio, the addition is the 
same as in whole numbers. If one number has more decimal 
places than another, yon may, if it will make it any plainer 
to you, imagine the vacancies filled with ciphers, for coming 
on the right of decimals they will not affect their value; but 
this is in truth not necessary, as the numbers of like kind will 
add together if properly placed; though by adding ciphers to 
make the numbers even, the entire denominator of each num- 
ber will be common to all, and it was shown under the head 
of Vulgar Fractions, that if fractions have a common denomi- 
nator, the numerators are to be added together and placed 
over it for the sum total, and tlie same principle applies here. 
We may however consider each column as having 
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denomintatoT, for the numbers are all teulis, hundredths, &c., 
and flien it is not necessary to fill out the numbers to make a 
common denominator for all. 

In Subtraction the same reasoning applies. 

In Multiplication the only peculiarity that distinguishes it 
from multiplication of whole numbers is in placing the point. 
It is necessary to point off as many decimal places in tlie 
product as are in both tlie factors, and that this must be so 
will be seen from changing the numbers of a problem into the 
form of vulgar fractions. 

Multiply .375 by .64. A%i X i'A=am=-20260. 

We may drop the cipher after 5, since it is only dividing 
both terms of tlie fraction by 10, and does not affect its value. 

Multiply 4.25 by 3.5. -JggXf-g=',W(J'=14.875. 

It is here evident that the product of the denominators will 
always contain just as many ciphers as there are figures in the 
factors; and that dividing by it will cut off precisely as many 
figures as there are ciphers in the factors. 

The law of placing the point in Division is just the reverse 
of that in Multiplication, and results from the relation between 
the two rules. 

Divide .20250 bj- .54 .54). 2 025 0(. 376 

As the dividend is always equal 162 

to the product of the divisor and "liiR 

quotient it must have just as many „_„ 

decimal places, and hence the 

rale "Point off as many places in 270 

the quotient as are in the dividend 270 

more than are in the divisor;" 

and that number must be had, even if it is made by prefixing 

ciphers. 

Or, the operation may be explained on the principle that 
fractions having a common denominator may be divided into 
each other by dividing the numerator of one by the numerator 
of the otiier. We will divide 43.047 by 2.53698. The 
■'number of decimal places will be equalized by annexing two 
ciphers to the dividend: this being done, and the decimal point 
removed, which will not affect the proportion of the numbers, 
the process of division will be as follows: — 

The integral part of the quo- 253698)4304700(16 
tient is 16, and the remainder 253 698 

245532, which becomes a vul- VTRTTSO 

gar fraction by having the divi- 1522188 

sor placed under it, or a decimal 

by adding ciphers and continu- 245532 

ing the division; for the addition of ciphers is but multiplying 
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by tlie denominator of the new fraction, and the principle of 
this has been already fully explained. 

In tYcating of the reduction of vulgar fractions to their lowest 
terms, by means of the greatest common measure of the terms, 
we showed how the common measure may be found, and how 
by its use, fractions involving large numbers may be changed 
to equivalent ones expressed in smaller numbers. The lowest 
terms of a'fraction may be determined also by means of the 
quotient figures arising in the process of finding the greatest 
common measure. 

Reduce the fractional expression ^J to its lowest terms. 

27)36(1 27{1 27(1 

27 Or, 27W Or, 27)^^- =| 

_ ''36(1 ' -^36(11 

9)27(3 27 

?1 ~9J27(3 

27 

We assume the less number, which in proper fractions is 
tlie numerator, as a divisor; and in such numerator it is con- 
tained once of course ; and in the above fraction it is contained 
in the denominator once and 9 over; which remainder is con- 
tiiined three limes in the divisor; showing that it is one third 
of it, or that the numerator is contained in the denominator IJ- 
times. The quotients then express the value of the fraction 
as 1^, and multiplying both terms by 3 to clear it of com- 
plexity, we have f , the value of the fraction in its lowest terms. 

The quotients are the denominators of a complex fraction, 
that may run into a Continued Fradioti, the several numera- 
tors being units. A Continued Fraction is indeed only a com- 
plex fraction extended to several places; and this mode of 
reducing a fraction is the same in principle as the ordinary 
mode of reducing to the lowest terms; only that the numbers 
assume a complex form, from not dividing evenly. 

Reduce y^g to the lowest terms. 

Here the process runs farther 77)175(2 

before it terminates, but the prin- 154 

ciple is the same. Neither have ~~o^'\'^'^f^ 

we placed the units over the il 

quotient figures, but they ob- _ 

viously belong there, for as 77 is 14}21(] 

contained 2 times only in 175, it 14 

is about the half of it; but there — 

is. a remainder of 21=^^. This V^\2 

remainder is about the ^ of 77, 14 

but with a remainder that is con- 
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tained once in die divisor, and 7 over; which is just half its 
divisor, for it is contained in it just two times. These several 
quantities may be arranged thus: — 



Here the numerator is a unit, while the denominator is 
expressed fractionally in a continuous form. To condense 
this continued fraction we may begin at its conclusion 



T+i=ii-';^»3S 


=ft; '^•'^^fp 


\\ the 


value of t 


fraction; just as found by dividing ^Y^ 
common measure of the terms. 


by 7, 


die greats 


Reduce tiie expressien 


1 1\ to its lowest terms. 




27)34(1 
27 








-M3 


Hence 


1+1 


6)7(1 
6 






3+1 
1 + 1 


1)6(6 






6 



Here it is found that the numbers are prime to each other. 
6 1 7 



1 *■',.■-, . - 1 

— =^) ■which IS the ongmal expression. 

Or we may effect the summation by a direct process, though 
the reason is, perhaps, not quite so obvious. It is however suf- 
ficiently clear, for the process of division constandy approxi- 
mates to the true value of the expression, the quotients forming 
a series that taken all together gives the precise value in the 
lowest terms. 
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Let us resume the fraction jY^, Dividing bolli terms by 77 
WQ have J j. , tlie remainder showing the denominator to be a 
little more than 2, and of course the value rather less than J. 

Take in another term, and we have — ^^^r; i which is nearer 

the truth than J, -which would be ^, Embrace the next period 

4 

and we have | i i =' — , which is yet nearer, but not 

■''s'-Li. 9+ 

+ 
accurate, for there is still a remainder, which the next step will 
embrace, and we have the perfect fraction ^ , , 

which being condensed, gives |t, as before, 

i\\ then are about ^, still nearer f, yet nearer |, and just 
equal to ij. The terms of the series are alternately less and 
greater than the true value, but converge rapidly to it. One 
half is 5^^ too much; f is ^fs ^° little; I is j^g too much; and 
^l is just enough. 

Before passing on to Circulating Decimals, we shall con- 
sider another series or two, all tending to prepare the way for 
a clear understanding of the decimal series. 

The sum of the geometrical series ^+i+B+ya+3ai ^'^■y 
extended indefinitely onward, constantly approximates to the 
value of a unit, widiout however exactly reaching it; and of 
course without the possibility of ever passing it. It is analo- 
gous to two lines approaching forever without coinciding. 

It is obvious however that the series may be made to ap- 
proach nearer in value to unity, than any assigned difference ; 
and we may consider the value of such a series, when ex- 
tended to infinify as a unit. But when so extended, the ex- 
treme extension, or last term, is considered as diminished to 
nothing. The greatest term then is ^ and the least 0, and the 
ratio 2; and having the extremes and ratio, to find the sum of 
the series, the rule is — " Divide the difference of the extremes 
by the ratio less 1, and the quotient increased by the greater 
term, will be the sum of the series." 

J — 0=^1 difference of extremes; and J-i-1 {the ratio less 
1)^=J. Then i+i^^l, the sum of the series. In the same 
way we may ^ow that J+^+TiV+gT &c.=^; that J+_'g+ 
g'j &c.^^J; tiiat s+a's+ras &-c.=;J, and so with otlier similar 
series. We might indeed commence with any number, and 
increase by any ratio, and the series would tend to some fiseci 
amount, beyond which it could not pass, but towards which 
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it would forever approximate; and which consequently we 
would regard it as equal to. 

s-f-l + l^-^s^ &c. =4J 

We may regard this then as another mode of expressing 
fractional quantities, by expanding them into infinite series. 

But in addition to both the foregoing, there is yet another 
mode of expressing fractional quantities, that will require still 
closer investigation — i. e. expressing them in a series of otlier 
fractions, whose denominators shall decrease from unity in a 
tenfold ratio Thus g=/g+^J^+„»,j,. -||=i\+ Js + ^'h,, 

We cannot sum up these series as we did some of the 
former, because the terms are not strictly a geometrical series, 
for though the denominators increase in a geometrical ratio, 
the numerators are regulated by no fixed law. We must 
therefore add the terms according to the ordinary nde for 
adding fractions, if we would find their sum. 

It is not however, every fraction that can be expanded into 
such a series; and be limited in extent, while expressing the 
precise value of the fraction. The following would form infi- 
nite geometric series, that may be summed up as such. 

i=t\ + th+iikm &C-) forever. 
■g=Tn+Tis+TB'fls> ^c-i forever. 

The following would not terminate but still conid not be 
summed as the above ; for the ratio between all the terms is 
not the same. 

All fractions having in their denominators, no other prime 
factors than 2 and 5, the prime fectors of our scale of nota- 
tion, vFill form a limited series. All multiples of i, and con- 
sequently of J, will form a geometrical series in which the 
same numerators will be repeated conrinuaily, while all others 
will form series whose denominators will increase in a uniform 
ratio, but tlieir numerators will not ; neither do they remain as 
the same. The reader can scarcely have failed to recognise in 
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this series, our common decimal system. The numbers that 
can be changed to a finite series, are our ordinary decimals ; 
while such as run into infinite series, are called Repeating or 
Circulating Decimals. All circulating decimals, if taken by 
their full periods, form geometrical series. 

J and J produce Single Repetends, the figures being all alike. 

■j'f, and some others, produce Compound Repetends, the 
figures recurring alternately. 

If other numbers precede the repeating ones, it is called a 
Mixed Repelend, as ,1666, &c., is a Mixed Single Repetend ; 
.378123123 kc, is a Mixed Compound Repetend. 

Similar Repetends are such as consist of the same number 
of figures, and begin at the same place. Dissimilar are the 
reverse. 

Similar and Conterminous Repetends are such as begin and 
end at the same distance from unity. 

Perfect Repetends are such as have in the circle of repeti- 
tion, as many places, save one, as there are units in the de- 
nominator. Sevenths circulate in six places, and consequently 
produce perfect repetends. 

So far as regards the value and properties of decimals that 
terminate, we have- heretofore considered the subject pretty 
fully, and we shall now take up such as circulate, and examine 
the laws by which they are governed. 

For the sake of brevity it is usual to designate circulates by 
■placing a period over the repeating figure, if it be a single 
repetend ; and a period over the first and last figures, if 3ie 
repetend consists of several places ; thus .6, instead of .666 
&c., .324 instead of .324324324 &c. 

As 1 with as many ciphers annexed as there are places in 
the decimal, is the proper denominator of a decimal, so a 
series of nines of as many places as there are figures in the 
circulate, is the proper denominator of a circulate. This may 
be readily inferred from what has been said on the sum of the 
series TO+TO+Toofi) &^c.,=J. .6 then is g instead of -^, and 
.324 is II J. If the circulate be mixed, as .32142857, then die 
part that does not circulate (.32) has the common decimal de- 
nominator, (100) while the circulating part has a series of 
nines, with as many ciphers annexed as there are finite places. 
The sum will tlien be correctiy expressed TOo+jBalia^o- 
This is obvious, ^=1^0+1 '^^ another tenth, or ^^ of a unit. 
That is i^iV+^O) "^ i^^Su- If the circulate embrace in- 
tegral numbers, as 2.37, the denominator will be nines, and the 
numerator must have as many ciphers added, as there are 
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integral places. 2.37— Vgo"* th^ reason of which is obvious 
enough, since .23i=sU, and 2.37 is ten times as great; we 
therefore add a cipher to the numerator to increase the value 
ten fold. 

In order to determine whether a fraction will produce a ter- 
minating decimal, we may analyze the denominator, and see 
whether there is in it any prime factor but 2 and 5. If not, 
the decimal wiD terminate. But how soon ? Every number 
is made up of its prime factors, either multiplied simply, or in 
certain powers. Ten is the product of the simple factors 2 and 
5; 20^5X2*; 40=^5x2* and 50^5*x2. Having reduced 
the fraction to its lowest terms, and determined the highest 
power of either factor in the denominator, the equivalent deci- 
mal will contain just as many places as there are units in tiie 
exponent of such power. 20=5x2*, therefore any number 
of 20ths, if in their lowest terms, will resolve into decimals of 
two places, ^^^=.85. ^f can be reduced to ^%. 50^^5*x2 
will give two places ; 80=5x2* will requirefourplaces; 125 
=5* will require three places; whiie 64=2^ will extend to 
six places, viz. .140625. 

Perhaps in practice it would be best to divide by 5 as often 
as possible, and if \he last quotient be not a unit, then divide 
it by 2 as often as possible, and if in dividing by either 5 or 
2, the final resulting quotient be a unit, the fraction will termi- 
nate after as many places of figures as there are divisions by 
5 or 2, whichever was contained the oftenest. By trying the' 
foregoing numbers, the operation will be obvious. 

But if in such di\'ision there is still a quotient not divisible 
by either 5 or 2, then some other prime factor enters into the 
number, and the decimal will begin to circulate after as many 
places, as there were 5's or 2's used, whichever was used 
oftenest. 

To detenninc bow many places of figures will be in the 
repetend, after dividing by 5 and 2 as often as possible, let the 
quotient of the last division be used as a divisor for a series of 
9's, and just so many nines as must be used before nothing 
remains, just so many places tbe repetend will contain. 

Will g'/j produce a finite decimal.' 



Yes, it will terminate in 4 places, for it 
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Will /j terminate? 
12 

And as 3 divided into 9 leaves no remainder, 
tliere will be a single repeating figure, after two 
finite places, as indicated by 2 being included twice as a prime 



Five and 8 are finite places, but the 3 will repeat forever. 
What form will -^X assume? 



6 will not divide. 



The prime factors are 2, 2, 2, 2, 7; there will therefore be 
4 finite places, and 



142857, shows that the repeat 
will be in periods of six places; and (he quotient by dividing 
the nines gives the figures of the repetend. It is obvious that 
this must be so, and that as the decimal from \ will begin to 
repeat as soon as 1 occurs as a remainder, (for that will give 
the dividend with which the operation commenced) the series 
of nines being 1 less, than a unit with ciphers annexed, there 
must at that point be no remainder. 

A circulate will occupy the same number of places, what- 
ever may be the numerator of the fraction from which it is 
produced. 

Every decimal must terminate or circulate before there arc 
as many places as there are units in the denominator. The 
reason of this, and other facts that have been stated, will be 
given before we close this lecture. 

In order to add or subtract circulates with perfect accuracy, 
they should be made similar and conterminous, for which 
purpose the least common multiple of the number of places 
may be ascertained, .and all the decimals extended to the same 
number of places; the denominator of the repeating portion 
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being regarded as a series of nines; and of the finite portion 
as decimals. In subtraction the right hand place of the 
minuend must be regarded as one less than the figure repre- 
sents, as the denominator is 1 less. To multiply and divide, 
it is best to change the circulates to vulgar fractions, else the 
true result cannot be produced. 

We shall now close the subject with a few propositions 
illustrating the principles involved. 

Proposition 29. 
All vulgar fractions, when changed to decimals, will either 
terminate or circulate. 

Proposition 30. 

If the prime factors of the denominator of any vulgar frac- 
tion, when in its lowest terms, be 5 and 2, or either of them, 
and no other, the resulting decimal will terminate. 

Peopositior 31. 

If the prime factors of the denominator be 5 and 2, or either 
of them, the decimal will terminate, when Die number of 
places shall equal the units, in the exponent of the highest 
power of 5 or 2 involved. 

Proposition 32. 
If the denominator contain neither 5 nor 2 as a prime factor, 
then the decimal will circulate from the commencement. 

Proposition 33. 

No circulate can contain as many places as there are units 
in the denominator of the vulgar fraction from which it is pro- 
duced. 

Pkoposition 34. 

If the denominator of any vulgar fraction in its lowest terms, 
contain either 5 or 2, combined with any other prime factor, or 
factors, the circulate will be preceded by as many finite places 
as the powers of 5 or 2 involved, would indicate, according to 
Proposition 31. 

Proposition 35. 

Repeating and Circulating Decimals constantly approximate 
to the true value of the vulgar fraction from which they are 
produced. 
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Proposition 36. 

The proper denominator of a finite decimal is a power of 
10 whose index is equal to the number of places in the nu- 
merator of the decimal. 

PeO POSITION 37. 

The proper denominator of a circulating decimal, is a- series 
of nines equal to the number of places in the numerator. 

The foregoing propositions, taken in connection with what 
has been said in the preceding and present lectures, embrace all 
that need be said on the subject of vulgar and decimal frac- 
tions ; and it now remains only to show the truth of some of 
those propositions, so far as the same are not obvious from 
what has been already said. When speaking of fractions, we 
generally mean the fon^i designated as vulgar fractions, but 
the principles are just as true of duodecimals and all other 
compound quantities, the inferior denominations being regai'ded 
as fractions of the unit of the system. Proposition 29 might 
be inferred from what follows, but we wish to call the reader's 
attention distinctly to the fact, that if a fraction does not termi- 
nate, it must run into a circulate, and cannot run on beyond a 
certain limit, in places that show no fixed law. 

Propositions 30 and 31 may be taken together, and will be 
found to involve an important law of numbers ; and for conve- 
nience we may consider them together. If the denominator 
be 10 or any of its powers, it is obvious that it will be a deci- 
mal in principle, whether it has the ordinary form of one or not. 
^5 is as much a decimal as ,7 ; and -^^jj as .77. If the denomi- 
nator be 10, it will give the simple factor 5x2 ; if 100, then 
5'^x2*; if 1000 tben5*X'>*- and so on forever, for as these 
numbers ar p th y re the products of similar 

powers of 5 d 2 th p m of 10. If a number con- 

tains 10 one Q 5 2, the prime factors of 10, 

once. If it b q f 10, it must contain the 

square of 5 h q 2 m or vice versa, for each pair 

of such divi q And as the square of 10 

gives3plac t! b 4p &.C., and the numerator must 

contain one p h n mb f places in the decimal, or 

numerator, w b q h exponent of the power of 

10, or its pr m So much tlien for cases in 

which each d tl same power. Indeed, all 

such fractio dm d 

But if on b d he 2d, and the other to the 

3d power, o fF nt powers, why should the 

9 
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decimal terminate? And if it does iermmafe, wh> should the 
number of places equal the exponent ol the hi£;heit power 
involved ? 

So far as the lowest power extends, it form--, with corres- 
ponding powers of the other factor, a senes of tens, and will 
produce as many ciphers in the denominator of the given 
fraction, as there are such similii powers involved Hence, 
some authors say, "Divide by 10 as often ii possible, and 
then by 2 or 5 until the quotient is a unit, and the number of 
divisions will show the number of places that wiD be in the 
decimal," This is the same in pnnciple as the ibo'se, for the 
number of divisions by 2 or 5 (of course ^ ou cannot di\ ide by 
2 and 5, if the dividend will not contain 10) will be according 
to the excess of the highest power above the lowest involved. 

Change jg to a decimal. 

20— 5x2*, or 5x2x2. Hence the decimal will contain 
two places. Or 20-^10=2; and 2-^2=1. 

Here there are two divisions and the decimal will contain 
two places. The 5 and one of the 2 s^^lO, and will require 
one decimal place, wlnle the other two will require another 
place; and it would require but the same if the additional 
factor were 5, for either will divide 10 without a remainder. 
If the square of either remained, two places would be neces- 
sary, for either 2* or 5* will require the addition of two 
ciphers to any significant digit, to divide evenly ; and in the 
same way the cube of either will require three places; and 
this is equally true, whether the numbers stand by themselves, 
or are involved with others. 

Or we may consider Ihat if tlie powers of the factors are 
alike, the denominators must be 10, 100, 1000, &c., being a 
unit. With ciphets annexed If cither fictor he of a power 
higher than the otlier, the ciphers will not be altered, but the 
sigmficint figures will he If 2 or 5 be the single factors, 
they will require one cipher to be added to the significant 
figure, if 2-' or 5 , tliej will require two places; 2^ or 5^ will 
lequire three places, &~c 

We maj make this phmer bj adopting the doctrine of pro- 
portion What is the decimal equivalent to ^? 

As 5 : 3 : : 10. 

10 

5)30 
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Had the denominator of the given fraction been 5*or 2', tlie 
third term must have been 100; that is, two ciphers must 
have been added. It is evident that there must be as many 
ciphers as tliere are pairs of factors, or powers of single fac- 
tors; each additional power of either requiring an additional 
place. It may be necessary to remark that whatever number 
of ciphers must be added to obtain a complete finite decimal 
or a complete circulate, when the numerator of a fraction is a 
unit, the same number will be necessary with any other 
numerator, .'j will require two places in its decimal form, 
(.04) then will any other number of 25ths require two places. 

Propositions 32 and 33 may be noticed together. 

It is very clear that as only ciphers arc added, whenever a 
remainder occurs either similar to the numerator, which forms 
the significant portion of your dividend, or to any previous re- 
mainder, the same dividuals, the same quotient figures, and 
the same remainders must recur continually, and thus the 
quotient will become a succession of circulating periods. It is 
evident that every possible remainder must occur before the 
quotient will reach as many places as there are units in lie 
divisor. Take 4 for instance. 

7 )1.0000 000 
.1428571 

Here the division continues to six places, before a remainder 
occurs of 1 ; but as soon as it does occur, the next dividual is 
10, and the repetition commences. The remainders are 3, 2, 
6, 4, 5, 1 ; being every unit less than the divisor. 

But how is it that no remainder will in any case recur, until 
the numerator of the fraction has been reproduced.'' Why for 
instance in changing i to a decimal, as above, might not some 
remainder occur, similar to some previous remainder, before 
1 occurs, which it does at the sixth place? Take any other 
number of 7ths, and the same result will be produced, Kut 
if 2 or 5 bad entered into the composition of the denominator, 
the circulation would have commenced at the second place ; 
if either of those numbers squared, then at the 3rd place ; and 
thus onward. 

Let us change 4 to a decimal. 

7) 3.000000 
.428571 &c. 

Taking this special case as an example, let us suppose that 
the circulation commences at the sixtii place, by a remainder 
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of two occurring, then will the period 28571 be a circulate, 
and 4 be a finite decimal. But by the supposition of the case, 
the divisor (7) is prime to 10, (for it is divisible by neither 2 
nor 5, the prime factors of 10,) and by a principle advanced 
in our fourii lecture, "If there be two numbers, piime to each 
other, the product of neither by a third integral number, can 
be measured by the other." But if the number A be finite, 
' then 7 and 30 are not prime, but have a factor in common ; 
which by the principle just cited they cannot have, — the sup- 
position is therefore absurd, and .4 is not finite. In the same 
way, we may show the absurdity of supposing any other por- 
tion of the decimal expression finite ; and what is shown of 
7 may be shown of any other divisor prime to 2 and 5. 

The decimal, therefore, must circulate from the commence- 
ment, and within a period whose number of places is less than 
the given denominator. 

By Proposition 34, we are taught that if the denominator of 
the fraction contain 5 or 2, either in their prime or higher 
powers, there will be a corresponding number of finite places, 
after which the decimal will circulate according to the law of 
the other prime factors, as though they occurred alone. 

The question may be asked why the finite portion should 
come first in the result, and this we cannot better answer than 
by taking an example as a subject of remark. 

Change -^^ to a decimal. 

We will separate the denominator into the factors 7 and 5 ; 
and proceed thus; 

7) 1.000000000000 
5 )J42857142S57 &c. 
.02857142857 &c. 

5)1.00 0000000000 
7" pOOOQO0OOOQQ 
.028571428571 &c. 

It has been already shown tliat the division by 5 will termi- 
nate, but that the division by 7 will circulate ; and it only 
remains to show that the finite places will be the first of the 
series. It is obvious from the above that the 5 affects but one 
place, and that is the first of the series ; and in tlie same way 
it may be shown of any other composite denominator. If 2 
or 5 square enters, then it will affect two places, &c. It may 
not be improper to remark that similarity of remainders is not 
all that is necessary ; for tlie residue of the dividend must be 
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similar. If we divide first by 5 it will affect but one of the 
ciphers ; if by 5'*, it will affect two, &c.; and the same remark 
applies if 2 be used. 

The truth set forth in Proposition 35, is obvious from what 
has been said on the subject of series. Proposition 36 has 
been fully elucidated ; and it was shown in the early part: of 
this lecture, that a series of tenths, decreased by a common 
ratio of 10=^. That is iV+iiTF+TtAin+TijiuiS) ^-c-j to infin- 
ity=J ; and this is strictly analogous to i Circulating decimal 
Perhaps in stnctnes^f, circuUting decimaU should be c-ilied 
nonary fractioni, as then denominators ire nmes instead of 
tens. 

We might puisue the miesligatim farther, but it is believed 
that the loiegomg will be found to embtice all thit is uaefi 1 
or important ; and he that is curious m such matters has enough 
to arouse his mind to the subject. 



LECTURE VII. 



PROPORTION. 

This word, like many others that are applied technically as 
well as in common discourse, is freely used by every one, while 
few examine it with scientific care. In general conversation 
we say that a building, a piece of furniture, or an animal is in 
proportion or otherwise, according as the parts are properly 
adapted in size and place in reference to each other, agreeably 
to nature's standard, or general custom if it be a work of art. 
Nature is exceedingly uniform in her works, seldom changing 
her standard, but pursuing her old and beaten track. With 
the works of man it is far otherwise, for as whim and taste 
change, the laws of proportion change also, except when 
nature's works are looked to as a standard ; and we are so 
constituted that use mil reconcile us to what at first seemed 
monstrous. At one time we see our coats reaching down far 
towards our feet, and then tlie tailor flourishes his sliears, and, 
inch by inch, tlie mandates of fashion bid him abridge the 
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lengtb of Oie garment, until it reaches the opposite extreme, 
and in the language of Burns, becomes "unco scanty." The 
latitude as well as longitude changes, but if we would have our 
garments in proper proportion, as adjudged by connoisseurs in 
sueh matters, they must conform to me laws of fashion, for the 
time being. Still there is a natural fitness in things, and ex- 
tremes are soon abandoned ; while good taste is gratified when 
the means used seem adapted to effect the end designed. The 
orders of architecture established by Ibe ancient Greeks, are 
still the standards of correct proportion, because none are found 
better adapted to the purposes for which they are intended. 
The massive Tuscan and the Doric are placed where strength 
seems necessary to support the superstructure, while the light 
Ionic and Corinthian, with their long and tapered columns, 
support the lofty portico of lighter structure. There is a natu- 
ral fitness between the end and the means. Rearing a mighty 
j>il!ar to support a trifling weight, would be as absurd as load- 
ing a cannon to shoot a fly. But our business is not with the 
■word in this wide sense, but rather in its tecli,nicaJ meaning. 

Tlie geographer constructs bis map of a country by adopting 
Ills scale and then reducing every part of the territory in the 
same ratio. He lays down bis plan so that when his work is 
done all may be in proportion, and tie little map be the gi-eat 
country in miniature. If the scale is a tenth ol' an inch to a 
mile, then measure what part of the map you may, a tenth of 
an inch on the map will be equivalent to a mile upon the land, 
or an inch upon the map, to 10 miles upon the land. 

The relation which one line or number bears to another, in 
regard to magnitude, is called its ratio ; thus if one line be 3 
times as long as another, or one number tJiree times as gieat 
as another, the ratio is as 1 to 3, and if several numbers tlius 
increase as 1, 3, i), 27, 81, &c., we say Uiey increase in a 
triple or three fold ratio. 

The first number is called the ^Ji(ecedeji?,thesecondtheCofl- 
sequeni. In expressing ratio, the French make the antecedent 
the denominator, and flie consequent the numerator of a frac- 
tion ; while the English place the antecedent as numerator, and 
the consequent as denominator. In expressing the ratio of 8 to 
4, the French would say it is g or ^, the English f or 2. Both 
modes of expression are met with in American books. The 
former mode expresses the multiplier necessary to make the 
antecedent equal to the consequent; the latter the multiplier 
tliat would make the consequent equal to the antecedent. 

So also ratio is sometimes expressed by the mark of division, 
4h-8 or 8-7-4, instead of | or f . 

It is plain that various numbers may have the same ratio to 



..Google 



PROPERTIES OF NUMBERS. 103 

each other, thus 2 has the same ratio to 4, that 3 has to 6, for 

2 is half of 4 and 3 is half of 6 ; and when four numbers have 
this equahty of ratio, they are said to be proportional : i. e. 
equality of ratio h proportion. Numbers thus proportional are 
arranged for calculation thus, 2 : 4 : : 3 ; 6, and they are read, 
.4s 2 is to 4 so is 3 to 6; or jls 2 are to 4, so are 3 to 6.* 

The word proportion is often used as synonymous with ratio, 
as when I speak of the proportion of 4 to 8, 3 to 9, &c., but 
this is incorrect, we compare 2 numbers by their ratio ; and 
if between two pairs of numbers, the ratio is equal, we say 
they are in proportion ; but if the ratios are not equal, the 
numbers are not proportional. We cannot properly say 2:4:: 

3 : 9, for a proportion does not exist ; 3 is a third of 9, while 
2 ishalf of 4; but we might say 2 : 4 : : 3 : 6, for that is true. 

A little attention to the distinction here drawn between Ratio 
and Proportion, may save the young student from the quandary 
of Dr. 's pupil, who was party to the following dialogue. 

Dr. Pray, sir, what is ratio .' 

Pvpil. Katio sir? ratio is proportion. 

J}r. And what is proportion ? 

Pupil. Proportion sir .' proportion is ratio. 

Dr. And pray sir, what are they together? 

Pupil. Excuse me, I can answer but one at a time. 

The doctrine of ratio and proportion is the basis of the Rule 
of Three, a rule formerly deemed so important by mathemati- 
cians and business men as to be called the Golden Rule. The 
numbers of the statement abstractly considered are proportion- 
als, and their application shows that they should be propor- 
tional, for it is natural that as one quantity is to any other 
quantity, so will be the price of the one to the price of the 
other, if the rate be the same ; or as any quantity is to its price, 
so is any other quantity to its price. 

If 3 pounds of butler cost 30 cents, what mill 9 pounds cost? 
To find the value of the 9 lbs., we have but to consider that 

*Tho practice of using the eingular form of expresBion in reading pro- 
portion is very common, but its propriety is doubtful, for the numbers 2, 4, 
&c., certainly express plurality of idea; and especially so when used ap- 
plicBtely. As 2 yards is to 4, yards, so is 3 dollara to 6 dollars, sounds 
very much like doing violence to one of the leading rules of syntax; and 
yet some object to the expression As 2 are to 4 so are 3 to 6, as pedantic. 
Neither does it seem clear that there is leas plurality in an abstract than 
in an applicate number, that 3 is lees a plural number than 3 men or 3 
houses. In the above the singular is used in deference to custom. It ia 
true that we sometimes consider even a large number as a unit, or simply 
ss a number, but it does not seem that the size of numbers can be thus 
compared, unlera we consider numbers as representative of magnitude 
and not as made up of many distinct parts. 



..Google 



104 PROPERTIES OF NUMBERS. 

as 9 is three times as ranch as three, so 9 lbs. will cost 3 times 
the price of 3, and 3 times 30^=90 ; or as 3 lbs. cost 30 cents, 
1 lb. will cost J as much, via, 10 cents, and 9 lbs. will cost 9 
times 10^90 cents. Here then we have a proportion, As 3 
lbs. : 9 lbs. : : 30 cts. (the price of 3 lbs.) : 90 ets. (the price 
of 9 !bs.) 

Or, As 3 lbs. : 30 cts. (the price of 3 lbs.) : : 9 lbs. : 90 
cents, (the price of 9 lbs.) But it is evident that the rate must 
be the same, or the proportion would not exist ; for if the last 
lot of butter cost 12| cents per pound, it would amount to 112J 
cents, and the ratio between the first quantity and its price, 
would be different from the ratio between the last and its price ; 
and without equality of ratio there can be no proportion. 

Every child would perceive that such a question as the fol- 
lowing would be absurd and ridiculous, for want of connection 
between the antecedents and consequents: If 3 lbs. of butter 
cost 30 cents, what are 20 horses worth ? Or, If wheat is worth 
one dollar per bushel, how far is it from Wheeling to Co- 
lumbus? 

Our proportion must be between similar things at similar 
prices; and not between dissimilar tilings or things at dissimi- 
lar prices ; though it is true we might estimate dissimilar things 
at the same rate, and then our calculation would apply. For 
instance "If 3 lbs. of butter cost 30 cents, what will 9 lbs. of 
lard come to at the same rate ?" is a fair question. 

The colon ; denotes that two numbers are compared in re- 
ference to the ratio between them, and the double colon ; ; 
denotes equality of ratio ; but instead of using tlie double colon, 
the parallel mark of equality is used by the Germans, thus 3 : 
30^9 : 90, implying that fte ratio of 3 to 30 is equal to the 
ratio of 9 to 90; and when we proceed to express the ratio of 
each pair in a fractional form, this mark seems peculiarly ap- 
propriate, thus ^*(i=!fii, which is literally true. 

The proportion to which we have aUuded has reference to 
the quotient of the antecedent divided by the consequent, or 
vice versa, and in deducing one number of the series from 
another, we multiply or divide by the ratio, according to the 
requirement of the case. This relation of numbers is called 
Geometrical Proportion, and where the numbers of a series 
increase or decrease fi-om multiplying or dividing by a common 
ratio, it is called a Geometrical Progression. Thus the num- 
bers 1, 3, 9, 27, 81, &C.J form a geometrical progression 
increasing by the common ratio 3; and SI, 27, 9, 3, 1, is 
another series decreasing in the same ratio. We often meet 
with questions involving this progression, and indeed in most 
arithmetics they are classed under a rule called Geometrical 
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January 


1 
3 
9 


X Goruary 
March 


April 
May 


27 

81 


June 


243 


July 
Au^st 
September 
October 


729 
2187 
6561 
19683 


November 


59049 


December 


177147 



; though they may all be solved so far as any prac- 
tical purpose is concerned without any special rule. The fol- 
lowing' question is of this class: 

"A gentleman, whose daughter was married on new year's 
day, g'ave her a guinea, promising to triple it on the first day 
of each month in the year ; pray, what did her portion amount 
to ? Mns. 265720 guineas." 

It is here plain that we may \vrite down the months in order 
and set the payments received opposite, and then find tlieir 
amount; thus — 

In treating this subject it is 
usual to divide it into a number 
of cases, according to the parts 
given and the parts required. 
In this problem we have the 
first term (1 guinea,) the ratio, 
^3) and the number of terms, 
(viz., 12, &e months in a year,) 
to find the sum of the series ; 
and with less data we conld not 
find the sum of the series, nei- 
ther could we find the last term, 
177147. But if we had the 
first and last term and the num- 
ber of terms, we could find tlie 
ratio, or we could find the sum of the series. So we may suc- 
cessively consider certain parts given and others required, until 
we make up 10 cases; but for every ordinary purpose the 
whole may be dispensed with, though few rules of Arithmetic 
contain more important principles than this does. Hence to 
the speculative mathematician it is indispensable, but for his 
use its principles are fully set forth in Algebra. 

The following questions may be solved like the above, 
though they could be done much more briefly by some special 
rules. 

1. A young fellow, well skilled in numbers, agreed with a 
rich farmer to serve him 10 years, without any other reward 
than the produce of one wheal corn for the first year, and the 
annual produce to be sowed from year to year, till the end of 
llie time. What is the produce of the last sowing, allowing 
the increase but in a tenfold ratio, and what \viU it amount to 
at $1.25 a bushel, allowing 7680 grains to a pint .' 

Ms. 10000000000 grains, -worth $25431.30.8+ 

2, A man travelled 252 miles : the first day he went 4 miles 
and the last 128, and each day's journey was double the pre- 



Total 



265720 
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ceding one. How many days was he performing the jour- 
ney ? Answer, 6. 

Many more questions might be given, but it is not necessary 
to introduce them here ; neither shall we now take up the laws 
of Geometrical Proportion, but we will pass to the other mode 
of comparing numbers, viz., by their differences ; first, how- 
ever, remarking that a sum of money at compound interest, in 
its increase at stated times, forms a geometrical series, of which 
the amount of $1 for the time between the additions of interest, 
forms the ratio. 

In the series we have considered, the numbers were in- 
creased and decreased by mtdtiplication and division, but it rs 
plain that a series may be formed by the constant addition or 
subtraction of a common difference; thus: 1,4,7, 10, 13, 
16, &c., is a series increasing by the common difference 3 ; 
and if we reverse it, it will be a series decreasing by the same 
common difference. This is called Arithmetical Proportion, or 
Arithmetical Progression, and may be extended to ten cases, 
according to the parts given and the parts required. 

Such questions as the following fall under this rule : 

1. How many strokes does a regular clock strike in a year? 

Answer, 56940. 

2. A body falling by its own weight, not resisted by the air, 
would descend in the first second about 16 feet 1 inch ; in the 
next second through 3 times that space ; in the third through 5 
times, in the fourth through 7 times, &c. Through what space, 
at the .same rate of increase, would it fall in a minute,' 

Answer, 57900 /eei. 
The first term ; the last term ; the common difference, some- 
times called the aritlimetica! ratio ; the number of terms ; and the 
sum of the series, are the five parts usually given or sought in 
this rule ; any three of which being given the other two can be 
found. The name Arithmetical Progression, as well as Aritli- 
metical Proportion, is objected to by many, and the term Equi- 
different Series preferred. Prof. Thompson says, " these names, 
Geometrical Proportion and Arithmetical Progression, for con- 
tinued proportionals and equi -different quantities, are highly 
improper. Series of both kinds belong equally to Arithmetic 
and Geometry. The appellations Arithmetical Progression and 
Geometrical Progression, should be entirely disused as tending 
to impress false ideas on the mind respecting the nature of the 
quantities. The term proportion is applied, if possible, still 
more improperly to equi-difFerent quantities, as this term is 
always expressive not of equality ofdi^erences, but of equality 
of ratios. The latest and best continental writers have accord- 
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ingly rejected these terms, and substituted more appropriate 
ones, calling them hy the names above given, or others of 
similar import, such as progressions by differences and pro- 
gressions hy quotients. With respect to the name continued 
proportionals, applied to the second kind of quantities, it may 
be observed that besides its being perfectly expressive of the 
nature of such quantities, it has long been thus applied in works 
on Geometry, and it is equaUy applicable in arithmetic." 

It need scarcely be remarked that the increase is much less 
rapid in a series of this kind than in a Geometrical one, but 
there are relations between the series that make it desirable to 
speak of their properties together. 

In both series the first and last terms are called the extremes, 
and the intermediate the means, and if there be 3 terms in the 
series, as 2, 4, 8, the product of the extremes will be equal to 
the square of the mean, 2x8=16 and 4''=16 ; but if it be an 
e qui- different series, the sum of the extremes will be double the 
mean: thus, 2, 4, 6; 2+6=8 and 4+4=8; kence to find the 
geometrical mean between two numbers we multiply them to- 
gether and take the square root, while to obtain tJie arithmetical 
mean, we add them together and take half. 

If there be four terms in a geometrical series, the product 
of the extremes is equal to the product of the means ; and 
if there be any number whatever the product of the extremes 
is equal to the product of any two terms equally distant from 
the extremes. Thus as 2 : 4 : : 8 : : 16; here 16x2=32 
and 4x8^=32 ; and if we extend the series, thus 2, 4, 8, 16, 
32, 64, the products of 64x2, 32x4, 16x8 will all be «qual, 
and had we oarried the series to an odd number, the square 
of tlie middle term would have been equal to the other 
products. 

If the series be e qui- different the sum of the extremes will be 
equal to the sum of the means, or double the middle term if 
odd, as may be seen by inspecting the following series, where 
16 will be the sum of each pair: 2 4 6 8 10 12 14. Thus 
we find that addition and subtraction in one correspond widi 
multiplication and division in the other. 

The law of the geometric series, that the product of the 
extremes is always equal to the product of the means, (which 
we shall presently explain) gives rise to the mode of solution 
in the Rule of Three, when treated as a rule of proportion ; 
viz: multiplying the 2nd and 3rd terms together and dividing 
by the first, to find the 4th term or answer. In every statement 
of four proportionals the 2nd and 3rd are the means, the first 
and 4Ui the extremes, and by the rule, we multiply the means 
together and divide by the first term or given extreme for tlie 
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other extreme; which is the number sought. The product of 
the means i^ in effect the product of the extremes, and if we 
divide the product of any two numbers by one of the numbers, 
the quotient will be the other. In the Rule of Three we state 
the question, the 2nd and 3rd terms of which are the two 
means that are to be multiplied together, the first term is the 
given extreme and the fourth term Qie extreme sought. 
If two yards of cloth cost $5 what will 6 yards cost,'' 
As 2 yds. : 6 yds. : : #5 



2)30 

The answer, $15 

Here we have one extreme (2) given, and we want the 
other. We have no direct mode of finding it, but we have 
two numbers given us, and by multiplying them together, we 
shall find a number equal to the product of the given extreme 
by the unknown one, and in all cases the product of two 
factors being divided by one of them, will give the other, as 
we have already shown. You will perceive that the propor- 
tion is never perfect until the answer is read as the fourtlj 
term : 

As 2 yds. : 6 yds. : : $5 : $15. 

This mode of stating the Rule of Three has become very 
general within a few years, and it is found that the young 
mind teadily catches the idea, for it is not difficult for even 
a child to see that 2 bears the same ratio to 6, that 5 bears to 
15; for 2 is a third of 6 and 5 is a third of 15. And it is 
reasonable in a business point of view that two yards should 
be proportionate to 6 yards, as the price of 2 to the price of 6. 
It is about as plain as the little girl's reply to Miss Pepper's 
niece, when asked her relationship to her playmate Mary, who 
was her aunt, but she did not wish to say so. Turning to the 
inquirer she stated the relation, " as Miss Pepper is to you, so 
is Mary to me." 

This mode of stating compares things of like kind, and 
not such as are unlike. By the old mode we would have 
said 

As 2 yds. : $5 : : 6 yds. : $15. 

Thus comparing yards and dollars, which involves an ab- 
surdity; and tliis may appear more plain by varying the 
question. 

If I give a cabinet-maker 2 hogs for a bureau, how many 
must I give for 3 bureaus? 
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bureau, hogs, bureaus, hogs. 
As 1 : 2 : : 3 : 6 

It seems difficult to understand the ratio between a hog and 
a bureau ; though we may readily enough understand that 2 
hogs witl bear the same ratio to 6 hogs that 1 bureau does to 
3 bureaus — each is a third of the other: but a hog is not half 
a bureau, though two hogs might pay for one. 

Another important advantage resulting from this mode of 
statement is, that the distinction between Direct and Inverse 
Proportion is dispensed with. 

In the proportionals we have considered, the increase or 
decrease is onward in direct or straight forward proportion; 
and hence its applicability to estimating value as applied in 
the Rule of Three and to all other purposes where " more re- 
quires more" or "less requires less." If I buy goods, the 
more I buy the more I must give for them, and the less I buy 
the less I shall be required to give for them. The more work 
I have to do the more time it will take, and the less, the less 
time. 

But then there are many cases wherein this Direct or 
straight forward proportion, as between cause and effect, docs 
not apply. In doing work for instance, the more hands are 
employed, the less time will be necessary; and the fewer 
hands the more time. Or suppose I wish to buy a coat, the 
less the width of the cloth is, the greater must be the lengtli ; 
an:! the greater the widtli the less length is necessary. In alt 
such cases the proportion is inverted; it is "more requiring 
less," or "less requiring more;" and by the old mode of 
statement a peculiar mode of solution was used. Instead of 
multiplying the second and third terms and dividing by the 
first, tiie first and second terms were multiplied and the product 
divided by the third. Here the 1st and 2nd are the means of 
the proportion and the 3rd the given extreme. An example 
may make this plain. 

I have a board 72 inches long and 18 wide, but I wish to 
.obtain another board that shall be 24 inches wide and be just 
equal to the above, how iong must it be? 

inches inches inches 
As 18 : 72 : : 24 

It is here plain that as the new board is wider than the old 
one, it must have less length to make just the quantity ; but 
if I adopt the rule of direct proportion, the lengtii will be in- 
creased in the same ratio as the width, for multiplying 24 by 
72 and dividing the product by 18 will give 96 as the length, 
and such a board would contain 24x96^2304 sq. inches, 
10 
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instead of 72x18—12^6 sq in I must then muUiply Ihe 
first ind seconf,^iz 18 Ly 72 and diMdt the product by 24, 
by whirh I get 54 inches as the length and that tliis woulil 
!,nt the proper length w e may see (disre^ irding proportion) 
for multipljmg 18 by 72 I get 12flb, which must also he the 
product ol the length and breadth of the new board, for it is 
to contain the same, ind this product dmdei by 24, one of the 
Idctors, must gne tiit, olhet 

As to the scientific nature of Inierse Propoition, it is when 
the first term of tl e series is to the third, as tl e fourth to tljo 
sercnd, and vice ) ersa thus 2, 9 6, 3, arc inversely propor- 
tional, for 2 IS to 3 as 6 to 9, or 2 to 6 t< 3 to 9. This is 
sometimes called reciprocal propoiticn If we arrange the 
numbers ra ref,u]ir order so is to form a direct proportion, 
they will be As 2 b 3 9, As 6 2 : : 9 ; 3 and 
1 ere it i& pltin if vie hid the 1st, 2d and 3d to find the 4th 
we must multipl) the 1st and 2d of the inverse statement, 
(which are the means of tlie proportion,) and divide by (6) one 
of Uie extremes, for (3) the other Numbers inversely propor- 
tional, may be made directlj so, by change of arrangement: 
and lice lersa Let us examme i problem involving the 
pnncipie of inverse proportion 

If 4 men bmld a house m 12 dajs, hew long should 6 men 
be engaged m domg a simdar lob' 

men div'^ men dajs 
Vb 4 12 R 8 

Heie the first term, (4 men) is to the 3rd, (6 men) as the 
4th, (8 d-i>s) IS to the 2nd (12 dijs) 4 and 12 being tlie 
extremes of the senes, 6 and 8 the means, hence 4 and 12 
must be multiplied together and the product divided by 6 (one 
mean) to hnd 8, {the other ) 

In explaining this cileulation with t f tJ 

doctrine of proportion we multiply 4 b) 1 t fi d tl mb 

(f days' work theie would be m the lob f d f 1 

the number to be 48, and dividing tin by P fi d 8 i y 
work for f\(,h mm We do not multiplj 1 d ^ by 4 m 
but simply multiply 12 days by 4, bee 4 m n Id d 
1 times the work of one man, or as m h Id 1 

m 4 tilnes 12 days , or we may consid th t 4 m ml 

tiplied bj 12 to show how many mtn could do the work in 
one day 

Some 'itate the Rule of Three bv using If instead of As, 
and so arranging tl e nnmbeis that they mike tlie same sense 
as in the proposed question lliis mode keeps up the distinc- 
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tion between Direct and Inverse Proportion, but is 
applied and explained. 

men days men 

If 4 : 12 : : 6? Ans. 8 days. 

This may be read, If 4 men (do the M'ork in} 12 days (in 
what time will) 6 men do it? and being Inverse Proportion we 
multiply together die 1st and 2nd terms and divide by the 3rd, 

We may also read the general statement with If. Thus, If 
6 (were) 4 (what would) 12 be? 

Instead of multiplying the 2nd and 3rd terms together and 
dividing by the first, we may in any case produce the fourth 
term by multiplying or dividing the third term, by the ratio 
of the first to the second. This is obvious, for the 4th term 
must be as many times greater or less than ihe 3rd as the 2nd 
is than the 1st, in order to have the same ratio, and to consti- 
tute a proportion. 

As 18 inches : 72 inches : : 24 inches : 96 inches 

Here instead of multiplying 24 by 72 and dividing by IS, 
we see at once that the ratio of IS to 72 is 4, and 4 times 
24 are 96. The same course may be adopted in any problem, 
but the ratio found by dividing the second by the fii^ would 
often be fractional, and thus increase the labor of the process. 
Thus 2J^ ; 7J : : 10 would work badly in this way; but as 
2J : 7|^ : : 10 would work handsomely. 

When however the statement is made according to the 
general rule, the numbers become directly proportional, instead 
of inversely so; thus: 

men men days 
As 6 : 4 : 1 12 



6)48 

8 days. 

If four numbers bpjl Itymjb anl 
arranged and will b pprtnl til thymjallb 

multiplied or divid 1 bj tl n nl 1 tl ! 

will be proportional i h t\ I f bn 1 {, n t! 

Uule of Three, by 1 d g f b t th 

so is the half or an p rt f n t tl ! If j g 

part of the other. Thus — 

' : 6 ; : ■ ■ ■" 



By Inversion 

or 
Alternately 



2 : : 15 
15 : : 2 
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Or Compoundedly, As 2 : (2+6^)8 : : 5 : (5+15=)20 
Or As 2 : (6— 2=)4 : ; 5 : (15— 5=)10 

Or As (2+6=^)8 : (6—2^)4 : : (5+15=)20 : {15— 5=-)10 
Or multiplied, say by 3, as 6 : 18 : : 15 : 45 
Or divided, say by 2, as 1 : 3 : : 5 : : 15, and it can make 
no difference whether both pairs of terms or only one be thus 
divided or multiplied, for tiie ratio remains unaltered when 
both the numbers compared are similarly changed. When 
all the terras form a regularly increasing or decreasing series 
it is called a continued proportion or series, thus, 2 : 4 
: : 8 : 16; but if the antecedent of the second pair, bears a 
ratio to the consequent of the first, different from the ratio 
between each antecedent and its consequent, then the propor- 
tion is said to be discontinued: thus, as 2 : 4 : : 6 : 10. 
Here 2 and 4, 5 and 10 bear the same ratio to each other, but 
the proportion is " discontinued" thiougb want of a similar 
ratio between 4 and 5. 

" Harmonical Proportion" (says Nicholas Pike,) " is that 
■which is between those numbers which assign the lengths of 
musical intervals, or the lengths of strings sounding musical 
notes ; and of three numbers it is when the first is to the 
third, as the difference between the first and second is to the 
difference between the second and third, as the numbers 3, 
4, 6. Thus if the lengths of strings be as these numbers, 
they will sound an octave 3 to 6; a fifth 2 to 3, and a fourth 
3 to 4. 

Again, between 4 numbers, when the first is to thejburlh, 
as the difference between the first and second is to the differ- 
ence between the third and fourth, as in the numbers 5, 6, 8, 
10, for strings of such lengtiis, will sound an octave 5 to 10 ; a 
sixth greater, 6 to 10; a third greater, 8 to 10 ; a third less, 
5 to 6; a sixth less, 5 to 8; a fourth, 6 to 8. 

A series of numbers in harmonical proportion, is recipro- 
cally, as another series in arithmetical proportion. 
. /Harm. 10 .. 12 .. 15 .. 20 .. 30 .. 60 \ for here 10 : 12 
^^ \ Arith. 6 .. 5 .. 4 .. 3 .. 2 .. 1 / : : 5 : 6 
and 12 : 15 : : 4 : 5, and so of all the rest. Wlience those 
series have an obvious relation to, and dependence on each 
other." 

When numbers are compared according to their squares, it 
is called their duplicate ratio; and if according to their square 
roots, it is called their subduplicate ratio. 

The sum of any arithmetical series may be found by adding 
together the extremes and taking half the sum, which is the 
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mean of tlie series; this mean being multiplied by the number 
of terms will give the sum of the series. Thus; 
2+4+6+8+10+12+14^56 

To find the sum, 56, without the trouble of adding all the 
numbers, adil together 2 and 14^=16 and half that sum will 
be the mean or average of the series^S, which multiplied 
by 7, the number of terms, will give 56, the sum of the series. 
The mean may be taken without taking half theextremes, for 
by counting the terms the middle or mean one is found to be 
8, and all on the left of 8 will be found to fal! just as far short 
of 8 as the corresponding numbers on the right exceed 8; so 
that 8 is an average of the series. Six is 2 less, 10 is two 
more, 4 is 4 less, 12 is 4 more, &c,, or add up the series and 
divide the sum by 7, the number of terms, and the quotient 
is 8. Or the idea may be made still plainer by supposing you 
have a floor 2 feet wide at one end and 14 at the other, tlie 
width at each foot being as stated in the series, and the 
length 7 feet. To find the area you may, if the sides and 
ends are true, take the mean or average width by a single 
measurement taken across the middle, and multiply this by 
the length; or you may take half the width of the ends; or 
you may take fJie width in any number of places at equal dis- 
tances from the middle, and divide the sum of the widths, by 
the number of them for the mean or average width. It is 
plain that no advantage can result from taking many widths, 
unless the surface is irregular in width, as valuable boards 
sometimes are ; for if straight and tapering regulariy, one 
width is as good as a hundred. In that case if you draw a 
line lengthwise at the mean width it will be found that what is 
cut off towards the wide end, will if laid along the narrow end 
make the board, floor, or whatever it may be, of the same width 
from end to end. The redundancy of the wider end will just 
make up the deficiency of the narrower one. 

The geometrical mean is less frequently needed in calcula- 
tions, though it is sometimes necessary, and as in an arithmet- 
ical series, the mean doubled is equal to the sum of the ex- 
tremes, and hence we find it by taking half the sum of the 
extremes; so in a geometrical series, the square of the mean 
is equal to the product of the extremes; and hence to find it 
we multiply the extremes together and take the square root 
of the product. 

Rules may be given for finding any number of means that 
may be wanted, thus constructing a series to any ratio, or any 
common difference, but their elucidation is not important to 
our purpose. 
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If we have a geometrical series as 2, 4, 8, 16, 32, 64, 128, 
256, &c., and place over them an arithmetical series to mark 
their places, thust 

iaa4 5B IS 9 10 

2 4 8 16 32 64 128 256 512 1024 

the terms of the arithmetical series are called the indices 
(indexes) of the geometrical scries, and have this remarkable 
property, that the addition of the arithmetical terms corres- 
ponds to the inultiplication of the geometrical. If I wish the 
10th term, I multiply together any two terms the sum of 
whose indices is 10 and their product will be the tenth term. 
Take for instance the 4th and 6th, and their product 16 by 64 
is 1024; so would 9th and 1st, 8th and 2nd, 7th and 3rd, 
6th and 4th or, 5th squared. So suppose I wish the 15th 
term, I multiply the 10th, 1024, by the 5th, 32, and the pro- 
duct, 32768 will be the 15th. It is this principle carried out 
that constitutes the basis of the logarithmic system ; an inven- 
tion that has more effectually immortalized the name of Napici', 
than would ibe conquest of a kingdom. 

Having taken e^ general view of this subject, we shall now 
present such propositions as are connected with it. 

Pkoposition 38. 

If four numhers are arithmetically proportional, the sum of 
the extremes is equal to the sum, of the means. 

2, 4, 6, 8. 2-1-8^4-1-6. Here tbe common difference is 
embraced once in the 2nd term, and twice in the 3rd, hence 
their sum consists of twice the first term +3 times the com- 
mon difference ; and the 4th is composed of 3 times tlie 
common difference -Mst term, hence the sum of 1st and 4th 
consists of twice the lst-t-3 times tlie common difTerence ; just 
as the sum of the 2nd and 3rd was. Therefore the sum of 
the extremes is equal to the sum of the means; and this is 
true of any two means equally distant from the extremes: and 
if the number of the terms in the series be odd, double the 
middle term will be to equal the sum of the extremes. 

Proposition 39. 

If four ^lumbers are geometrically proportional the product of 
the extremes is equal to the product of the means. 

As 3 : 6 : : 4 : 8. Here the product of 3 times 8, the 
extremes, =24; and the product of 6 times 4 the means, ^24; 
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and it cannot be otherwise if the numbers are proportional. 
Let us say, As 3 : 3 : : 4 : 4; and then multiplying the 
2nd and 4th terms by Ihe ratio 2 we have the proportion, 
As 3 : 6 : : 4 : 8. Now it is obvious that in the former 
ease the products of extremes and means are equal, for they 
are each three times four; and when the 2nd and 4th are 
multiplied by the ratio, the products are still equal, for one 
factor of each product is multiplied by 2. 

This is the principle on which the mode of solution in the 
Rule of Three is based. In statements in that rule, one ex- 
treme and both means are given to find the other extreme; 
and as the product of extremes and means are equal, if such 
product be divided by one extreme it must give the other. 
We multiply together the means to ascertain what the pro- 
duct of the extremes would be, and this divided by one ex- 
treme gives the other. 

Pkoposition 40. 

In any series of numbers in Arithmetical ProgTessioji, the. 
sum of the extremes multiplied by half the number nf terms, 
will be the sum of the series. 

This may be illustrated by annexing a descending arithmet- 
ical series to a similar ascending one, thus; 

1 3 5 7 9 11 13 
13 11 9 7 5 3 1 



14 14 14 14 14 14 14 



Here we multiply the sum of the extremes 1 and 13, by 
7, the number of terms, and it gives 98^7x14; and it is 
plain that this is double the sum of one series. Hence to find 
the sum of an arithmetical series " Multiply the sum of the 
extremes by half the number of terms" or what amounts to 
the same, half the sum of extremes by the number of terms. 
The latter is equivalent to multiplying the length of a board 
by its average width for its surface. In tlie series just given, 
7 is the average, and if you had a board one inch wide at one 
end and 13 at the other its av-erage width would he 7 inches, 
which it would measure across the middle. 

It may be as well here to examine the five parts of an 
arithmetical series, already explained, and to observe how any 
two may be found from knowing the other three. The parts 
are: 
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2. The Last Term, ^ 

3. The Number of Terms. 

4 The Common Difference, sometimes improperly called 
the arithmetical ratio. 

5. The Sum of the Series. 

As already explained, if we have the exteemes, half their 
sum will be the mean proportional, artd this multiplied by the 
number of terms will give the sum of the series. 

If we have the sum of tiie series, and the extremes: divide 
the sura of the series by the mean proportional, and you have 
Uie number of terms. But we may save space and be perhaps 
sufficiently explicit by examining the parts of the following 
series : 

2 5 8 11 14 17 20 

Here the sum of 20 and 2, the extremes, is 22 ; which 
divided by 2 gives 11 the mean proportional; and 11 multi- 
plied by 7, the number of terms, gives 77, the sum of the 
series. 

From 20 take 2, and we have 18, difference of extremes, 
which divided by 6 (one less tiian the number of terms) will 
give the common difference, 3. A litfle attention will make 
it plain that the difference between the exteemes, is made up 
of the common difference repeated as often as there are terms 
after the firat; or one less time than there are terms; hence the 
operation we have performed. And if we had the first term, 

2, the common difference, 3, and the number of terms, 7, to 
find the last term, we need only multiply the common differ- 
ence, 3, by 6 (which is one less than the number of terms) 
and adding 2 to the product we have 20, the last term. For 

3, the common difference, enters into every tenn except the 
first, and the last term is made of the first term added to these 
repetitions of the common difference. 

It is useless to vary the question through its other forms, as 
the formation of the series is sufficient to indicate their solution. 
"We offer as an inference from the foregoing — 

Proposition 41, 

In any continued Arithmetical series, the greatest term, is equal 
to the common di0rence, multiplied by the number of terms 
less 1, and having thejlrst term added to the product. 

Let us now take a Geometrical series, and see whether we 
can find its sum in the same way: 

2 6 18 54 162 486 1458 
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By simple addition we find the sum of this series to be 2186. 
The sum of the extremes is 1460, the half of which is 730, 
and this multiplied by 7, the number of terms, gives 5110, 
which we see is incorrect. Neither will it do to multiply the 
general mean, 54, by 7, for this would give only 378. Place 
an inverted series under the above as we did with the equi-, 
different seric,s : 

2 6 18 54 162 486 1458 

145S 486 162 54 18 6 2 

1460 492 180 108 180 492 1460 
We find their several sums do not come out alike as they 
then did, and hence the reason why the half sum multiplied 
by the number of terms will not ser\-e our purpose, the products 
however of the several pairs would be all alike. We might 
have represented the equi-different series by a diagram, 2 mea- 
sures wide at one end and 20 at the other, tiien would the 
several means represent the length of lines drawn at equal dis- 
tances across the board ; and we might in this way construct 
any such series, and by measurement find the length of the 
parts required. Such a diagram being placed by the side of a 
similar one reversed, would form a parallelogram. But we 
could not so conveniently illustrate a geometrical series in this 
way. We will take a diiferent mode. Call the sum of the 
above series s, then if 

s^2-|-6-M8+544- 162-1- 486-M458 
3s= 6-M8-I-54-M62+486-I- 1458+4374 
The latter numbers are found by multiply the former by 3, 
and placing their products to the right, that similar ones may 
fall under each other Deducting the former from the latter, 
six of the terms destroj eich other, leading 2s=^4374 — 2, or 
4372, the 2 of the subtr-ihend having of course to be taken 
from the number standing m the minuend Then if 2s=^ 
4372, once s=2186, the sum of the seiies, the same as found 
by addition. We hence infer — 

Proposition 42 

The sum of a Geomefncal series ts equal to ike raho raised to 
a power whose exponent ts the nvmber of terms in the series, 
and being mvltiplied by the first term, and afterwards dirnm- 
ished by the first term, is then divided by the ratio less one. 

In order to explain this proposition more fully, we may ex- 
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amine how the numbers of such a series are produced. They 
are obviously the ratio multiplied into itself as often as there 
are terms, less one (the ratio does not enter into the first term,) 
and these powers multiplied severally by the first term. In the 
above example, 3 is the ratio, and 3, 9, 27, 81, 243, 729, the 
.first six powers of 3, being multiplied by 2, the first term, will 
give the proper terms of the series. We then assume s=^tke 
sum of the series, and multiply by the ratio, which makes all 
the terms except the first of the old equation and last of the 
new, identical, and in doing so, we raise the power of the ratio 
one term higher, making its exponent equal to the number of 
terms; in other words we obtain the 7th power of 3, each 
power being at the same time multiplied by the first term. We 
then deduct the first equation or single sum of series, and we 
have left tliis last product, subject to a deduction of the first 
term of the series. This then is as many times the true sum, 
as the ratio less one, and being accordingly divided by tlie ratio 
less one, will give the sum of the series. 

Having therefore the first term, ratio, and number of terms, 
we can readily find lie last term by involving the ratio to a 
power whose judex is one less tlian the number of terms, and 
multiplying thisresult by the first term. So from understanding 
the composition of the series, we may devise rules for finding 
any two of the parts, from the other three being given. 



Proposition 43. 

The sum of any geometrical series is equal to the difference of 
the rectangle of the second and last terms, and the square of 
the first divided by the difference of the first and second term. 

To understand this, take the foregoing equation 2^=^4374 
— 2, which is as many times the sum of the first series as is 
expressed by the ratio less 1, hence the sum of the scries may 



3—1 

term, 2, the equality is not affected, hence - 

the sum, and this "is the difference of the rectangle of the 
second and last terms, and the square of the first, divided by 
the difference of the first and second terms." For 4374 is the 
last term multiplied by the ratio, and this by 2, the first term, 
gives the product of " the last term by the second." 
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Phopositios 44. 

r/w products of the corresponding terms of in 
series are proportional. 

2: 6 : : 4 : 12 



Therefore 6 : 36 : ; 16 : 96 

2 4 3 4 

As already explained, — = — ; and — =^~; hence on the 
6 12 6 8 

iirinciple of multiplying boti sides of the equation by the same 



36 : : 16 : 96. On the same principle we may prove the truth 
of the next proposition, for by making the terms similar we 
obtain squares, cubes, &c. 

Pro POSITION 45. 

If numbers are proportional, so will their similar powers be. 

2 : 6 : : 4 : 12, hence 2* : 6* : : 4* : 12*. 

Proposition 46. 

If three numbers are in continued proportion, the square oftJie 
first will be to the square of the second, as the first term is to 
the third. 

2:4:4:8, hence 2x8=4x4, Multiplying both sides by 
-first term, 2x2x8=2x4x4, or 2'^x8^2x4=, hence 2^ ; 4^ 
: : 2 ; S. In the same way it may be shown to be true of any 
power. 

Peoposition 47. 

If three numbers form a geometrical series, the product of the 
extremes is equal to the square of the mean. 

2 6 18. Here 2xl8=6a. We might show the truth of 
this by resolving the numbers into their constituent factors, (the 
1st term and the ratio) thus 2 : 6 : 18 is equivalent to 2 : 2X 
3 : 2x3x3, and multiplying the extremes and squaring the 
mean we have 2x3x2x3=2x3x3x2. In the same way we 
may illustrate how any number of means are to be found by 
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extracting the higher roots; and how the product of the ex- 
tremes is equal to the product of the means, in any geometric 
series. The first term and ratio form by their products the 
terms of every geometrical series ; and it is important to as- 
certain- how 'they enter into every term. Indeed we may 
explain most propositions on the subject by considering how 
these factors are involved. 

These are the fundamental principles of the Progressions, 
but to extend tbem through all the ten cases of which they are 
susceptible, would occupy space intended for matters of greater 
importance. 

In both the Equi- different Series and Geometrical Progres- 
sion, the first and last terms are called the extremes ; and the 
intermediate the means. Addition and Subtraction in the for- 
mer correspond with Multiplication and Division in the latter. 
The mean proportional in lie former is found by taking half 
the sum of the extremes ; in the latter by taking the square 
root of their product. In the former you add as much to the 
less extreme to make the mean proportional, as you add to the 
mean proportional to make the greater extreme ; in the latter 
you multiply the less extreme by the same number to make the 
mean proportional, that you multiply the mean proportional by 
to produce tlie greater extreme. In the formerthe sum of any 
two terms equally distant from the extremes are equal ; in the 
latter their products are equal. 

The following proportions may enable the student to solve 
some apparently intricate questions and by carefully studying 
the principles we have laid down, he may understand them ; 
but we have not space for their elucidation. In " Tillett's Key 
to the Exact Sciences" they will be found elucidated with ap- 
propriate problems. 

1. The continuedproduct of any three numbers in Arithmet- 
ical Progression, is equal to the cube of the middle number, 
less the square of their common difference multiplied by the 
middle number. 

2. The continued product of four numbers in Arithmetical 
progression, is equal to the product of the two means, multi- 
plied by the product of the two extremes. 

3. The sum of the squares of three numbers in Arithmet- 
ical progression, is equal to three times the square of the 
middle number, more twice tlie square of their common dif- 
ference. 

4. The sum of the squares of four numbers in Arithmetical 
progression, is equal to four times the square of their mean 
proportional, more five times the square of their common dif- 
ference. 
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5. The sum of the squares of five numbers in Arithmetical 
progression, is equal to five times the square of the middle 
number, added to ten times the square of their common dif- 
ference. 

6. The Slim of the cubes of any two numbers, is equal to 
twice the cube of their mean proportional, more six times the 
mean proportional multiplied by the square of one half their 
difference. 

7. The sum of the cubes of any three numbers in Arithmet- 
ical progression, is equal to three times the cube of the middle 
number, more six times the middle number multiplied by the 
square of their common difference. 

8. The sum of the cubes of any four numbers in Arithmet- 
ical progression, is equal to four times the cube of their mean 
proportional, more fifteen times their mean proportional multi- 
plied by the square of their common difference. 

9. If the difference of the cubes of two numbers be divided 
by their difference, the quotient will be equal to the sum of 
the squares of the two numbers together with their product. 

10. The sum of the cubes of any five numbers in Arithmet- 
ical progression, is equal to five times the cube of their mean 
proportional, more thirty times -their mean proportional multi- 
plied by the square of their common difference. 

11. The difference of the cubes of any two numbers, is 
equal to the square of their mean proportional multiplied by 
three times their difference, more twice the cube of one half 
their difference. 

12. The continual product of any three numbers in 
Geometrical progression, is equal to the cube of the middle 
term. 

13. The continued product of four numbers'in Geometrical 
progression, is equal to the square of the first term, multiplied 
by the square of the last; or also equal the square of the 
product of the two means or of the two extremes. 

14. The sum of the squares of three numbers in Geometrical 
progression, is equal to three times the square of a mean 
proportional between the two extremes, more the square of 
their difference; and the product of the two extremes is equal 
to the square of the middle term. 

15. The sum of the squares of four numbers in Geometrical 
progression, is equal to the square of the sum of the two ex- 
tremesf more the square of the second term, multiplied by the 
square of the ratio less one. 

16. The continued product of any three numbers in Har- 
monical proportion, is equal to the cube of the second term, 
more the cube of the difference between the second and third. 
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17. The sum of the squares of any three numbers in Har- 
monical proportion, is equal to three times the square of the 
middle number more ibree times the square of the difference 
between the second and third, more tbe square of the difference 
between the first and second numbers. 



LECTURE VIII. 



INVOLUTION, OR THE RAISING OF POWERS. 

NuMBEHS are by some writers divided into Natural or Lineal, 
Triangular, Quadrangular or Square, Pentagonal and other 
Polygonal numbers. A series increasing by 1 as a common 
difference, is called a lineal or natural series ; as 

1, 2, 3, 4, 5, 6, 7, 8, 9, &c. 

And if we form another series of the sums of the numbers 
in the lineal series, the numbers are called Triangular num- 
bers; thus, 

1 3 6 10 15 21 &c. 
They are called triangular because the numbers may be repre- 
sented by points, arranged in a triangular form, thus : 
1 3 6 10 15 



If to an arithmetical series having 2 as a common differ- 
ence, we attach another series formed as above, the latter 
are squares, or as sometimes called Quadrangular Numbers; 
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and these may be formed by points disposed in a square form. 
Thus, 

13 5 7 9 11 &c. 

1 4 9 16 25 36 &c. 



ITiis amounts to the proposition that the numbers of every 
series formed by the regular addition of all the odd numbers 
are squares. On these distinctions some mathematicians have 
built propositions useM in speculative mathematics ; but the 
only ones requiring our attention are Quadrangular or Square 
numbers. It would be obvious from the formation of the fore- 
going series that " Every number, whether prime or com- 
posite, is either a triangular number or the sum of two or three 
triangular numbers ; a square, or the sum of two, three or four 
squares," and we might extend this principle to other classes 
but it is unnecessary. Powers, Rational Numbers, Surds, &c. 
have been explained, we shall therefore offer a few proposi- 
tions and pass on to a general discussion of Powers and Roots, 
so &r as diey are necessary to our purpose. 



Pboposition 48. 

^ny power of a number may he found hy repeated •multiplica- 
tion; the number itself being the first multiplicand and also 
the constant mvit^lier. 

Thus, 3 the given number, may be expressed 3' 

3_ 

9 Square or second power, 
_3 

27 Cube, or third power, 
_3 
81 Biquadrate, or fourth power, 



243 Fiilh power. 
We might so proceed to any extent, but 



raising numbers to 
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higher powers is greatly facilitated by avaihng ourselves of the 
principle contained in 

Pkoposition 49. 

If two or more powers of any number be multiplied toge.ther, tlx 
product will be a power whose index will equal the sum of 
ike indices of the factors. 

Note. — The index or exponent of a number is a character 
designed to show the power to which it is to be raised ; as * 
in the expression 3*. 

In the above we may find the 4th power by multiplying the 
2nd by the 2nd, i. e. 9x9=81; and so we may find the fifth 
power by multiplying together the 2ad and 3rd. This princi- 
ple is exceedingly important in raising numbers to any high 
power ; and in extracting roots a somewhat similar doctrine 
applies, only that the indices are divided instead of being 
added. The above proposition is applied in raising powers by 
the use of logarithms. 

Proposition 50. 

JVb tmo numbers can have the same ratio to their respective 
roots or powers. 

This is obvious, for no two numbers are multiplied by the 
same multiplier to raise them to any given power; and hence 
they cannot have the same ratio to flieir powers; neither can 
they to their roots. We cannot institute a proportion, and say 
as 2 : 5 : : 2* : 5^, for 2 is multiplied by 2 to square it, and 
5 by 5. This is tiie reason why questions involving roots or 
powers of unknown quantities cannot be wrought by Position; 
there is no equality of ratios to constitute a proportion. 

Proposition 51. 

JVo root of a Surd can be expressed by an integer, nor by a'ny 
ratio nal fr actio n . 

Every one who has had occasion to extract the roots of num- 
bers has felt the inconvenience of not being able to express 
remainders in the shape of vulgar fractions, as you would re- 
mainders in cornraon division : for though the value may be 
approximated by extending the extraction, perfect accuracy 



..Google 



THE RAISING OF POWERS. 125 

can never be reached : hence if expressed decimally, the deci- 
mal is always infinite. This difference between division and 
evolution arises from the fact that in the former the divisor is a 
fixed quantity, but in the latter the divisor enlarges at every 
step, and a remainder is neithera fractional part of one divisor, 
or another, but of some intermediate unknown quantity. 
Hence to use the divisor producing the remainder as a denomi- 
nator would give a result too great ; and to use the next divisor 
in course would give a result too small. 

Let us extract the square root of 21050 by way of illustra- 
Uon. 

21050(145 



285 1450 
1425 

25 remainder. 

If we place 285 as (be denominator, the fraction will be too 
large, since that is the proper divisor of a previous number ; 
and if we double the ascertained root, 145, as some do, the 
result will still be too large. 145x2— 290, and j%'\,=.0862+, 
making the root 145.0862+. This is obviously the same as 
adding ciphers at once to the remainder, and dividing by the 
divisor as a constant quanti^ ; while by the proper mode of 
extraction, the divisor increases at every division. Pursuing 
Hie regular course of extraction, the root would be 145.0861 + , 
which is only about a ten thousandth part of a unit less than 
the other mode. 

The following rule may be used in the cube root, and the 
result will vary but little from the truth. It will however be 
rather less than the true root. " Square the ascertained root 
and multiply it by 3, and to that add three times the root, iJie 
sum will be the true divisor, nearly." 

" It may not be amiss," says N. Pike, " to remark that the 
denominators both of the square and cube, show how many 
numbers they are denominators to; that is, what numbers are 
contained between any square or cube number, and the next 
square or cube number, exclusive of both numbers, for a com- 
plete number of either leaves no fraction when the root is 
extracted, and consequently has no use for a denominator ; 
but all intervening numbers must leave remainders." 
11* 
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In the above example, the last figure of the root is 5, and 
the product is 1425 ; had it been 6, the product would have 
been 1716, fov then tiie divisor would have been 286, and the 
difference between these is 291, from which 1 must be de- 
ducted, since by subtraction the diiference between the num- 
bers exclusive of both is not shown. The entire minuend is 
included. If I take 3 from 7, 4 remains ; but if I exclude 
both 3d and 7th, and take only what is between them, there 
will be but 3, viz., 4lh, 5th, and 6th. 

As to abridging the extraction of the cube root, it is of small 
importance, since a man might be actively engaged for a long 
life-time and never have occasion to extract the cube root once; 
and if his calculations be speculative, he will find it necessary 
to be accurate, even though it cost a few extra figures. In 
thirty-two years of business I have never once, that I recollect, 
had occasion to extract the cube root: but the extraction of the 
square root is often necessary. 

Propositiok 52. 

The number ofjigures in the square of any given number will 
neeer be more than twice as many as are in the root ; and 
never be less than twice as many, less 1, 

The square of 10 is 100, which is the smallest possible num- 
ber that can be produced by squaring a number of two places, 
for the number used is the smallest possible, and the square of 
99 is 9801 ; which is the largest possible, since there is no 
larger number expressed by two digits. In die latter case there 
are just twice the number of places in the square, that are in 
the root; and in the former twice the number, less 1 ; and this 
will remain true of numbers of any size whatever. 

In the cube, the number of places is never more than three 
times the number of places in the root, nor less than three 
times the number, less two. 10'=1000, which is three times 
■ the number, less 2; and 99'— 970299, which is just three 
times the places that are in the root. The same (loctrine is 
true indefinitely onward, the 4th power having four times as 
many places as a maximum ; the 6th five, and so on ; and here 
you have a key to the direction to point the given number into 
periods of two places each, in extracting the square root; three 
in extracting the cube root, and so increasing the size of the 
periods as the powers increase ; for the number of sucli periods 
determines the number of digits in the root, in consequence of 
the law set forth in the proposition. We might generalize our 
proposition still further, and say that the product of any tM-o 
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numbers can have at most but as many figures as are in the 
factors; and at least but one less. In squaring, the factors are 
alike, and hence we say twice the number of places in one 
factor. 

The rule for extracting the square root may be demonstrated 
Algebraically or Geometrically; but the latter is most easily 
understood, perhaps, by one who has not studied the subject 
closely. In either case the operation is based on tlie tlieorem, 
that " the square of the sum of two numbers is equal to the sum 
of their squares, added to twice the product of one by the 
other." 

Let us extract the square root of 576, and examine the pro- 

The first figure to the left, viz., 6, in the 576(24 root. 
hundreds' place, is equivalent to 500, the 4 

greatest square, in which is 400, whose root 

is 20, and is here represented by 2 placed 44 176 
in the quotient, and its square by 4 placed 176 

in Ibe hundreds' place. The remainder is 

100, and to this we bring down 76, making 
176. Let the annexed square, A B C D, represent the 400, 
each side of which will be 20, the root 
found. The remaining 176 must be added to 
the square without destroying its shape, and 
hence must be added to either two or all its 
sides. Two is preferable. To find the length 
of the addition we " double the ascertained 
root" by which we have the length of the 
oblong to be ad<led, as F G H, (except the little comer at G, 
which is just as large square as the addition 
is wide) and this divided into the area to be 
added gives 4 as the width of the addition 
that can be made ; and to complete the ad- 
dition we must add the 4 to the length F G, 
^G H, by which the whole addition, including 
the comer, appears to be 44, This divided 
into 176 ^ves 4 as the width, without any remainder. The 
perfect figure may then be represented by 
this diagram, in which A B C D repre- 
sent the square of the tens' place of the 
root; F G B H the square of the units' 
place ; and the oblong E F A B, I> B H 
I, "twice the product of one part by the 
other;" the whole E G C I representing 
the square of the sum of C D, D 1=24. 

If there are more tlian two periods, proceed as above, and 
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having found two regard tiiem jointly as one, and thus find 
another, and so proceed to the end of the problem. 

By examining the subject attentively we can see how the 
root enters into the square. If there are two digits, tens and 
units, in the root, the square will contain the square of the tens, 
+the square of the units, +twice the product of the units by 
the tens. In the above we have 2 tens 4 units in the root : the 
square of 2 tens (20) is 400 ; the square of 4 is 16 ; and the 
product of 2 tens by 4 units is 8 tens=:80, and twice 80=^ 
160. Then 400+16+160=576, the square. If the root has 
three digits, or places of figures, the power contains the square 
of the hundreds, +twice the product of the hundreds by the 
tens; +square of the tens; +twice tlie product of the hun- 
dreds by the units; +twice the product of the tens by the 
units; +the square of the units. Let us consider 576 as a 
root, then will its square consist of 

" The square of the hundreds," 500* = 250000 

" Twice the product of the hundreds by the tens" 

500x70x2 = 70000 

"Square of tens" 70* = 4900 

" Twice the product of the hundreds by the units " 

500x6x2 = 6000 

" Twice the product of the tens by the units" 70x6x2— 840 
"Square of tiie units" 6* 36 

Hence 576* = 331776 

So we might proceed to show how the parts of the root 
enter into the square, when there are four, five or any greater 
number of figures ; and we might show also. how tliey enter 
isto the cube and other higher powers, hut it is unnecessary. 
Or we may demonstrate the rule by a very simple ftlgebraic 
process, thus — 

Any square number may be represented hy a*+ 2ah + b^. 
The root of the first term is a and we double (Lis for a divisor, 
because the second term is made up of twice the product of 
the first and last terms of the root. Hence the reason is 
obvious. 

The extraction of. the square root is needed in determining 
the side of a square, the area being given ; in comparing 
surfaces, they being in a duplicate ratio to each other ; in 
determining a geometrical mean between two numbers ; in 
determining the parts of certain geometrical figures, as of the 
right angled triangle, from having other parts given ; and in 
many otiier calculations involving duplicate ratios, sub-dupli- 
cate ratios, &c. 
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The cube root is needed to find the length of one side of a 
cube if you have the solidity given ; in finding two means 
between two given numbers ; and in comparing the solid con- 
tents of bodies. The higher roots are also necessary when 
you desire to find three or more geometrical means in a series. 
That the roots are necessary in determining the means or terms 
of a geometric series, is obvious from the manner in which the 
powers of the ratio multiplied into the 1st term produce the 
remaining terms of the series. 

The following positions are given as facts, which may some- 
times be useful ; but some of which cannot be demonstrated 
without algebra. 

The sum of all the odd numbers commencing with unity is 
a square. 

Every square number is a multiple of 4, or a multiple 
plus I. 

A square number cannot terminate with an odd number of 
ciphers. 

if a square number terminate with 4, the figure in the lO's 
place will be even. 

If a square number terminate with 5, it will terminate 
with 25. 

No square number can terminate with two equal digits, 
except two ciphers or two fours. 

No square number has 2, 3, 7 or 8 in the units' place. 

If a series of numbers to any extent be arranged as in the 
common Multiplication table, the sum of all the numbers is a 
square number, the root of which is the sum of the numbers 
in the letl hand column. 

The difference between any number except 1, and its cube, 
is always divisible by 6. 

If a cubic number be divisible by 7 it is divisible by the 
cube of 7. 

Neither the sum or difference of two cubes, can be a cube. 

If a number have 5 or 6 in the units' place, all its powers 
will have 5 or 6 in the units' place. 

If a series of numbers beginning with 1 be extended in 
geometrical progression, the 3rd, 5th and 7th will be squares; 
the 4th, 7th and 10th cubes ; the 7th being both a square and 
a cube. 

No number which is a power of another number is divisible 
by a number which is not a measure or multiple of the root 
indicated by such power; and if the number be a measure of 
the root, the given number is divisible by the measure raised 
to the proposed power. 

The difference of any two equal powers is diviable by the 
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difference of their roots ; and also by the sum of the roofs if 
the powers be even. 

The root of a root will be such root of the original number 
as is indicated by the product of the indices of the roots. 

Towards the close of our next lecture will be found sundry 
relations of different square numbers, cube numbers, &c., 
which naturally fall under that classi£catioD. 



LECTURE IX. 



RELATIONS OP NUMBERS. 

There are certain relations amongst abstract numbers, 
their parts, sums, products, Slc, that may be rendered obvious, 
either by algebraic, or by geometrical illustration ; and as the 
latter is more obvious to the eye, it is preferable for such as 
are not familiar with Algebra and Geometry. It is true, how- 
ever, that the algebraic illustration is more scientific, and all 
positions of the kind may be demonstrated strictly by Algebra ; 
while the explanation by diagrams is but an UlustTation, rather 
than a demonstration. It is well adapted however to the 
purpose of the mere arithmetician, and for the use of such we 
will take up some of the common cases, and will afterwards 
subjoin the principles involved in the Rules given, in the shape 
of distinct propositions. The application of such principles is 
often very convenient in the solution of problems. 

It seems perfectly clear that numbers may be represented 
by straight lines, any portion of a right line being adopted as 
the measuring unit. It seems equally obvious tfiat products 
may be represented by increasing such lines in length as many 
times as there are units in the multiplier ; and quotients by 
dividing the line representing the dividend, into as many parts 
as there are units in the divisor. A better mode, however, is 
to represent products (including squares) by rectangular sur- 
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faces ; e. g. if we ■wished to represent the product of 6 by 9, 
we would draw an oblpng figure 6 measures of any kind in 
width, and 9 in length ; then the area, 54, will correctly ex- 
press the product of these factors. So if we desire to represent 
the quotient of 54 by 6, the desired quantity is at once ex- 
pressed, either by dividing a straight line 54, into 6 equal 
parts, or by drawing a diagram, 6 in width, and extending it 
until the area is 54; the length, 9, will express the number 
sought. To make the representation more obvious the diagram 
may be subdivided, thus:— 

With these prefatory 
remarks, we shall pro- 
ceed to consider the 
subject as divided into 
sundry distinct cases. 



The sum and difference of two numbers given, to find the 
numbers. 

Ride. To half the sum add half the difference, for the 
greater of the two numbers; and from half the sum take half 
the difference for the less. 

Or, To the sum add the difference and take half for the 
greater; or from the sum take half the difference and half the 
remainder will be the less. 

Rlustration. Let A B represent the less number and A C 
the greater, and A D the 
sum. Then B C will 
represent the difference, A e C D 

and the sum A D being |j \ ' '- 

equally divided, the 

point E will represent 

the point of division. It is then obvious that if to Uie half sum 

AE, we add E C, the half difference, the sum will be AC, the 

greater ; and if from such half sum we deduct B E, the half 

difference, the remainder will be A B, the less number. The 

second form of the rule is equally susceptible of illustration. 

This is a proposition often useful in calculations, and with 
which it is necessary to be perfectly femiliar. 
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Example. John and William have $100, and John has $30 
more than William ; how much has ejich? 

100-h2=50, half sum; and 30h-2=15, half difference. 
Then 50+15=65 John's share; and 50—15=35 William's 

share. 



The sum and quotient of two numbers given, to find the 
numbers. 

Rule. Divide the sum by the quotient +1, the result will 
be the less number sought; from which by subtraction the 
greater number is readily found. 

Illustration. Let the 

line A B represent the A '- ' '■ B 

sum, which may be con- 
sidered as representing two numbers, one of which is three 
times as great as the other ; hence it is composed of such 
smaller part and three other parts, each equal to Ihe less, or 
into 4 equal parts. And tiius always the sum will be com- 
posed of the quotient, and as many more equal parts as there 
are units in the quotient, or altogether of as many parts + 1 as 
there are units in the quotient. 

Example. A and B played at marbles. After A had won 
several they found that each had 70. A wishes to know how 
many he has won, but only knows that B had, at the com- 
mencement of the play, four times as many as he. How 
many did each begin with? 

^ns. A 28, B 112. 



The sum and product of two numbers given, to find the 
numbers. 

Rule. From the square of their sum take four times their 
product, and the square root of the remainder will be the dif- 
ference of (he numbers. 

Blustration. The sum of two numbers is 10, and their pro- 
duct 24. What are the numbers .' 

10^=100, and 100— (24x4)=4 and v^4 =2, difference of 
numbers. Thenl0-t-2-fr2=6 the greater and 10 — 2-^2=4, 
the less. 
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Let AB represent tiie 
less of two numbers=3, 
and BC the greater— 9, 
then AC being the sum 
wiil =12. Construct 
the diagram A C D E, 
making the four paral- 
lelograms adjoining the 
sides of the figure as 
wide as the shorter line 
A B, and as long as the longer B C, then will they severally 
represent the products of A B by B C, =-21, and the central re- 
maining square will obviously be formed by sides equal 6, the 
difference between the numbers ; and the entire diagram 
A C D E will represent the square of the sum of the lines A B, 
B 0^^\2; the square of which is 144, the area of the figure. 

Now if from the whole figure A C D E=144, we take 4 
times lJie product of one part by the other; which will be the 
four oblong spaces =27x4=108, there will remain 36, 
which is the area of the centra! space, and the square root of 
which =6 is one side, or is the difference between the imm- 
bers A E, B C. And having the sum and difference we [iro- 
ceed by Case 1 to find the numbers. 

Example. Five hundred rods of fencing are necessaiy to 
enclose a certain rectangular farm, which at $22 per acre will 
cost $1980. Required the length and breadth of the farm. 
Jns. Length 160 rods. Breadth 90. 



Case 4. 

The sum of two numbers and the sum of their squares given 
to find the numbers. 

Rule. From tiie square of the sum take the sum of the 
squares, and half the remainder will be the product. Then 
proceed by Cases 3 and 1. 

lUustration. The sura of two numbers is 10 and the sum 
of their squares is 52. Required the numbers. 

10»=100 and 100 — 52=48, and 48-^2=24 the product. 
Then by Case 3rd. 

10^— (4x24=96)=4; and x/4=2=difference. 

And 'by Case Isf 10+2-^2=6, the greater, and 10—2 
.^2=4 the less. 

12 
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Let the line A B repre- 
sent the less number and 
B C the greater, then A C 
will be the sum, and 
A C D E the square of 
the sum. Then also TvOl 
A B g d=;sqnare of less, 
and g e D f the square of 
the greater. It is obvious 
also, from construction, that the parallelograms, B C e g and 
g f E d, each equal the product of one number by the other, 
and hence taking the two squares or " the sum of the squares " 
from the square of the sum, we have left the sum of the two 
products, half of which equals the product of the numbers. 

Example. A and B have 50 guineas between them, which 
are to be so divided that the sum of the squares shall be 
1300. How many had each supposing A to have the greatest 
number? ^ns. A 30, B 20. 

Case 5. 

Given the sum of two numbers and the difference of tlieir 
squares, to find the numbers. 

Rrde. Divide the difference of their squares by their sum, 
and you will have the difference of the numbers. 

Illustration. The sum of two numbers is 13, and the differ- 
ence of their squares 39. What are the numbers ? 

39-^13=3 their difference. Hence 8 and 5 are the num- 
bers required. 

Draw C H^5 ; and H D=3, then 
will C H= less number and C D Uie 
greater. Form the square C H I J on 
C H, and C D F E on C D, then will 
the space H D F E J 1 represent the 
difference of the squares. Consider 
the space J I G E as placed above H 
D, along the line H B, as represented 
by the dotted space ; then will B G=: 
sum of the numbers =13, and the area 
B K F G (which is the difference of 
squares) being divided by 13 gives 3, 
the difference of the numbers. From which the numbers are 
readdy found. 
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Example. A man has two square farms, one containing 
1000 acres more than the other; and to enclose both with a 
fence 10 rails high and 2 panels to the rod, required 64000 
rails. How many acres in each? Ans. 1562J and 562J. 

Case 6. 

The sum of the squares, and the difference of the squares 
of two numbers given, to find the numbers. 

Rule. From the sum take the difference, and half tlie re- 
mainder is the square of tbe less, which taken from the suta 
of the squares will, of course, give the square of the greater. 
Then extract for the numbers. 

Illustration. The sum of the squares of two numbers is 89, 
and the difference 39 ; required the numbers. 89 — 39=50, 
and 50-J-2=25 and v'25— 5, the less number ; and 89—25 
^fi4, and x/64=8, the greater. 

In the preceding diagram, A B H D F E expresses the sum 
of the squares, A B and C D, and taking away H D F I J E, 
we have A B I J twice the sum of the less left; or we might 
add the difference to the sum, and half the result would be fee 
square of the greater. 

Example. Two companies of boys went in search of nuts, 
and each boy got as many nuts as there were boys in his com- 
pany. Moreover all the boys in the larger company got 225 
nuts more than all the boys in the smaller company ; and the 
whole number collected was 1025. How many boys were 
there ? Ans. 20 in the less company and 25 in the greater. 

Case 7. 

Given the difference of two numbers, and their product, to 
find the numbers. 

Rule. To the square of the difference add four times the 
product, and the square root of the sum will be the sum of the 
numbers. Then proceed by Case 1. 

lUustraiion. The difference of two numbers is 3 and their 
product 40 ; required the numbers. 

n/(3*+{40x4))=13= sum of numbers. Hence 8 and 5 
are the numbers. 

By turning to the diagram under Case 3, we perceive that 
it represents the square of the sum of the numbers, and that it 
is composed of the square of the difference at the centre, and 
four times their product around it. Hence the reason of the 
rule is obvious. 

Example. Two travelers, A and B, were asked how far they 
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had travelled, A said he had travelled 50 miles farther than B, 
and B said that if the number of miles that he had travelled 
were repeated once for every mile A had travelled, the distance 
would be no less than 75000 mdes, which would reach three 
limes round the earth. How far had each travelled ? 

.Ins. A 300 miles, B 250 miles. 

Case 8. 

The difference of two numbers, and their quotient given, to 
find the numbers. 

Rule. Divide the difference by the quotient, less one, for tlie 
smaller number, and add it to the difference for the larger. 

Illustration. Let A C and A B re- C 

present the numbers, dien C B will A~|— 1— |— |— B 
represent the difference ; and to di- 
vide the difference into portions each equal to the quotient, we 
must make the number of such parts one less than the number 
in the quotient, for the quotient itself is one part. 

Example. Says a father to his son, I am 10 times as old as 
you, and I was 45 years old when you were born. What is 
the age of each ? Jins. Son 5 years, father 50 years. 

Case 9. 

Given the difference of two numbers and the snra of their 
squares, to find the numbers. 

Rule. From twice the sum of the squares take the square 
of the difference, the square root of the remainder will be the 
sum of the numbers. Then proceed by Case 1. 

Illustration. The difference between two numbers is 3, and 
tiie sum of their squares 89, what are the numbers ? 

\/(89x2 — 3*)=;13 the sum of the numbers, whence they are 
easily found. 

Let A B= one number and I 
B C the odier, then will A B G 
F;= the square of the former ! 
and B C L J of the latter. I | 
L D K is also the square of the i 
smaller number, and E K H F 
the square of the greater ; the 
only portion twice embraced 
being the clouded space G H I i 
J^ the square of the difference \ 
between the numbers. The 
whole figure A C D E being the 
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square of the sum of the numbers, obviously contains twice 
the square of the less and twice the square of the greater, 
except that the clouded part is repeated. Hence taking twice 
the sum of the squares, and deducting once the square of the 
difference will leave just the area of the figure, A C D E, which 
is the square of the sum of the two numbers. 

Example. The perpendicular of a rii^ht-angled triangle mea- 
sures 10 rods more than the base, and the hypotenuse is 50; 
required tlie area. .^/is. 3| acres. 

Case 10. 

The difference of two numbers, and tlie difference of their 
squares given, to find the numbers. 

Rule. Divide the difference of the squares by the difference 
of the numbers, the quotient will be the sum of the numbers. 
Then proceed as in Case 1. 

The reason of this will be obvious from Case 5. 

Example. A field of corn is 10 rods longer than it is wide, 
and the square of the width is 700 less than the square of the 
length. What is the area of the field. Mns. 7J acres, 

Case 11. 

- The product of two numbers, and the sum of the squares 
given, to find the numbers. 

Rule. Add twice the product to tlie sum of the squares; the 
square root of the sum will be the sum of the numbers. Then 
proceed by Case 3. 

Illxistration. By reference to the diagram at Case 4, it is 
obvious that the square of the sum of two numbers, is equal to 
twice the product, added to the sum of the squares. Hence 
the reason of the rule is obvious. 

Example. The diagonal of a rectangular 30 acre lot is 100, 
and it is 10 rods longer than wide. What are tlie length and 
breadth of the lot? ^ns. 60 rods by 80. 

Case 12. 

Given the product of two numbers, and tlie difference of 
their squares, to find the numbers 

Rule. Add one fourth of the square of the difference of 
squares to the square of the product take the square root of 
the sum ; from this root take half the difference of squares, and 
the square root of the remainder a\ ill be the less number. 
12* 
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This is deduced from an algebraic process, and as it involves 
the fourth power of the unknown quantity, it cannot be illus- 
trated by a diagram. 

Example. A bought a piece of cloth, giving as many dollars 
per yard as there were yards ; whiie B bought a finer piece, 
giving likewise as many dollars per yard as there were yards, and 
it was found that B's cost $28 more (ban A's; and had B paid 
the same rate per yard that A paid, his clodi would have cost 
him $48. What did each pay, and what quantity of cloth did 
be get? Arts. A got 6 yards = $36, B got 8 yards — $64. 

Case 13. 

The product of two numbers, and their quotient given, to 
find the numbers. 

Rule. Divide the product by the quotient, and the square 
root of the result will be the less number. 

Let A F represent the larger 
number and A G the less. 
Complete the parallelogram A 
F G L. Divide the line A F 
in the points BCD &c., making 
each of the lines A B, B C &c., 
equal to A G, and draw B H, C I &c., parallel to A G. It is 
manifest that the parallelogram will represent the product of 
the numbers; and the number of the squares A H, B I &c., 
will be the quotient of the product by the quotient. Hence 
the reason of the rule is clear. 

Example. A bought a quantity of calico for $3.60, and the 
number of yards was 2J times the number of cents he gave 
per yard. What did he give and how much did he get ? 

Jlns. 30 yards, at 12 cents. 

Case 14. 

Given tlie product of two numbers, and the square of the 
difference, to find the numbers. 

Rule. Add four times tiie product to the square of the differ- 
ence, and the square root of the sum wiU be the sum of the 
numbers. Then having the sum and product, proceed by 
Case 3. 

Using the diagram by which Case 3 is illustrated, it is clear 
that having the central square (the "square of the difference"} 




..Google 



RELATIONS OF NUMBERS. 139 

and one of the rectangles or products, we have but to complete 
the square of the sum by adding three other rectangles ; or in 
other words by " adding 4 times the product to the square of 
the difference," The reason of the rule is entirely obvious. 

Example. Being engaged in laying out an oblong garden, 
which contained just an acre and a half, I found that having 
cut off from one end a square area, the greatest square that I 
could form in the remainder contained just 64 square rods. 
What were the length and breadth of my garden ? 

Ms. 12 and 20 rods. 

Case 15. 

The quotient of two numbers, and the sum of their squares 
given, to find the numbers. 

Ride. Divide the sum of the squares by the square of the 
quotient, plus one ; and the square root of the result will be the 
less number. 

Let B C represent Ihe less 
number, and C D the greater, 
then ACwiD be the square of the 
less, and D E of the lai^r; the 
whole figure A D E representing 
the sum of the squares. The 
square of the ratio or quotient 
of C D by B C will obviously 
express the number of small squares, each equal to A C, 
(Contained in D E, Adding one to this for the square A C, and 
dividing A D E by the sum gives one of the smaller squares 
— the square root of which will be the less number. 

Example. A and B spent $100 for cloth, each paying as 
many dollars per yard as he got yards, and A got f as many 
yards as B. How much did each get ? 

Ms. A got 6 yards, and B 8 yards. 

Case 16. 

Given the quotient of two numbers, and the difference of 
their squares, to find the numbers. 

Rule. Divide the difference of squares by the square of the 
quotient, less one ; the square root of the resulting quotient will 
be the less number. 

A reference to the preceding figure will make this plain. 
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Example. A and B bought cloth, each paying as many 
dollars a yard as he got yards, and B got 1^ times as many 
yards as A, and paid for it $28 more than A paid. How much 
did each buy? jins. A got 6 yards, and B 8 yards. 

Case 17. 

The quotient of two numbers, and the square of tlieir sum 
given, to find the numbers. 

Rtde. Divide the square of the sum by the square of the 
quotient plus one ; the square root of the resulting quotient will 
be the less number. 

Blustfation. Let A E^^ the 
less number, and E D^= the 
greater; then A C will represent 
die square of the sum. A 
glance at the figure wOi show 
that the number of small squares 
in A C will be equal to the 
square of the number of times 
E A i^ cont^ed in D £ plus 
one. Hence the reason of the 
rule. 

Example. Says John to Heniy, I have three times as many 
coppers as you have, and if both were added together, and 
expended in apples, at as many apples for a copper as there 
are coppers, they would purchase 400. How many coppers 
had each boy? Jlns. John 15, Henry 5. 

Case 18. 

The quotient of two numbers, and the square of tbeir ditfer- 
ence given; to find the numbers. 

Rule. Divide the square of their difference by the square of 
the.quotient less one. The square root of the resulting quotient 
will be the less number. 
■ Illustration. Let A B= less 
number, and B C the greater ; 
and D C the difference. Then 
the number of small squares in 
D E F C will manifesUy be 
equal to the square of the ratio 
of A B to B C (i. e. the quotient 
of B C by A B) less one. 
Hence the rule. 
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Example. The ratio of two numbers is 7 and the square of 
their difference 324. What are the numbers ? 

Jns. 3 and 21. 



Given the square of the sum, and the sum of the squares of 
two numbers, to find the numbers. 

Bide. From the square of the sum, take the sum of the 
squares, and twice the product of the numbers will remain. 
Then subtract four times the product from the square of the 
sum, and the remainder will be the square of the difference. 
Then having the square of the sum and difference, extract the 
roots and proceed by Case 1. 

niustraiion. Let A D H C 
= square of A D the less, and 
D E F I the square of the 
^ater, then will these two 
squares represent the sum of 
the squares, and A E G B the 
square of their sura, A D and 
D E. In addition to the sum 
of the squares, the square of the 
sum embraces the two rectangles C H J B and I F G J, each 
equal to the product of the numbers. Hence the reason of the 
rule is quite obvious. 

Example. The square of the sum of two numbers is 144, 
the sum of their squares is 80. What are the numbers? 

Ans. 4 and 8. 

We might extend problems of this kind almost Indefinitely, 
but it is thought that the foregoing will make the subject rea- 
sonably famdiar, and show how the subject may be illustrated. 
To show how far such cases might be varied, we may take the 
case preceding the last of the above, and make four distinct 
cases, viz; 

1st. The quotient and square of difference. 

2nd. " " " difference of squares. 

Srd. " " " square of sum. 

4th. " " " sum of squares. 

An I thus we might vary and extend the combinations of 
two numbers orjy, and if we increase the powers, or the num- 
ber of numbers, the combinations would become too great for 
discussion in a merely incidental chapter. Several of the 
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foregoing are convenient in the solution of problems, but a 
multiplicitj- of such rules would burden the memorj' of most 
calculators, and lead to perplexity rather than promote facility. 
A large book might be written on this branch alone of the sub- 
ject, but it would be infinitely better for the student to strike 
at once at the root of the matter by making himself familiar 
with the principles of Algebra, 

We will now take up in the shape of propositions the prin- 
ciples on which the foregoing problems are based, adding such 
additional illustrations as maybe tliought proper; and as those 
already given are based on Geometry, we will now use 
Algebra. 

Proposition 53. 

The greater of two numbers is equal to half their sum, plus 
half ^ir difference; and the less is equal to half their sum, 
minus half their difference, 

Proposition 64, 

The le3s of two numbers is equal to their sura divided by 
their ratio p/us one. 

Let a represent the sum, b the ratio and x the less numbei, 
then 63;^; greater. 

And bj:+x=:a 

Separating factors {b+l)x=^a 

Dividing ^=6+r 



Pboposition 55. 

The square of the sum of two numbers, less four times their 
product equals the square of their difference. Let x and y be 
the numbers. 

Then {x+yY=x'^+2xy-+y^ 
Taking away 4xy or 4 times product. 

Leaves x^ — 2xy+y^, or the square of their differ- 

When quantities are included in a parenthesis, or placed 
under a vinculum they are to be taken together. ITius 
(a — 6)-i-2 denotes that 6 is to be tak en away from a and the 
remainder divided by 2. So 14+2|*=16^=256. Without 
the vinculum its value would be 14-F2*=18. 
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Proposition 56. 
The sum of the squares of two numbers, more twice theii 
prciduct, equals the square of their sum. 

Proposition 57. 
The difference of the squares of two numbers divided by the 
sum of the numbers, equals their difference. 
x^—y'-i-x+y=x — y. 

Proposition 58. 

The sum of the squares of two numbers, less the difference 
of their squares is equal twice the square of the less, and the 
sum of the squares, more the difference of the squares, is equal 
to twice the square of the greater. 

x'+y'' — x'-^ — J/*=2y'; and x'^+y^+x^ — y*=2i'. 

Proposition 59, 
Four times the product of two numbers, plus the square of 
their difference equals the square of their sum. 

4xy+x^—2xy+y''=x'^+2xy+y^={x+yy. 

Proposition 60. 
The difference of two numbers divided by the ratio, less one, 
equals the less number. 

Let a be the difference, r the ratio and x the less number. 
TX — x= a 
Separating factors, (r — l)x~a 

Dividing a 

~T — 1. 

Proposition 61. 

Twice the sum of the squares of two numbers, less the 
square of the difference equals the square of the sum. 

Proposition 62. 
The difference of the squares of two numbers divided by (he 
difference of the numbers, equals the sum of the numbers. 
This is just the sarae in principle as Proposition 57. 
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Proposition 63. 

The square of the sum of two numbers, less the sum of their 
squares, equals twice their product. 

Tliisis obvious; {x^+2xy+y'^) — {x"- + y^)^2xy . 

Proposition 64. 

The square root of one-fourth of the square of the difference 
of the squares of two numbers, plus the square of the product ; 
diminished by half the difference of the squares will be the 
square of the less number. 

Let X and y be the numbers, a the product, and b the differ- 
ence of squares. 

Then xy=u and ar' — y^^b 

By division x^= — 



Substituting 


?-»■=' 


Multiplying 


a2_j,4=5j,2 


Transposing 


S< + ij--_o' 


Completing square 


b' 6» 


Extracting 


b 



Transposing 



j,»==^{a^+iJ=)_JJ 



And y=^(^(a*+i6')_i6.) 

Proposition 65. 

The product of two numbers divided by their ratio, equals 
the square of the less. 

Let ar=less, ^=ratio and a=product. Then ri^greater, 
and Tx''=a. 

TT <* 

Hence x^=^~ 
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Proposition 66. 

The sum of the squares of two numbers divided by the 
square of the ratio, plus one, equals the square of the less 

Let a;^= less number, r=^ratio and 6 ^= sum of squares. 
Then rx^^greater number. 

And r''x^+x-=^h 

Oi {r'' + l}x^^b 

b 
And x^=~T-, 



Proposition 67. 

The difference of the squares of two numbers divided by 
the square of the quotient less one, equals the square of the 
less number. 

Let a'=Iess number, r=ratio and a=differeiice of squares. 

Then r^x'^ — i'=a 

0, {r'-l>'=« 

And x^= 



Proposition 68. 

The square of the sum of two numbers divided by the 
square of the ratio plus one, equals the square of the less 
number. 

Representing the less number, the ratio, and the square of 
the sum, by x, r, and a respectively, we have 

(ra+x)^— a 

Or r%'+2ra^''+3:^^a 

And (r^+2j-+l)a;-^a 

Hence ^2 — ,- — . 

13 
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Proposition 6!). 

The square of tho difference of two numbers divided by the 
square of the quotient less one, equals tlic square of the less 
number. 

Let 7=ratio, x^Iess number and a=difference of squares. 
Tlien {rx—xf=a 

Or r'^x'^ — 2rx^ +3;2=a 
And {r"—2r+\)x-=a 
Hence r^— " ■ ■ 

To tlie foregoing, whicli include all the principles embraced 
in tlie former part of tlie present lecture, the following may be 
added. 

Proposition 70. 

The product of any two numbers is equal to the square of 
their mean proportional, less the square of half their difference. 

Let X and y be the numbers, then will — ^ be their mean 

proportional and —^ (heir half difference. 

And /^ + y\a_! t^+2gy+y' and /r— ?a^_ j:^— 2j :y+y^ 
\ "2 J 4 ' ^ 2 > 4 ' 

and x2+2xy+y'' ^^~2xy+j^_ATii 

4 ^ 4 ^ 

Proposition 71. 

The sum of the squares of any two numbers is equal to 
twice the square of tbeir mean proportional, added to twice the 
square of half their difference, 

Fo,-(';+'')"x2=?l±!|^'; and {''=i)\.i^ 
x^—2xy+ y^ , x'^ +2xy-'tir' x"~2xy-\-y" _2x'+'2y' 
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Proposition 72. 

The square root of tlie product of any two numbers, is equal 
to the product of the roots extracted separately. 

This is inanifestiy true, and may be thus illustrated. Take 
the numbers 16 and 25, and their product 400. Obtaining 
the square root is dividing the numbers into two equal factors, 
and 16 and 25 the factors of 400 are thus divided, in effect, 
by 4 and 5, and consequently must divide 400 by the product 
of 4 and 5, in order to obtain a number that shall bear the 
same relation (not ratio) to 400 that 4 does to 16, or 5 to 25. 
An algebraic demonstration might be given, but it is tedious. 

The principle contained in this Proposition is true whatever 
may be the number of numbers, or the roots involved. 

Proposition 73. 

The square of the arithmetical mean between two numbers, 
is a mean between the product, and half the sum of tlieir 
squares. 

For ij+?!±i ^-2='±t^+»'=^5±5')--. 

The following propositions might be demonstrated like the 
preceding, but we will leave the proof for the reader's amuse- 

1. If a number be divided into three equal parts, the pro- 
duct of one part by the sum of the other two, taken from the 
square of half t!ie whole number, is equal to the square of one 
sixth of the number. 

2. The product of the sum of two squares, by the sum of 
two squares is also the sum of two squaies. 

3. The sum of two squares prime to each other, can only 
be divided by numbers which are also the sums of two such 
squares. 

4. A number which is the sum of a square, and double a 
Fquare, can be divided only by numbers which are equal to the 
sum of a square and double a square. 

5. If a unit, or any number considered as a unit, be divided 
into two parts, the sum produced by adding the first part to 
the square of the second, is equal to the sum produced by 
adding the second to the square of the first. 

The list might bo continued indefinitely, but we forbear. 



..Google 



148 REVIEW OF PRECEDING LECTURES, &c. 



LECTURE X. 



Before passing to the application of the preceding princi- 
ples in the elucidation and solution of Arithmetical Problems, 
■we will take a rapid review of the matters already discussed, 
and then proceed to compare the rules of arithmetic, and show 
the principles on which they are based. 

In our first Lecture we made some remarks on the Study of 
Arithmetic, and traced the History of the subject from its ear- 
liest period down to the present age. In our second, we dis- 
cussed pretty fully the Principles of Numbering ; and espe- 
cially according to our scale of notation. In our third, we took 
up the Properties of Numbers; and more particularly certain 
properties incident to our scale. In our fourth, we considered 
pretty fully the important doctrine of Prime and Composite 
Numbers, Measures, Multiples, &c., and showed how they may 
be applied to useful purposes. In our fifth and sixth, we en- 
tered very fully into the investigation of Fractional Quantities, 
whether in the Vulgar or Decimal form. The student may 
there find some things not to be met with elsewhere. In our 
seventh, the doctrine of Proportion is fully considered, arid he 
that carefully studies what is there laid down, cannot fail to 
understand the numerous arithmetical operations that are based 
on this doctrine. Our eighth lecture was devoted to the con- 
sideration of the Involution and Evolution of quantities, so far 
as we thought it necessary to our purpose, and consistent witli 
our main design of making our course useful rather than specu- 
lative. Our ninth lecture was devoted to the consideration of 
certam Relations of Numbers, often found exceedingly useful 
in the solution of problems. What is there said, will, if well 
understood, explain rules and operations irequently met with, 
and generally without note or explanation. 

We will now devote a brief space to a general consideration 
of the subject, and a comparative view of the different rules or 
divisions usually found in treatises on arithmetic. 



..Google 



REVIEW OF PRECEDING LECTURES, &c. 149 

From the nuinber and variety of these, we might well suppose 
the subject to be very complicated, or at least that the principles 
are exceedingly various. In order to show how far this opinion 
is correct, we will enumerate the rules of the subject as generally 
classified, and show the range and object of each, and how 
far they serve to elucidate eaoh other. 

JVhtation is the first step in written Arithmetic, for until num- 
bers are written they are not visible to the eye, and it is to this 
operation that the name Notation is given ; and then Mtmera~ 
tion teaches to read the numbers written. The word Numera- 
tion has> however, a much more extensive meaning, as 
expressive of numbering in its widest sense, without reference 
to written numbers. Most writers class both these under the 
general head of Numeration; but the operations are distinct, 
and the names express the processes of writing or noting down 
and numbering. As generally understood, both terms have 
reference to the elementary operations of writing do\vn and 
reading whole numbers, but they are properly applied to the 
operations of expressing and reading numbers in every part of 
the science; and it is very common to speak of the Decimal 
Notation, Fractional Notation, &c. 

Having learned to express numbers in writing and to read 
lliera, our next step is to learn to find the sum of t^^-o or more 
numbers ; this we call Jiddition; and as numbers are divided 
into Integers, or whole numbers, and Fractions, including pro- 
perly Compound Numbers and I>ecimals, Addition is found in 
our books under each of these heads ; but it is the same opera- 
tion still, and though varied in its mode to suit these different 
modifications of numbers, the same principle is involved in all. 
In whole numbers we add our column of units, and set down 
the unit figure of the result under the units' column, carrying 
the tens to the tens' column. In the compound rules we add 
the column of the lowest denomination, and divide the result by 
the number of that name which makes one of the next greater, 
setting down the overplus under the column which produccil it, 
and carrying the quotient to the next column. Now these two 
operations are precisely the same in principle, and only differ 
in form from the fact Uiat in whole numbers it is not necessary 
to divide, since if we were to do so, the units' figure would 
always remain to be set down, and the quotient would be just 
the figures tliat we now carry ; for dividing by ten never alters 
a figure. In fractions, if we would add into one sum, we bring 
all to the same denomination, by bringing all to a common de- 
nominator, and then having added up the numerators, for they 
express the quantity or value of each fraction, we divide by the 
common denominator, for that is the number of such parts in 
13« 
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a unit, ihe overplus is set down as a fraction and tl e un ts 
carried to the units. The same principles applj th f e n 
adding fractions, whether common or decimal th t thou I 
there are several rules bearing the name of ^Idd t t ne 

and tiie same thing. 

The word "Rule" may require a passing notice. A rule, in 
its ordinary acceptation, is something to direct, a law or in- 
struction by which we are to be guided and controlled ; and 
hence the rules wilii which books of instruction abound. But 
in arithmetical works, the chapters or various classifications 
are called rules, as wel! as the instructions given for the differ- 
ent operations, and it is in this sense that Addition, Subtr-iction, 
&c,, are called rules 

When we desire to add together several similar numbers, or 
to find the sum of a number repeated a number of time'J, is 
1354, 1354, 1354, 1354, the opeiation is shortened bj ch ing 
ing the mode, and instead of setting down the numbers four 
times and adding them together, we throw it into i rhfferent 
form by which both figures and hbor art saied Lut kt Ub 
first work it in the old waj 

1354 

1354 

1354 

1354 

5416 

It seems highly probable that, instead of adding the several 
fours successively to each other, the operator would soon learn 
to say 4 fours are 16 ; the 6 units he would set down in the 
units' place, and carry the 1 ten to the tens' place. Here 
again he would be disposed to make short work of the fives, 
by saying 4 fives are twenty, and 1 to carry makes 21 ; and 
dins he would proceed to the end of the operation. But the 
task of setting down a number repeatedly would after a time 
become burdensome, and the operator would look out for some 
easier plan. Perhaps none would strike him sooner than the 
expedient of setting down the number once, and setting under- 
neath it the number of times it should be taken. Followin'T 
out this idea he would probably adopt a process something like 
this: 

1354 
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and thus he would fall at once upon the process we call Mul- 
tiplication, which, so far as whole numbers are concerned, is 
but a brief mode of adding numbera, and would naturally be 
invented from .Addition, by any accountant of ordinary in- 
genui^. 

" Multiplication" most of our elementary treatises say, 
" teaches to find what a number amounts to when repeated a 
given number of times." This definition applies well enough 
to whole numbers, and so far as multiplication is but a com- 
pendious form of addition, it is correct. Perhaps, too, if we 
look to the etymology of tJie word as derived from the Latin 
multiplico, meaning to increase or make many, the definition 
is correct ; but it is not comprehensive enough to embrace 
multiplication effractions, for there the number multiplied is 
often diminished, instead of being repeated any number of 
times. But still, though there is this difference between the 
multiplication of integers and fractions, the analogy is com- 
plete — the principles are the same ; and equally so in com- 
pound numbers and decimals. If a number be multiplied by 
2 it will be repeated " a given number of times," but if we 
multiply it by the fourth of 2 (^) the product will be one foarth 
as much ; but here our definition fails, since instead of being 
repeated " times," it is only taken half a time. 

The second operation upon numbers is taking one number 
from another, which is the reverse of adding one to another. 
This is called Subtraction, (from subtrako) a name signiiying 
a taking from. It is not only necessary to take one number 
from another, but sometimes to find how often one number 
may be taken from another before the larger will be exhausted : 
or as it is usually termed, to find how often the smaller num- 
ber is contained in the larger. This latter eperation is called 
Division, and though it is not so easy to fal! into the mode 
of operation from the process of subtraction, as to glide into 
multiplication from addition, it is not less evident that sub- 
traction is the most simple and natural mode of effecting 
division. 

Let 45 nuts be distributed among 9 boys, or rather given 
them to distribute amongst themselves, and if ignorant of 
numbers their practical operation will probably be to take 9 
nuts from the pile, at a time, and distribute them around, 
giving one to each, and repeating the operation until all are 
exhausted ; when each may count what he has received. 
This is a kind of mechanical division. But another idea may 
strike them, if they cannot readily make the distribution. 
They may set down the number 45 and subtract 9 at a time 
until all are gone, and then count the number of their subtrac- 



;., Google 



152 Review OF PRECEDING LECTURES, &c. 

tions. This I have -witnessed ; and I may add that to some 
extent it is tlie mode we alt pursue in our ordinary process of 
division. Let us for illustration divide 1860 by 15, 
15)1860(124 



60 

Here from IS60 we first take away 1500, (for 15 in the 
hundreds' place is 1500,) and 360 remains; from this we take 
300, and 60 remains, and lastly we deduct this 60 also. The 
ri ambers 36 and 30 in the tens' and hundreds' place are 
equivalent to 360 and 300. From which it appears that even 
in our ordinary mode of division, subtraction is its basis. 
Instead, however, of taking in the above instance 15 only at a 
time, we took first 100 times 15, then we took 20 times 15, 
and lastly 4 times 15, making in all 124 times 15. From all 
which we infer that 15 is contained 124 times in 1860; or 
that 1860 would make 124 groups of 15 each. 

From this it appears that instead of four elementary oper- 
ations upon numbers, as seems indicated by the four ele- 
mentary rules, there are but two, by one of which a number is 
increased by having another added to it ; and by the otliev it 
is diminished by having a number taken from it ; the rules 
called Multiplication and Division involving no new prin- 
ciple, but only different modes of operation. It is true that 
Division gives a number bearing a relation to those that pro- 
duced it, different from either sum or difference, but this is 
found by a compound operation of adding and subtracting, 
and the finding of it involves no new principle. 

Multiplication and Division, as well as Addition and Sub- 
traction, are found in the compound rules, vulgar fractions, 
and decimals, but they are the same operations there as in 
whole numbers, dilTenng in no wise except so far as the 
character of the numbers renders necessary; and this may be 
a favorable moment to urge upon the student's attention, that 
the first principles of this science, and indeed of all mathe- 
matical science, are few in number. All Uie sublime calcu- 
lations of the Astronomer, by which he measures the celestial 
orbs and their revolutions, and all the secrets of the Analytic 
art, consist in ^"ropcrly applying the Iwo operations that we 
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have attempted to explain, viz: making numbers greater or 

There are certain operations or relations amongst numbers 
that it is necessary to understand, and for this purpose the 
Rule of Three is introduced, which considered as a rule of 
pure science, aims at nothing but to find a fourth proportional 
to three given numbers. It is one of the few rules that would 
be retained if we limited our arithmetical researches to the 
principles of science only, for the purpose of becoming skilled 
in the higher branches, without applying the subject to com- 
mon business purposes ; but then tlie questions would be 
totally different, for we should hear nothing in them of the 
value of pork and potatoes, nor how much work A, B or C 
could do. The following would be the land of questions 
asked : 

As 3 : 4 : : 6 to what number ? 

As 8 : 2 : ; 12 to what number ? 

What number bears the same ratio to 20, that 20 does 
to 40? 

What number bears die same ratio to 15, that J of 10 does 
to I of 60 ? 

This would be the description of questions asked, and in 
order that they might be perfectly intelligible, it would be 
necessary to embrace the doctrine of Geometrical Progression, 
for without some knowledge of this, the nature of ratio and 
proportion could not be well understood ; since the mode of 
operation is derived from that series. As a kindred subject, 
adapted to throw light on Geometrical Progression, we must 
introduce also Arithmetical Progression, or the doctrine of 
Equi-diiferent Series; and as fractional quantities in every 
variety would be involved, that subject would require atten- 
tion, for there would be no running of remainders into inferior 
denominations, they being entirely an invention of practical 
Arithmetic. 

It may be as well here to explain the difference between 
Arithmetic considered exclusively as a science, and Arithmetic 
considered as an art, or as it is generally termed Practical 
Jlrithmetic. The elementary rules are the foundation of both, 
but as soon as we pass these, a distinction arises. Arithmetic 
as a science then aims to unfold the properties and relations of 
numbers, while commerce seeks to apply the principles thus 
developed, as an art, to aid its purposes in business transac- 

Having disposed of the elementary rules in whole numbers, 
science would forthwith take up the same operations upon frac- 
tional quantities in the common and decimal form ; but this 
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does not suit commerce, and hence our earliest lessons in^ 
broken numbers are taken in what are called compound rules, 
because the fractions, and fractions of fractions, that there pre- 
sent themselves, are called by various names. A pound Troy 
is the unit of the system of weights called Troy ; an ounce 
is ^'j of a ib.; a dwt. is j'o of an oz.; and is hence J^ of yj of 
a lb.; a grain is nj of a dwt, and hence is j'j of ^ of yj of 1 lb. 

If the wants of science alone were consulted we would have 
no compound quantities) and with these the Reduction of such 
quantities would disappear also ; and all parts of integers 
would assume a regular fractional form. Next would come 
the doctrine of Proportion, of which the Rule of Three is a 
branch, and tiiis subject abounds in relations and principles 
adapted to throw light upon the science, and to enable the 
operator to unravel the mysteries of numbers. Permutation 
and Combination are scientific, the former teaching the number 
of changes of which any given number is susceptible, and the 
latter what combinations or given numbers may be formed of 
some other given number. The Raising of Powers and the 
Extraction o/ Roots, are scientific operations, and Position may 
be considered scientific also, being based entirely on the doc- 
trine of Proportion ; and of no practical use in commerce or 
the mechanic arts 

These are about all tl at ence n ds a d no let us see 
how commerce an 1 ne h s n extend the i lo e 

The great i ety of ompo d qua 1 1 e h s h e already 
alluded to, an 1 e e y bo> e ne 1 e s 1 o v he has to 1 d in the 
labyrinth. These esult f om e ght neasu es ind money 
being grouped m sets to suit purposes of trade ; and from these 
the rule called Practice results. It is a mode of inidtiplying 
these compound quantities or multiplying by them, by convert- 
ing the inferior denominations into equivalent vulgar fractions 
of the higher denominations. Interest and Discount are purely 
business rules, and are nearly allied ; indeed the latter is em- 
braced in the former and is identically the same with the case 
in interest in which the rate per cent., the time, and the amount 
are given to find the principal ; for the present worth is the 
principal. It is tjue that in general, the calculation in the case 
in Interest, as given m the books, refers to past time, to a debt 
now due, the amount of which we know, and the original prin- 
cipal of which we seek to find ; while in Discount tlie debt is 
supposed to be due at a distant day, and we seek to find a 
present sum, a principal, that at an agreed rate will at the 
proper time equal the debt. It is to find a present sum equal 
in value to a given larger debt due at a future day. Equation 
of Payments might also be classed under the head of Interest. 
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Barter and Lnss and Gain are also purely commercial 
Rules, designed to train the mind in the mysteries of traffic ; 
and the same may bo said of the Millers^ Rule, Tare and 
Trett, Alligation, Fellowship, and Exchange. These mles ad- 
vance no new principle, and are only retained in our books for 
romenience of classification the problems appropriate to 
tl em might be blendtd in a general mass ot "Promiscuon 
Questions," if by so doing the sjatem would be m anj wist. 

In most trains of causes ind elFcts, the effect is pioportion 
iti. to the caust, ind it \\e can by an) raeaub ascertain tl e 
ritio brtwpcn them we c-m from having one find the other 
A purchases twenty pounds of sugar, for which be pa}s $2 
1) puichasps 30 poun Is, and it is easy to <!ee that if the price 
] el pound IS the same as A paid, the whole cost must be m 
propoition to the cost of A s as 20 lbs are to 30 lbs This 
relation or ratio between cause and effect in one cise, ind 
cau<(e ind effect in another, gives rise to the application of 
Proportion, (or that modification of it called " The Rule of 
Three,") to commercial purposes. The Rule of Three is there- 
fore both a scientific and a commercial rule ; and from its ex- 
tensive applicability to both purposes, has been aptly called the 
Golden Rule. 

But though it has long been extensively applied in Arithme- 
tic, the rule may be dispensed with altogether, and some exult 
in discarding it from their systems ; it is doubtful, however, 
whether they simplify the subject by rejecting it ; since they 
only change their mode of operation, and do in another way 
what may be as well or better done, in many cases, by this. 

In many instances the value of commodities may be more 
briefly found by multiplication only; and in others by Practice, 
though since the general adoption of Federal money. Practice 
is much less used than under the old currency of pounds, shil- 
hngs, and pence. 

Ail the rules we have named as scientific, are also applied 
to practical purposes, either by tradesmen or mechanics. Ex- 
traction of the Square Root is seldom needed in commercial 
Arithmetic, hut by mechanics it is often found necessary ; and 
in some of their calculations even tlie Cube Root is necessary, 
though not frequently. Mechanics and practical men have 
need of many applications of this science peculiar to them- 
selves, though they generally blend it with Geometry as in 
measuring, calculating forces, &c. Men of science apply it 
to their own peculiar purposes, the Mariner to Navigation, the 
Astronomer to calculating the motions of heavenly bodies, the 
Surveyor to finding the area of his surveys, and every one to 
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his own purpose. We shall endeavor to show, hereafter, how 
the subject may be applied to some of the purposes of each. 

The principles, as we have seen, are few in number, and if 
these be well understood, their manifold applications are easily 
comprehended. But one thing seems very clear, the rejection 
of the u&ual classification will not simplify the subject, any 
more than the Scriptures would be simplified by blending all 
the chapters and verses of each book into one ; or the traveller 
be benefatted by taking away the milestones from the highway. ' 
It IS neither the number nor the scarcity of divisions that makes 
a subject clear or obscure, but it is the manner in which it is 
treated. If arbitrary rules are dogmatically given and blindly 
followed, there may be scarcely the difference of a shade be- 
t\veen two modes and yet they may appear entirely distinct. 
It is necessarj', therefore, to look behind the words of the rule 
in all cases, and see the principle on which it is based; for if 
possessed of this, even complex operations become simple. 

We shall now proceed to consider in the course of a few 
succeeding lectures, somewhat in detail, the subjects to which 
a knowledge of Arithmetic is applied ; and then having exam- 
ined carefully the relative merits of the Synthetic and Analytic 
systems, we shall devote a few lectures to tiie solution of pro- 
blems, with such annotations as may be thought p 



LECTURE XI. 



INTEREST, DISCOUNT, INSURANCE, ANNUITIES, &c. 

Before entering upon an investigation of the different modes 
of calculating interest, it may be interesting to bestow some 
attention upon the history of the subject, that we may be better 
prepared to understand it. 

Amongst the Jews a law existed (hat they should not fake 
interest of their brethren, though fhey were permitted to take 
it of foreigners, " Thou shalt not lend upon usury to thy 
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brother ; usury of money, usury of victuals, usury of any thing 
that is lent upon usury ; imto a stranger thou mayest lend upon 
usury ; but unto thy brother thou shalt not lend upon usury." 
(Deuteronomy xxiii, 19, 20.) After the dispersion of the Jews 
they wandered through the earth, but they yet remain a distinct 
people, mixing, but not becoming assimilated with the people 
amongst whom they reside. Still looking to the period when 
they shall return to the promised land, they seldom engage in 
permanent business, but pursue traffic, and especially dealing 
in money ; and if their national policy forbids their taking 
interest of each other, they show no backwardness in taking it 
unsparingly of the rest of mankind. For ages they have been 
the money lenders of Europe, and we may safely attribute to 
this circumstance the prejudice, in some measure, tliat stU! 
exists even in our own country against such as pursue this 
business as a profession. The prejudice of the Christian 
against the Jew has been transferred to his occupation, and 
from the days of Shakspeare, who painted the inexorable Shy- 
lock contending for his pound of flesh, down to tie present 
time, the grasping money lender, no less than the grinding 
dealer in other matters, has been sneeringly called a Jew. 

For ages the taking of any compensation whatever for the 
use of money was called usury, and was denounced as un- 
christian ; and we find Aristotle, the heathen philosopher, 
gravely contending that as money could not beget money it 
was barren, and usury should not be charged for its use. — The 
philosopher forgot that with money the borrower could add to 
his flocks and his fields, and profit by the produce. of both. 

As tlie commercial transactions of the civilized world in- 
creased in extent, and men found the advantage of using the 
capital of others, the prejudice against compensating the owner 
for its use gradually abated, and while a reasonable compensa- 
tion received the name of interest, the opprobrious epithet usury 
was reserved for an unreasonable demand. 

But still the progress of this change in popular opinion, 
seems in most countries to have been watched with jealousy, 
and we find accordingly that legislators interfered early to es- 
tablish the rate of compensation. The Roman law allowed 12 
per cent, per annum, but Justinian reduced it to 4 per cent. 
In the ISdi year of Queen Elizabeth, it was first tolerated by 
law in England, and the rate restricted to 10 per cent,; but a 
statute of James I, reduced it to 8 ; a subsequent one of 
Charles 11. to 6 ; and a still later of Queen Anne to 5, at which 
rate it still remains established; the penalty for receiving a 
higher rate being a forfeiture of treble the money lent. In Ire- 
land it is 6 per cent.; in the West Indies 8 ; in Hindostan 10 
34 
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or 12, and at Constantinople it is said that 30 per cent, is a 
common rate. In the United States the rate varies from 5 to 
8 per cent.; the law in some of the States inflicting a severe 
penalty for receiving a higher rate than is allowed by law, 
while in others it is lefl^ very much to the contracting parties, 
tlie law only establishing a rate in the absence of special bar- 
gain. The exceptions to 6 per cent, in our own country are 
Ne w Hampshire and Louisiana, 6 ; New York, South Carolina, 
Michigan and Wisconsin, 7 ; Georgia, Alabama, Mississippi, 
and Florida, 8. All debts due the United States are charged 
only 6 per cent., even in those States where the law allows a 
higher rate. 

The question whether this restriction upon the freedom of 
contracting parties is necessary and expedient is one of grave 
import, and its dii,oussion would reijuire far more space than 
we can appropriate to it here. Persons are apt to suppose that 
there must be a reason for any opinion in which we find man- 
kind concur generally, and this is correct; but we are inclined 
to think that in this case there is more of feeling than of reason 
in the opinions and views of most of us ; and it is woitliy of 
remark, that the views of men are constantly becoming more 
liberal on this subject ; and our laws, instead of imposing new 
restrictions, are inclined to remove old ones. 

There are, without doubt, instances in which the reckless- 
ness of individuals should be cheeked by legal restraint, but it 
is believed that in most instances men may be safely trusted to 
decide for themselves, and that where competition is lefl: free 
to act, the price of money, like that of every other commodity, 
will find its proper level ; for men will decide best for them- 
selves, according to the exigency of their wants, or their pros- 
pects of gain, what they can afford to pay for the use of money. 
It is neccessary, however, that a rate be established for die 
many cases in which no contract is made. 

If we define usury to be the taking of illegal interest, then 
the law becomes the measure of the creditor's conscience, and 
what is usury to-day, may by a change of the law, cease to be 
usury to-morrow. The deed is not evil in itself, but right or 
wrong as the law declares it so to be. — But if we define it to 
be the taking of exorbitant or unreasonable interest, when the 
debtor is in the creditor's power, it becomes a question of 
Morals, and is more naturally to be decided by a consideration 
of all the circumstances, than from the application of any single 
arbitrary rule. The dealer in money may oppress, and with 
perhaps greater facility than most others, yet it appears difficult 
to show that he who " grinds the face of the poor" by oppres- 
sion in any other shape, is in any wise a better man. It is true. 
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however, dial money being the representative of value, the 
medium of exchange, the " open sesame" by which all terres- 
trial wealth may be attained, seems to have a fascination about 
it, that makes some men reckless in their engagements to 
obtain it ; and legal restriction may be necessary on the same 
principle that lotteries and gambling in general require it. Re- 
striction, too, serves to check recklessness and give a correct 
tone to public sentiment ; from which no doubt benefit results. 

Though it is now agreed that Simple Interest is just and 
right, it is not agreed that the debtor who fails to pay his debts 
shall be compelled always to pay interest on the interest due, 
and which he unjustly withholds ; th gh f h \ y h' d 1 1 
with honorable punctuality the credito m y pi th p d 

at interest or use them in his ordin ry p d tu I th 

money received for interest will be f 1 J t 1 11 

that received for principal. Instead f p h g th d I 
quent for withholding the property of h d t 1 
rewarded by being permitted to use t f fit; E 
Paley, with all his ethical ingenuity, fid m ! 
for such a policy; but he thinks it m y b w 11 h 

obstacle thrown in the way of procur } th 1 1 b 

But before men obtain money labor must be bestowed, and we 
do not perceive the justice of striking the staff from the hand 
of trembling age, or depriving the widow and fatherless of the 
support for which the husband and father toiled. It would be 
as just to encumber the farm, as the cash capital, which a man 
foils to procure for his family, as a means of support when he 
is gone. 

We have not room, however, to enter at large into a discus- 
sion of questions connected with the propriety of legal restric- 
tions on the subject of interest, and shall pass on to a consid- 
eration of the calculations occurring in business. 

There are four elements in every calculation of this kind, 
any three of which being given, the other may be found, viz: 
Principal, Rate, Time, Amount. 

The Principal is the sum placed at interest. 

The Bate is the proportionate compensation, and is usually 
reckoned at so much for a hundred of the denomination of the 
debt for a year; familiarly designated at so much per ant. per 
annum. The words "per cent." or centum "per annum," 
being a Latin expression meaning Jbr a hundred, for a year. 
Cent, being an abbreviation of centum, is followed by a period. 

The T'ime is the length of time the principal is permitted to 
bear interest. 

The Amount of the debt is the sum of the interest and prin- 
cipal added together. 
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The subject of Simple Interest in our school Arithmetics is 
generally divided into four cases, viz : 

Case 1. In which the Principal, Rate and Time are given 
to find the Amount. 

Case 2. In which the Principal, Amount and Rate are given 
to find the Time. 

Case 3. In which the Amount, Rate and Time are given to 
find the Principal. 

Case 4. In which the Principal, Interest and Time are given 
to find the Bate. 

In business the first of these operations is much more liable 
to occur than any of the others. Case 3 is the same' in form 
and principle precisely with the rule or calculation called Dis- 
count. We will give an example in interest and vary it iirough 
the several cases. 

1. If a note for IS450 be permitted to run at legal interest in 
Ohio for 7 years, what wdi be the amount ? 

Here we have Principal, Rate $450 

and Time given to find the 6 

Amount. If we knew the in- 

terest of one dollar for 7 years, 27.00 Interest for 1 year, 

it is very plain that the interest 7 

of ^50 would be 450 times as 

much ; or even if we had the $189.00 Interest for 7 years, 
interest on one dollar for a year, $450 Principai. 

we could find the whole in- 

terest by multiplying by the $639 Amount. 

time, and the number of dol- 

lars. But instead of having the interest of one dollar given 
us, he have the interest for $100, and we may proceed to 
find the interest on $1 by dividing the $6 by 100, by which 
we should obtain 6 cents ; or we may first multiply by 6 
and afterwards divide by 100 ; for if we multiply by the 
interest of $100, we shall obtain 100 times too much 
interest Having found $27, the interest on $450 for one 
>ear, we multiply it by 7 to find the interest for 7 years, 
to -which the principal being added, we have $639, the 
amount. 

If we consider the 6 as 6 cents, the interest of one dollar, 
the work will be precisely the same, the two figures cut off for 
cents corresponding with those now cut off in dividing by 100 ; 
and as you have only multiplied by the interest of $1 you will 
not then divide by 100. Some calculators pursue tliis mode, 
setting the 6 down as .06 of a dollar; which is equivalent to 
6 cents, 
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2. By varying the question we make it correspond with 
Case 2 ; thus — A note of $450 has been at interest at 6 per 
cent, per annum until it amounts to $639 dollars : how long 
has it been nmning ? 

We proceed first to find what amount of interest has accrued, 
which we do by subtracting tlie principal, $450, from the 
amount, $639, which leaves $189, the whole interest. Then 
we find that the principal will produce $27 in one year, thus 
$-450x.06=$27.00, and, As $27 : $189 : : 1 year : 7 years, 
the time the note bore interest, 

3. A note has been bearing interest for 7 years at 6 per 
cent, and now amounts to $639; what was tlie original prin- 
cipal ? 

If any other sum were placed at interest for 7 years at 6 
per cent, it is evident that their amounts would be proportion- 
ate to their principals, or their principals to their amounts : i. e. 
as the amount of one is to the amount of the other, so is the 
principal of one, to the principal of the other. 

In solving this case it is usual to find the amount of $100 at 
the rate and for the time given, and then to say, as this amount 
is to the given amount, so is $100, to tlie principal required. 
It is evident, however, that the $100 is only used to obtain a 
proportion, and that any other sum would serve just as well, 
some prefer finding the amount of .f 1 for the time and at die 
rate given, and this divided into the given amount wdl give 
the principal from which it was derived. — Let us try this ques- 
tion by both modes — 

$100 at 6 per cent, for 7 years, amounts to $142 ; then 
As $142 : $639 : : $100 : $450, the principal required. 

Or,— $1 at 6 per cent, for 7 years amounts to $1.42; and 
639-5-1.42=450, the result as before. 

The latter mode is less usual, but is based on precisely the 
same principle as the other. 

4. A note for $450 was put at interest 7 years ago, and now 
amounts to $639; required the rate per cent? 

Here we find by subtraction that $450 has produced $189 
interest in 7 years; and dividing by 7 we find that it produced 
$27 in one year ; and if $450 produced $27 in 1 year, $100 
must produce $6, tlie rate per cent, per annum required. 

It is evident that though we usually fix the rate or ratio of 
interest to the principal, by giving the interest on $100 for 1 
year, it is not necessarily so established; for we may use any 
other amount, and for any other time, but custom and conve- 
nience sanction the former mode. Instead of saying, " What 
will $450 amount to in 7 years at 6 per cent, per annum?" 
■ 11* 
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we may say, "What -will $450 amount to in 7 years, if $20 
bring $1.80 interest in 18 months?" These two questions 
produce the same result, but the former is more convenient of 
solution. 

But though the principle of solution is thus readily estab- 
lished, modifications less simple frequently occur in practice. 
The length of time during which interest has been accruing, is 
seldom limited to even months, and even if there be a given 
number of months, they may or may not average so many 
twelfths of a year ; and in a large sum it may make a differ- 
ence of several dollars. Let for instance a sum of $10,000 
be at interest for 5 calendar months, ending with June 30, and 
it will be but 150 days ; but the next five months would con- 
tain 153 days, and the interest on $10,000 for 3 days would 
at 6 per cent, be $4.93+. The former would not be /j of a 
year, and the latter would be rather more. 

Where entire accuracy is desired, calculation by days is in- 
dispensable; but in small amounts the difference would not 
compensate for the trouble. 

In finding the interest for any number of months at 6 per 
cent, a very common method is to multiply the principal by 
half the number of months, for the interest in cents, if the prin- 
cipal be dollars. That this must produce the proper result is 
very apparent when we consider that the interest of a dollar is 
6 cents for 12 months, or half a cent a month, at 6 per cent. 
The rule applies to no other rate. 

For days, some calculators multiply the principal by J the 
number of days, and if the principal be expressed in dollars, 
tbe product will be the answer in mills. But this is on the 
supposition that 360 days make a year, which is not true. 

llcquired the interest of $960 for 63 days at 6 per cent? 

The interest of any sum at 6 $960 

per cent, for a year is equal to 10^=u ol" 63 

-jgn the principal, and if a year 

consisted of just 360 days, the 480 

interest for the whole being yg|, 9600 

of the principal, the interest for 

the sixth part of 360 days=60 Jlns. §(10.08.0 

days, will be yjj of the princi- 

pal, or as many cents as the principal contains dollars. The 
interest of a dollar at this rate would be one cent for 60 days, 
or g'jj of a cent for 1 day, and if ^^ for one day, it will be Jg 
of a cent, or 1 mill for 6 days ; and hence multiplying by J 
of the days must give the number of mills contained in the 
interesl. 
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But (he year consists of 5 more days than 360, and 5 days 
are ^'j of a year, so that this mode will give ^^ too much in- 
terest. In the question given above, the excess would be rather 
less than 14 cents, but in a year it would have been nearly a 
dollar. 

This is the mode adopted in banks generally, and in addition 
to charging thus they take tlie interest in advance, by which 
tiieir profits are still farther advanced. For instance, if you 
borrow $600 for 60 days they charge $6 interest which they 
keep hack, and pay you $594. They loan also for short 
periods, by which they receive all the advantage of compound 
interest. 

What is the difference between the interest of $1000 for one 
year at 6 per cent., and the interest of the same sum loaned 
according to bank rules ? 
$1000 
6 

$60.00, Interest hy ordinary mode. 

By Bank mode — 

$1000 for 60 days^$10, and this being paid in ad\-ance, 
maybe loaned and will produce 10 cents, and this again being 
loaned would produce 1 mill, and we might thus descend for- 
ever in theory. But descending no farther, we have for the 
first 60 days $10.10.1 interest, and adding this to the principal 
we have $1010.10.1 to loan at the commencement of the next 
60 days. 

The interest on this sum for the next 60 days will be $10.- 
10.1, which being paid as before will produce 10 cents 1 mill, 
and this again will produce 1 mill, making in all $10.20.3 ; 
and making the whole amount $1020.30.4. 

The interest for the 3d 60 days will be $10.20.3 ; and this 
will produce 10 cents, 2 mills ; and this 1 mill, or $10.30.6, 
and the amount will be $1030.61. 

The interest for the 4th 60 days will be $10.30.6-M0 cents 

3 m. + l m.=$10.41, and the amount will he $1041.02. 
The interest for the 5tb 60 days will be $10.41-1-10 cents 

4 m.-l-l m.=$10.51.5, and the amount will be $1051.53.5. 
For the 6th 60 days the interest will be $10.51.5+10 cents 

5 mills-l-1 m.=$10.62.1,and the amount will be $1062.15.6. 
There are still five days remaining of the year, and for that 

five days the additional interest will be 88 cents 5-f-mills, and 
tliis added to the last amount will make $1063,04,1, being 
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$3.04 more than by an ordinary loan. This is equivalent to 
6.304 per cent; so that loaning at Bank rates on loans of 60 
days, is equal to loaning by the year at 6.304 per cent, com- 
pound interest. This concerns only the mode of loaning, and 
does not consider the privilege banks have of loaning in the 
shape of their own notes that do not bear interest, for men's 
notes that do, to the extent of two or three times the amount 
of capital they have. Loaning money by banks is usually 
called bank discount ; and it may be proper to remark that 3 
days, called Says of Grace, are added to the time notes have 
to run before tliey are considered due, and liable to protest for 
non-payment. 

Though as already remarked, the mode of calculating by 
days, allowing 365 to the year, is more exact than by months, 
owing to the inequality of length among the latter, it would 
make ordinary business calculations tedious, and unless the 
amounts were very large, the difference would not be worth the 
trouble. It is very common, therefore, to use half the number 
of months, where that will answer the purpose, and make the 
time months and halves, thirds, fourths, &c., without being 
particular as to a day or two, one way or the other. Thus 
from May 1 to August 15 is 3^ monfbs; or to September 20th 
is 4§ months ; or to October 25th is 51 montiis. — Or we may 
find the interest for a year, and take parts for months and days 
according to the rule of Practice, if we prefer that mode to the 
Rule of Three. For short periods, 30 days to the month is 
accurate enough. 

In banks and offices where heavy calculations are frequenfly 
made. Interest Tables are generally resorted to. — These give 
the amount of $1 from 1 day to several hundred, so that the 
operator has only to find the amount of one dollar for the 
desired number of days, and this multiplied by the given prin- 
cipal will gue tl e amount required Other tables contam the 
II terest of diflerent sums fi om $1 to 50 or 100, but tf ej nrc 
all based on the ^ame simple prmciple, and are equallv ea^y 
of application One of tl c most popular t'lbles of tins kmd is 
Rowlett's 

If when a sum of monej is due instead of iecci\ing tie 
interest, the creditor -idds it to the pimcipal and charges 
interest on the imount as a new principal, an I so adds the 
interest successively to the pnncipal as it falls due, the pio 
cess is called charging Compound Interest, m contradistinction 
to Simple Interest, which is chirged on the original pnncipil 
only 

A sum of monej loaned at 6 per rent simple interest, will 
double itselt in 16 years 8 months, but at compound interest 
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it will double itself in 11 years 10 months and between 22 
and23 days, if the payments be annual : if at shorter interi'als 
it will sooner double itself. 

Ethical writers and law makers seem to have set their faces 
against allowing compound interest, and yet they can give no 
satisfactory reason why it should not be allowed. — There is no 
pretence but that a man has a perfect right to settle with his 
debtor and take a new note for both principal and interest, 
whenever his debt is due, or he may compel him to adopt the 
generally more unwelcome alternative of paying up ; and yet 
it would require a great degree of metaphysical acumen to 
show the difference in a moral point of view, between taking 
a new note and charging interest, and charging interest with- 
out the formality of a note. 

The question mi^ht be asked, and with reason, whether 
there is no proper limit to the frequency of the operation of 
adding the interest to the principal. Shall it be annually, 
semi annually, quarterly or oftener? for it is evident that the 
shorter this period is, the more rapidly will the interest increase. 
We think there is a limit on both hands. To add it daily, or 
monthly, or even quarterly, would scarcely allow the borrower 
to make the profits on his loan pay the interest ; and on the 
other hand to extend the additions heyond a year would do 
injustice to the lender. The principle of taking interest for 
money is certainly based on the supposition that though not of 
itself prolific, the money may be expended in that which will 
yield an increase, and the profit of this increase is to be divided 
between him who owns and him who wields the capital. 
Some regard may therefore be properly paid to the time in 
which a return of profit is ordinarily received. If it were a 
proper partnership, the division should be made at each return 
of profit ; but in ordinary loans the capitalist's share is neither 
contingent as to time or amount ; but being fixed at something 
like an average of both, is made a certain sum. 

Calculating compound interest by the ordinary rule of adding 
each year's interest for a new pnn pal a low process when 
the number of additions is g t th f m their frequency 
or the length of time the sum b t But this difficulty 

is greatly lessened : indeed it Im t m ved by the use of 
tables, by logarithms, &c. A t 1 , little more with 

us than a theoretical calculati t n t cessary to pursue 
the subject fartlier. 

Connected with the subject f t st tl e doctrine of Dis- 
count, Equation of Payments A P petuities, &c., and 
the mode of charging interc t t n which partial pay- 
ments have been made. Tl m de of ealculatitij 
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Equation of Payments, is not strictly correct, tliough usual in 
business. The true mode would be to find the present worth 
of all the payments at some assumed rate of interest, and then 
find in what time such present worth would amount to the 
given sum. 

We have already remarked that the rule called Discount is 
identical with the 3d Case of Interest ; it being but an opera- 
tion to find the principal or present worth from knowing its 
amount ailer bearing interest for a given time at a given rate. 
The word Discount, or Rebate as it used to be called in the 
old Arithmetics, means sometliing to be taken off or abated ; 
and in its simplest form means a given per centage on a gross 
sum, without reference to time. Thus if a dealer offers to 
make a discount of 20 per cent, on a claim of $1000 of which 
be is perhaps doubtful, he generally designs to deduct 20 per 
cent, or one fifth of tlie whole sum, being $200. In (his case 
the purchaser, if hecollects thedebt, makes 25 per cent, profit 
on his investment. 

But when this word is used in reference to time, as when I 
say, " I will allow 10 per cent, per annum on a note of $1000, 
having 12 months to nm," I do not mean that I will allow 
10 per cent, on $1000, but that I will allow such a deduction 
as will enable the purchaser to make 10 per cent on what 
money he pays for the note. In other words I mean to deduct 
so much that if the net proceeds, which are usually called the 
Present Worth, be put at interest at 10 per cent, for 12 months, 
the result will be $1000. It is evident then that the operation 
is neither more nor less than to find the principal, when we 
have the ra(e, time and amount given. To pursue a different 
mode, would be to allow the shaver interest both on what he 
keeps back, and on what he pays. 

This being the case the following somewhat paradoxical 
effect follows ; If a sum of money be placed at interest, the 
amount of interest accruing will always be in proportion to the 
time in which it accrues. If in one year it produce a given 
sum, in two years it wiU produce twice as much, in three years 
three times as much, and so on. But this is not true of Dis- 
count. If I have a series of ten bonds for $100 each, due in 
ten successive years, and I agree to sell them at a rate of dis- 
count that will take off $12 from the first bond, it will not take 
24 from the second, 36 from the third, and so on, for at this 
rate the discount on the last bond would be $120, being $20 
more than the amount of the bond ; a position evidently ab- 
surd, for however distant may be the day of payment, the bond 
must be worth something ; and however great may be the per 
centage of discount allowed, there must be a present value. 
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that placed at interest for the time and at the rate proposed will 
amount to the face of the debt. 

If the discount on $106 for one year at 6 per cent, be $6, 
what will it be for two years ? 

If the discount on $106 for one year at 6 per cent, be $6, 
what will it be at 12 per cent..' 

That discount is not in proportion to time is evident, there- 
fore, from the absurdity to which such a conclusion would 
lead. But the reason of this is easily seen. The per centage 
of discount is always estimated on the present value, and 
fhis sum constantly diminishes as the remoteness of the time 
of payment increases. In the question proposed, $100 will 
be the present worth if the note has one year to run, 
but if it has two years to run, the present value will be 
$94.64|, which being put at interest for two years at 6 per 
cent, will amount to $106. Had we deducted $6 for the second 
year, the balance would have been $94, which being placed 
at interest for 2 years at 6 per cent, would amount to only 
Sil05.28. As the time increases the difference between dis- 
count and interest increases more and more rapidly, and nearly 
in proportion to the square of the time. If in 6 months the 
difference be $1, in 12 months it wOl be very nearly $4, in 2 
years $16, as may be shown by calculation. 

Inasmuch then as Discount is the interest on the present 
\ alne, it will always be less than the interest on the given sum, 
at the same rate, and for the same time ; and it is just as much 
less as the interest on Ihe true discount. Take the above 
example ; the interest on $106 for 2 years is $12.72, the dis- 
count IS $11.35|, to which add the interest on $11.35? for 2 
years, viz : $1.36;^, and the sum will be $12.72. 

There is a striking analogy between Discount and Compound 
Interest. In both the principal is constantly changing. In the 
former it is becoming less, in the latter greater. In neither, 
therefore, can the result be proportionate to the time or rate, 
but will always be to the principal. The compoiind interest 
of a sum of money forms a constantly increasing series, during 
successive j'ears ; but the discount is a constantly decreasing 
series. At Simple Interest the annual accretion is a constant 
quantity. 

The same reasoning will show that discount does not in- 
crease in the same ratio as its per centage increases. The dis- 
count on $100 for 4 years, at 2 per cent., would be $7,402? ; 
while at 4 per cent it would amount to only $13. 795*5 instead 
of being double what it was at 2 per cent. 

The increase of money at Compound Interest is neither pro- 
portionate to lime or per centage. If the time is doubled, the 



..Google 



168 INTEREST, DISCOUNT, 

interest is more than doubled, for there is interest on the ac 
cruing interest ; and if the rate is doubled, the intprest is more 
than doubled, for there is interest on the increased nte 

The word^ar, a Latin word signifying equality of \alue, is 
frequently used in connection with discount Tl us we speak 
of bank notes, &c., bemg above or below par, ai^cordingl} as 
Ihey are worth more or less than specie, Mhich is cons dere 1 
the standard of par value The deficiency of such ■> ilue 15 
called the discount to which they are subject 

What is the difference between the interest of SSOO for 5 
years at 6 per cent, per annum, ind the discount of the sime 
sum for the same time ^t the sime rate ' 

The present worth ma> also be found b} approxination, but 
not generally to much idvantage in practice the direct mode 
being quite as short, and more satisfactory To find it b) d]) 
proximation, take the per centage on the gross sum, as >ou 
would in interest, and subtract the result from the gross sum 
for the impfrfed present motik then find the intciest of the 
interest first found and add it to the imperfect present worth, 
for an approximate present w orth tl en fand the interest of the 
last interest and subtract fiom the approximate present worth 
and thus proceed adding and subtracting ilternatelj until jou 
reach the required degree of acci rarv 

Required the present worth of $150 due in one jeir allow 
ing discount at 6 p?r cent, per annum ? 
S150 $150 

6 — 9 



141 imperfect present worth. 




141.54 approx. present worth. 
.03.24 



do 

$141.50.9544 do do 



By the common mode — 
$100 
6 

As 106:100 :: 150 : $141.50.9; present worth 
as found above, and by continuing both processes, they may 
be made to coincide to any extent. 
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It is evident that discount may be allowed at compound in- 
terest, as readily as at simple interest, though the calculation 
would be rather more troublesome. lo this way a. man who 
desires to make compound interest on his money can determine 
the value of a note he may wish to purchase.- — ^To effect this, 
let the compound interest, instead of the simple, of one dollar 
for the time and at the proposed rate be taken for a divisor, 
and the quotient will be the present worth allowing compound 
interest. 

Another business operation of a kindred character, already 
alluded to, is Equation of Payments. Where two or more 
payments are due at different times, and it is desired to pay all 
at once by averaging the time, the operation is called Equation, 
or Equalizing Payments. If I owe $100 due in 6 months, 
. and another $100 in 12 months, I may average the payments 
by paying both sums at the end of 9 months. I tiius keep 
$100 for 3 months after it is due and pay the other hundred 3 
months before it is due ; and this, were discount and interest 
the same in amount, would just equalize the profit and loss. 
But we have shown that this is not true. I obtain the use of 
$100 for 3 months by paying the other 100 three months before 
it is due ; and as I would only be entitled to discount, which 
is less than interest for such advance payment, I am a gainer 
by the amount of difference. The discount on $100 for 3 
months is $1.47.7+ the interest is $1.50, so that I make rather 
less than 2 cents 3 mills by the equation 

ANNUITIES, which are sums of money pajable annually 
or at other stated periods, are very common m i>ome commu- 
nities, and especially in old countries, where retired wealth is 
abundant. PERPETUITIES are perpetual annuities, paya- 
ble at stated perioiJs forever. The rent ot real estate, held in 
fee simple, may be considered a perpetuitj Calculations for 
the purchase and sale of both these, abound in English and 
Irish systems of Arithmetic, for in those countries investments 
of that kind are very common, the living of thousands being 
derived from such sources; but in this new country they are 
little known. 

The purchase of a farm or other freehold is upon the same 
principle as the purchase of a .perpetual annuity. If we seek 
to buy property merely to rent out, and without regard to rise 
in value, or other such consideration, the calculation is very 
simple; but .there are generally various considerations of situa- 
tion, capacity of improvement, rise in value, &c., &c., that 
influence the actual purchaser. The general principle how- 
ever, of the calculation, liolds good, and if closely scanned 
would probably prevent many an improvident purchase. 
15 
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The difFerence between the value of a long lease and of a 
freehold estate is less than most persons suppose. If an estate 
that yields $60 per annum, be leased out for a hundred years, 
tlie Reversion or ownership after the expiration of the lease, 
Tsill be worth very little. If the purchaser of the reversion be 
allowed 6 per cent, compound interest for his money, the re- 
version will be worth but $2.94.6g. If we calculate the value 
of such an estate in perpetuity, and then deduct the value of 
the reversion, we shall know the value of the lease. 

If a note for $100 due 60 years hence be sold at a discount 
of 6 per cent, simple interest, it will fetch but $21.73|^ ; and 
if at 6 per cent, compound interest, it will fetch but $3.03+, 
and had it been a hundred years, ^e value at simple interest 
would have been but $14,284, and at compound interest it 
would be 29 cents 4+mills. 

This difference may seem incredible, but it must be recol- 
lected that calculations at compound interest partake of the 
nature of the man's purchase, when he agreed to give a farth- 
ing for the first nail in the horse's shoe, a penny for the second, 
and so on in a quadruple ratio to the last. 

To make this calculation we find that $1 at 6 per cent, per 
annum will in 100 years amount to $7 at simple interest; 
then, 

$ $ $ $ 

As 7 am't. : 100 am't. : : 1 pr. : 14.28^, principal. 
And at compound interest $1.06, the amount of $1 for 1 
year, being raised to its hundredth power, will be $339.3020 
73383716, which is the amount of $1 at compound interest 
for 100 years. This divided into $100 will give .29.4+ tlie 
present value ; or it may be thus stated, As 339.302073383716 
: 1 : : 100 : .29,4+, which amounts to division at last. 

That the amount of $1 raised to a power indicated by the 
number of years will be the amount for that number of years 
may be thus shown, — As $1 principal is to $1.06, its amount, 
so is any other principal to its amount. But as the amount of 
each year is the principal for the next, we have tlie following 
proportions — 

$ $ $ $ 

As 1 : 1.06 : : 1,06 : 1,06^ am't 2d y'r and pr. for 3d; tlien. 
As 1 : 1.06 : : 1.06^ : 1.06^am't3d y'r and pr. for 4th ; then. 
As 1 : 1.06 : : 1.06^ : l.Oe", am't 4th y'r and pr. for 5th. 

And this may be carried to any extent, either by regular suc- 
cession, or multiplying the amounts whose indices make the 
number of years desired, as the amount for the 3d year multi- 



;., Google 



INSURANCE, ANNUITIES, &c. 171 

plied by the amount for tlie 4th year will give the amount for 
the 7th year, according to the established laws of Involution. 
See Prop. 49, page 124. 

Having found the amount of $1 for the required number of 
years, it is obvious that multiplying it by any number will give 
the amount of such number of dollars. I cannot multiply the 
amount of $1 by $150 or any other number of doUars, but I 
can multiply by 150 because the amount of $150 will be 150 
times as much as the amount of one dollar. It is on this prin- 
ciple that Interest tables are constructed. 

But we are wandering from the subject of annuities. Not 
only are annuities and estates granted for years and forever, 
but they are ott«n granted for lives ; and in Europe determining 
the value of an annuity for life is a very common calculation. 
To determine the probable duration of such an annuity, tables 
are constructed giving the average value of annuities for every 
age, and these are founded on long and close observation of 
the duration of life ; or rather perhaps tlie ages of such as die. 
In infancy the uncertainty of life is very great, but it diminishes 
as we approach manhood, increasing again in old age to a 
greater and greater extent. In a calculation of this kind wc 
have two points to consider: the uncertainty of life, and its 
probable duration. A young infant has a chance of a longer 
life than a man of 30, but there is so much greater probability 
of its dying prematurely that the uncertainty more than coun- 
terbalances ibe possibility of a long life, and it would cost less 
to buy an annuity for life for such infant than for the grown 
person. At 8 years of age an annuity is more valuable than 
at any other period, as the dangers of infancy are passed and 
there is a fairer prospect of long life than before or afterwards. 

It has been estimated in England, that " Of 6 or 7 children 
born in the same year, only 1, on an average, attains to 70 
years ; of 10 or 11, one may arrive at 75 ; of 17, one may 
reach 78 ; of 25 or 26, one lingers on to 80 ; of 73, one ad- 
vances .to 85 ; of 205, one realizes 90 ; of 730, one prolongs 
his existence to 95 ; and of 8179, one may complete a cen- 
tury." 

" The average life of a child of one year of age, and that 
of a young man of 21 years, have been estimated at 33 years. 
A man of 66 years of age has an equal chance of life with a 
new bom infant. An individual of 10 years of age has a pro- 
bable expectancy of 40 years more of life; at 20, he may 
reckon on nearly 33| ; at 30, on 28 ; at 40, on 22 ; at 50, on 
IfiJ; at 60, on 11 years and 1 month ; at 70, on 6 years 2 
months; at 75, on 4J years ; at 80, on 3 years 7 months ; 
and at 85, on 3 years." These estimates are based on Eu- 
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ropean observations, and should no doubt be modified in some 
degree to suit change of climate and situation; but the general 
features may serve to give an idea of the mode of estimating 
annuities, &.c., on lives. 

Sometimes estates, annuities, &,c., are granted for a single 
life, sometimes for two or more, both living at the same time, 
sometimes to terminate at the death of either, sometimes of 
all. These uncertain or contingent estates as ihey are called, 
assume various forms according to the fancy or wish of 
grantees or grantors, but though necessary and desirable where 
lands are dear, Ihey are seldom resorted to in this country, 
where land is cheap, and eveiy one of ordinary industry and 
enterprize may possess his land in fee. A man in England 
wishing to provide for his children, one, two, or three, or more 
in number, may be able to purchase a life estate for their lives, 
that would not be able to purchase an estate in fee for them. 
"Where such estates are common, rules for determining their 
value are necessary, but here they would be a useless encum- 
brance in a book. 

It remains to close this subject by an investigation of the 
several modes of calculating balances, Mhere partial payments 
have been made upon notes or other claims. 

To calculate such balances, different modes have been 
adopted by accountants and sanctioned by courts, but the sub- 
ject is still matter of controversy, and will be until the ridicu- 
lous prejudice against compound interest is exploded; for to 
escape this bugbear we are driven constantly into injustice 
towards either &e debtor or the creditor. If it were understood 
that interest being withheld more than one year, should be 
added to the principal, then we would only have to charge the 
interest on the debt to the end of each year, and do the same 
upon the payments, and thus make an annual balance or set- 
tlement ; and this course pursued annually to the time of 
general settlement would show the just and equitable balance. 
But this is not permitted. 

There are two modes in general use. One which is called 
the commercial or mercantile mode, (because often used by 
merchants) charges interest on the whole debt for the whole 
time, and then deducts the several payments with interest from 
the time of payment to the time of settiement; the remainder 
is accounted the proper balance due. 

The other mode, which is substantially the course pursued 
in our courts of justice, estimates the interest up 1o H'e time of 
tlie first payment, and then deducts the payment; tiie intere.-^t 
is thus added and the payment deducted at each s 
payment down to the time of settlement. 



..Google 



INSURANCE, ANNUITIES, &c. 173 

In this case it is usual if the payments ate made within less 
than a year of each other, to estimate the interest to the end 
of the year, before deducting; and should a payment be made 
at any time of a sum less than the interest due, the interest is 
not added and the payment deducted, since the addition being 
greater than the deduction, the interest-bearing principal would 
be increased ; and as it would be so increased by an addition 
of interest, it would cause interest to bear interest, which is 
the monstrosity to be especially guarded against. 

At a hasty glance the above modes would seem to promise 
the same result, but let us examine them a little more closely. 
By the mercantile mode every dollar that is paid becomes an 
interest-bearing principal, and offsets so much of the creditor's 
principal, let Qie amount of interest due be ever so great. If 
I owe a friend $1000, that has been bearing interest for 5 
years, it amounts to $1300 ; suppose I pay him $1200, and let 
it rest for 5 years longer, what will I owe him ? I certainly 
owe him $100 balance and 5 years interest added will make it 
$130. But let us calculate. He charges me with $1000 and 
10 years' interest, making $1600, and I charge him with 
$1200 and interest for 5 years, amounting to $1560, deducting 
this from his claim leaves me only $40 in debt, and had settle- 
ment been postponed 4 years longer my friend would have 
been §8 in my debt ; for though I certainly owed him $100 
more than I paid him, yet I can charge him interest on $1200 
per annum, and he can only charge me interest on $1000. 

By this mode the payment of interest is postponed to the 
last, and the debtor is not required to pay the interest due even 
on diat portion of the principal which he liquidates. Suppose 
I owe $400 on which there is one year's interest^=$24, and I 
pay $200, 1 by this mode of calculation pay half the principal, 
and though I owed $12 interest on that half, I am neither re- 
quired to pay this interest, nor to pay interest upon it. In the 
case of The Miami Exporting Company vs. The Banlc of the 
United States, 5 Hammond, p. 261, this principle was pre- 
sented, and the Supreme Court of Ohio, decided, (but disclaim- 
ing the establishment of a general rule,) " That where a sum 
of money is paid on a debt which is due ' on or before' a particu- 
lar time not yet arrived, the payment should be applied to the 
payment of principal and such proportion of interest as has ac- 
crued on the principal thus extinguished," But this concerns 
the payment of money not due, and in such case the rule, even 
as we have given it, works no injustice; for if I borrow a sum 
of money, to be paid 10 years hence, bearing interest, but 
with no stipulation to pay the interest before the principal is 
due, then I can with no propriety be called upon to pay any 
15-^ 
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part before that time, and if I do pay I should be entitled to 
draw interest from the time of payment. This is perfectly con- 
sistent, and differs entirely from ihe case of money wTongfuUy 
withheld after it becomes due ; for whether it be the inability 
or the dishonesty of a debtor, that prevents payment, it is 
equally a wrong upon the creditor. 

But to place the injustice of the commercial mode of calcu- 
lation in a still stronger light, we will suppose A to borrow of 
B $1000 and to pay him annually $60, which is just the 
interest, and matters run on for 25 years, B neither demanding 
nor receiying any part of the principal: the parties then wish 
1o settle. By this mode of calculation B would be found in 
A's debt. Can such a mode be just ? If it be asked how this 
can be, we have but to refer to the principles already laid down. 
B could charge interest on $1000 only, but every dollar that 
A paid would by this mode draw interest; and from the time 
he made his 17th payment he was drawing a larger interest 
than B, and in S-ij^j years, his debt would pay itself. The 
interest has completely eaten up the principal, as Pharaoh's 
lean kine of old destroyed tlieir fellows. 

Were the modification we have alluded to adopted, this could 
ne\er he the case, for the intercit would be constantly paid up 
on the portions of principal h quid ated, and though the creditor 
might be compelled to wait i lone; time for part of his princi- 
pil T.nd f! e interest due upon it, he could not be compelled to 
w lit tor interest jet due on principal long ago paid. And 
•ihould he be compelled to wait a few years he would be in no 
danger of being brought in debt bj his own claim. 

Let us now e\imine the other mode, and see whether it 
does even handed justice If the paj ments are made at inter- 
%als of just one jear, ind m sums exceeding lie interest, it 
would seem plain that the interest should be first paid and the 
remainder of the payment be applied to diminish the principal, 
for where there is no contract to interfere, a man's capital cer- 
tainly should yield him a return once a year. This effect will 
be jiroduced by adding the interest to the principal and de- 
ducting the payment. 

But payments are sometimes made at intervals less than a 
year. This is true, but we can allow interest on them to the 
end of tlie year, though in justice this can seldom be asked, 
for payments are much more frequently withheld more than a 
year, and what is justice to one should be also to the other; 
both should Iberefore be brought to an annual settlement, or 
neither. Sometimes payments are made of less than the 
interest due, and here we must not strike a balance lest the 
principal be increased. To avoid this it is usual to carry the 
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payment to the next one, so that it may be considered merely 
a credit on the interest to tliat time. But this is a useless 
nicety, growing out of the old prejudice against taking interest 
on interest; for suppose I OM'e $1000 and aim to pay the 
interest annually, but this year it suits me to pay §70, which 
is $10 more than the interest due, and the principal is reduced 
to $990; next year I fall $10 short of paying the interest, but 
this cannot restore the $10 deducted from the principal the 
year before. Again I am not able to pay the first year's 
mterest until six months after it is due, but the second time I 
pay just at the end of the second year ; this, however, is less 
than a year since I paid before, and it would be wrong to strike 
the balance, then, tiiough it was perfectly right to beep my 
friend waiting 6 months the year before ! 

It has always appeared to me strange that persons who have 
such a dread of compound interest, &c., do not confa-iie some 
mode to obtain discount on interest that is paid on periods less 
than a year. I borrow $1000 for 3 months, or if you choose, 
borrow it for a year and pay in 3 months, the interest will 
then be $15, but if I pay it, the owner may loan it and make 
75 cents on it during the remainder of the year, and thus 
obtain more than six per cent, for his money ! It is true that 
I might keep it 3 months after it is due, but as the owner of 
the money would be the loser in that case, it is quite a different 
matter. 

There is another reason why annual settlements ■would be 
better than even this mode. It is by this mode the interest of 
the debtor to pay as seldom as possible, and as little as possi- 
ble at a time, unless he can pay enough to reduce the principal ; 
and thus an inducement to disbonesty is held out. By the 
former mode the interest is considered as never due, wliile 
there is any principal to be paid ; by the latter, as always due, 
unless paid up within less than a year preceding. 

Interest may be calculated so as to be added to the principal 
momentarily as it falls due ; but we have already extended our 
discussion to greater length than wc designed. If the interest 
be thus compounded, a sum will double itself at 6 per cent, in 
11,552 years. 

We have seen it stated that a suit was some years ago car- 
ried through the courts of Connecticut, in which the amount 
claimed arose entirely from the different modes of calculating 
interest. The plaintiff calculated by the latter mode we have 
given, and claimed several hundred dollars, the defendant by 
file commercial, and pleaded full payment. The latter suc- 
ceeded in proving the custom at the time and place of contract, 
and gained the suit; but so far as we know the mercantile is 
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not recognized as a general rule in the courts of any State in 
the Union. 

In the courts of our own State it has been decided that the 
proper mode of computing interest is " Where more is paid 
than llie interest due, to compute the interest up to the time of 
payment and apply the sum paid to pay the interest, and the 
balance to the principal. If less is paid than will pay the 
interest, the payment b applied pro ianto to the interest as far 
as it goes." — Hammer vs. JfevUle et al., WrighVs Reports, p. 
169, A. D. 1832. 

In Virginia also a similar decision was made as long ago 
as the time of Judge Wj^e, that distinguished jurist adding a 
proviso " That the fcenerating operation should not be too fre- 
quendy repeated." 

Our Supreme Court has likewise decided that where a sum 
is due in several annual payments, the interest on all the pay- 
ments to be paid annually, interest may be charged on the 
several sums of interest as they fall due. But it is not decided 
that interest on the accruing interest may be charged. Wat- 
kinson vs. Hoot, 4 Hammond, p. 373, A. D. 1830. In 
Redish's Exrs. vs. Watson, Holcomh et al.,G Hammond, p. 
510, it is decided that the present law fixing the rate of interest 
has reference alone to money due, and that for money until 
due, the contract price, however great, may be enforced. This 
opinion was given by Judges Wright and Wood, Judge Lane 
dissenting, and the remaining judge sick. 

In LaFayette Benefit Society vs. Lewis, 7 Hammond, p. 80, 
the court decided that a contract for the payment of more than 
6 per cent, cannot be enforced in the courts of Ohio, under the 
law of 1824. This of course overruled the decision in 6th 
Hammond. In Spaulditig vs. Bank of Muskingum, Decem- 
ber Term, Court in Bank, 1841, it was held that "Where 
illegal interest has been voluntarily paid, it cannot be recovered 
back," But by a law passed February 18th, 1848, it is pro- 
vided that all payments of money or property, made by way 
of usurious interest, whether made in advance or not, shall be 
deemed and taken, as to the excess of interest above the legal 
rate, as payments made on account of principal. But this 
does not affect the interests of bona fide holders of notes not 
due, and the holders having, prior to purchase, had no notice 
of tlie usur)'. 

That our true position in reference to anti-usury penalties, 
established rates of interest, compound interest, &c., may be 
understood, we would remark that we consider these questions 
as entirely distinct. It may be necessary for the law to regu- 
late the rate of interest ; that the inexperienced and indiscreet 
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may be in some measure protected. So long, however, as all 
things in nature, including ail kinds of capital, increase as 
well by the increase of the increase as from the original stock, 
we expect to believe that money capital should not form an 
exception; and whether the law establishes the rate high or 
low, or leaves it to be agreed upon by the contracting parties, 
this principle is not atfected. 

INSURANCE, like Interest, is calculated as so much per 
cent.; and perfiaps it may be well enough, before proceeding 
farther, to give a few explanatory remarks on percentage. 

By common consent amongst mathematicians and men of 
business, this expression has been adopted to signify ratio ; and 
we hear it used figuratively to express emotions and sensations 
as well as number and quantity. The valetudinarian says, " I 
feel 50 per cent, better tlian I felt yesterday ;" the swain loves 
his mistress " a hundred per cent," better than ever, " It is 
20 per cent, colder to-day than yesterday." In social inter- 
course we hear it said, " The population has increased 40 per 
cent, in the last five years."- — " The deaths have diminished 
10 per cent." " The fly has shortened the wheat crop 50 per 
cent.; but this rain will add to the corn a hundred per cent," 
The introduction of this expression into familiar intercourse 
shows that it is appropriate to its purpose. 

In calculating numbers there is quite a convenience in being 
able to divide by 100 by merely cutting off two figures. 

What will 8 per cent, on $150 be ? 

150 Or, As 100 ; 150 : 8 



^ns. $12.00 1,00)12,00 

Jins. 12. 

What will 3 out of every 37| on $150 be ? 

Here is precisely the same problem in effect ; but insleacl 
of being able to solve it in two lines, -we must proceed by an 
operation requiring several lines ; part of whiiJh we omit. 
As 37| : 150 : ; 3 : 12, .^ns. 

In consequence of the convenience of tliis mode of expres- 
sion, it is used in expressing the rate of Interest, Discount, 
Insurance, Commission, &,c. To find the amount at any given 
percentage on any sum, we have only to multiply the sum by 
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the rate and cut off two figures from the right as is done 
above ; and tlie reason of which is shown by the statement. 

Insurance is of various kinds. The most common insurance 
is upon houses, stores, and other property liable to be destroyed 
by fire ■ and these are called Fire Insurances, — Another class 
IS (.ailed Marme Insunnce, ind is upon ships, bo-its, &,l 
The person desirous to hv,e hit property insuied pa^s to the 
insurer, or underwriter is he is Irequently called, who la 
generall) agent ot an insurance company, a small ^m, ■which 
la regulated bj a percentige on the amount insured, ind re 
ceives in return a wntten or printed instrument called a Pohey, 
which lets forth that it the ln^url.d propertj which it describes, 
be dcstrojed withm the stipulated time, or if a marine msu 
ranee, upon a stipulated vo>age, thtn the insurer shall pij the 
amount insured, if the loss amounts to an agreed sum The 
rate of insurance depends on circumstances A brick or stone 
tenement, standing apart fiom other buildings, and occupied 
by a private famil}, would be in-^ured at a ^erj low rate, per- 
haps at a half per cent per annum (50 cents on the hundred 
dollars) , for m the first place there would not be great danger 
ot the building taking fire, and in the next plai,e the substin 
tial character of the budding would afford a better opportunity 
for extinguishing fire without an entire destruction of the build 
ing. But on the other hand if the building be in close contact 
with others, or be of wood, or it occupied tor some purpose 
that would subject it to great risk of taking fire, the rate of 
insurance would be perhaps double tlie former , and in many 
instances insurances will not be granted In insuring, a spe 
cific amount is agreed upon, and this should be less than the 
property is really worth, otherwise one great inducement to 
care is taken away ; and if property be insuied too high, it 
might be destroyed by the owner, tor the purpose of obtaining 
its value of the insurers. But though a definite amount is fixed, 
it becomes necessary for the loser to show that he lost that 
amount ; for if I have an insurance of a thousand dollars on a 
building, or on my furniture, I may have it partially destroyed, 
or even entirely destroyed, and yet not lose $500. In tliat 
case I can only recover what I lose ; but if my loss equal or 
exceed the amount insured, I receive the amount of insurance. 

Some kinds of property are subjected to a higher rate of in- 
surance from the difficulty of removing it in safety, in case of 
fire ; although there may be no greater original liability of 
taking fire. A drug establishment, where chemical prepara- 
tions are made, is very liable to take fire and it is difficult to 
save such stock from a burning building. 

In view of these circumstances insurers divide risks into 
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JVot Hazardous, Hazardous, and Extra Hazardous, reserving 
some kinds for special contract. The rate on these several 
classes is different according to the degree of risk. 

It may be asked how this classification has been made up, 
and how the rate of insuring property is established. They 
are both tie result of long observation of instances of fires, 
their origin, and the facility of rescuing property in danger. 
But though it could be ascertained that of all the property in 
a given territory, a given percentage is annually destroyed, it 
would still be very uncertain on what particular pieces of pro- 
perty the loss would fall, and hence the business of insurers is 
always liable to great uncertainty. The profits for a time may 
be very great and then may be swept away ; or in one place 
they may be fortunate and in another part of the country un- 
fortunate, but balancing their accounts they may do a fair 
average business. . With a heavy capital and business scattereil 
far and wide, they do not feel ordinary losses, though such as 
would ruin the business of individuals, and their risks being 
scattered, no single calamity is likely to involve them in ruin. 
To avoid this, insurers are careful not to take large risks on a 
single piece of property, or on property so connected that the 
loss of part will probably produce the loss of the remainder. 
In extensive conflagrations, however, such as that which laid 
waste so large a portion of New York in 1836, even wealthy 
insurance companies are liable to be involved to bankruptcy. 

It is sometimes said that if insurance companies can insure 
at a profit, individuals may afford to run their own risk. But 
it must be borne in mind diat an individual may be rained by 
a single fire, and having his capital destroyed may never be 
able to resume business; but as we have already remarked, 
the risks of insurance companies are, or should be scattered, 
that a loss in one place may he retrieved by gains in others. 
In small matters we may safely run our own risks, since a loss 
would not be felt ; and all ordinary losses are small to a strong 
company. 

The industrious trader makes up his annua! cargo for New 
Orleans and embarks his entire capital on the bosom of the 
"Muskingum or Ohio, and if in his anxiety to make profit lit; 
declines to insure, some fatal snag in the stream, or some leak 
in his lessel may blast his hopes by the destruction of his 
entire cargo. But if he is content to gain rather less, and to 
be sate from ruinous loss, he pays his insurance, and if he 
makes less he is safe from the destruction of his capital; and 
should loss overtake him, he has his insured amount with 
which to recommence business. But if his capital be large he 
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may lose a cargo, or several of them perhaps, without deranging 
his business 

Where the law imposes no reshiction on the amount which 
a company may insure with a gi\en tapital, a question arises 
as to the amount which it would be morally right to insure ; 
for it IS plam that it would be dishonest for a company to 
insure an amount beyond its ability to paj, should loss take 
place 

Suppose a company has a capital of $100,000, what risk 
would It be morallj n£;bt for such companj to assume? 

It IS here evident that if the companj takes risk to this 
amount only, it will be able to paj the full amount of damages, 
lliough the property should all be destroyed. But probabl}' no 
company ever restricted its liabilities to so narrow a limit. On 
the other hand, it is clear tliat if with this capital only, the 
company should insure to the amount of several millions, the 
security of the insured would be inadequate, for the losses on 
so large an amount might be beyond the ability of the company 
to pay ; as the premiums received would or might be divided 
and would form no part of the paying fund. And a company, 
knowing that it could only lose its capital, and not caring 
whether the insured were made safe or not, might be induced 
by the hope of large dividends to extend its nominal insurance 
to a most improper extent. It would be gambling at other 
men's risk; though a company would have a fair right to pre- 
sume that all its insurances, scattered in various places, would 
not be lost ; and that it would be safe in taking an amo\int of 
risks beyond the amount of its capital. 

But how much beyond ? Suppose it be found that the aver- 
age annual loss by fire, for twen^ years, in the State of Ohio, 
upon the whole value of buildings in the State, be one dollar's 
wortii in every iive hundred, or 20 cents on the $100 worth ; 
then the average risk would be as 1 to 500. — So long, therefore, 
as the capital of the company is not less than as 1 to 500 on 
the amount of risk, it would afford some security to the insured, 
that security diminishing as the ratio would approach that 
limit ; but we cannot think that an insurance company would 
be justifiable in approaching to the neighborhood of tliat ratio. 
After passing the ratio of average loss, the insured would par* 
with his insurance fees and receive in return a greater risk tiian 
he before was liable to from fire, since the company would 
Lave such an amount of risks on band, that its capital would 
be in greater danger than other men's property; and extending 
the risks, the capital of the company would be more and more 
exposed until its destruction would become inevitable. If 
therefore a company wishes to continue its corporate existence, 
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it must pay some regard to the amount of insurance it under- 

Of course in our estimates we regard the average loss, taking 
a large region of country or a great length of time, or both 
these together ; for though there may be unfortunate cities, or 
neighborhoods, or unfortunate times for lires, these blend in the 
general mass, and we are able to reduce even the freaks of 
fortune and the sport of accident to something Idee system. 

There is another species of insurance that sometimes meets 
with bitter denunciation from such as do not look into the 
nature of Ihe operation. It is Insurance upon Lives. — The ig- 
norant hear persons speak of Life Insurance, and think the 
parties engaged are impiously striving to thwart the will of the 
Almighty and to avoid death ; instead of being engaged in a 
very harmless and rational business transaction. 

If an individual has a salary from which he is able to save 
annually a small amount, and lie is anxious to provide for hi.s 
family at his death, he goes to a Life Insurance office and 
agrees according to his age, health, &e.,to pay annually whUe 
he lives, a stipulated sum, in consideration that at his death 
his wife or family shall receive a sum agreed upon, say $1000, 
$2000, or whatever sum may be stipulated. The individual 
may die the next day, but his family receives the amount 
agreed upon ; and on the other hand he may live to pay more 
than his family wiU receive, and the probability is in favor of 
that supposition, for were it not so, the insurers would do a 
poor business. But the advantage to the insured is that his 
family has a certain provision made for them. 

On the other hand, an individual wishing to be released from 
the cares of business, and having a sum of money on hand, 
gives his ready money to the insurer on condition of receiving 
a stipulated periodical sum for life ; and this may be paid 
annually, semi-annually, quarterly, or otherwise, as agreed 
upon 

In this case the man may give a thousand or ten tliousand 
dollars and die the next day, and on the other hand he may 
Ine to receive many times what he paid. He has the advan 
tage, however, of knowing that by this arrangement his living 
IS as sure as the solvency of his underwriter; and though had 
he li\ed upon his capital, it might have been more than suffi- 
cient to support him for life, and thus have left a surplus for 
some surMvor, it might on the odier hand have proved in- 
sufficient, and have left him to perish of want or become a 
pubhc charge. It is a neat way of being a man's own execu- 
tor, and is often an excellent one. None wish him dead ; and 
16 
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no disappointed lieirs wiaiigle like hungry li}enas ovei his pe- 
cuniary remains 

Here as before, the m^mer may lose Hrgely in some in 
stances and gain in others, but the probability is that he will 
gain upon an average, ind thus be enabled amidst gams and 
losses to do a fair business His estimates and hopes are 
based on calculations founded on observations made upon bills 
of mortility, as we hue aheady suggested when "ipciking of 
Life Annuities. 

We have extended our remarks beyond their designed limits ; 
for which the importance of the subjects discussed must be our 
apology; but we are aware that much might yet be said with- 
out exliausting the materiaJs. 



LECTURE XII. 



It wis remarlfed on a foimer oc asion thit the scienre ol 
Arithmetic is " alike indispensable to the scholar and the man 
of busincis, ind must remain of primary importance through 
-»!1 the vicissitudes of time " Our pie<ient object is to show 
with some degree of minuteness tl)e putpoie's to which it is 
daily applied A good knowledge of Atillimetic, as a scieni < , 
IS to its possessor what famdiinty with the use of tools is to 
the mechanic , the former cin wilJi a iittle cire, appl^ his 
powers of calculation to any purpose required, and so may the 
latter apply his familiarity with tlie use of tools, to any opera- 
tion requiring their use. But in each case some special know- 
ledge will be found necessary. Every branch of business has 
its peculiar calculations, and every trade has its peculiar opera- 
tions. 

The speculative mathematician studies Arithmetic that he 
may understand the philosophy of numbers ; that he may per- 
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ceive their properties and relations, and use them in prosecuting 
his investigations in tlie higher branches of mathematical 
science. The Astronomer calculates the orbits and c3-cles of 
tlie planetary world, announcing phenomena that will happen 
ages hence ; as well as such as happened long before mankind 
had sufficiently emerged from barbarism to understand the 
reason of what they saw. By calculating tlie times of eclipses 
in former ages, the Cbronologist fixes tbe dates of events that 
occurred while the modes of dividing time were yet imperfect. 
This division of time appears to us a very simple matter, for 
we know just how many days are in a year, and how long 
the period is from one change of the moon to another, and a 
thousand other facts that are familiar to us as household 
■words. But let us refer to man in a state of nature, as we 
did in pomting out the difficulty of learning the use of num- 
bers; and how would he measure time? He would see the 
sun rise and set, and the succession of day and night would 
soon become familiar to liim ; while he would in due time learn 
that the seasons of cold and heat follow each other in succes- 
sion ; but the precise period of time necessary to embrace all 
the changes of the seasons would be difficult to learn ; for we 
find the seasons blend together, so that none could decide 
when the one is gone or the other come. The changes of the 
moon would anest his attention, but it would be difficult for 
him to decide how long a period elapses from one full moon to 
another: and he might well doubt whether the periods of 
changing seasons, and of the moon's aspects, were always the 
same. The Indians of our own country measure their time 
by days, moons and snows ; the last term being expressive of 
years: but they do not know how many days are included in 
a year. 

To determine the precise length of a year was a problem 
that long puzzled men of science. The Egyptians were pro- 
bably amongst the first to solve it, for in addition to their early 
discoveries in other branches of science, the yearly overflowing 
of the Nile was to them a circumstance of deepest moment, 
and it was annually preceded by the heliacal rising of Sirius, 
the Dog Star; hence it was natural that they should look for 
this harbinger of the overflowing waters with much anxiety. 
They counted the days that intervened, between one appear- 
ance and another, and thus measured their year, for they made 
their year to commence with this appearance of the star. But 
it was found that the star constantiy rose a little later, and in 
four years it rose a day later. Corrections were applied and 
leap year was introduced ; but stiil in a few hundred years it 
was found that the calendar and the seasons were not keeping 
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pace together ; and Pope Geegoky XIII, called together the 
learned, once more to adjust the calendar, lest winter should 
idtimately fall in July and summer in January. Alter ten 
years of investigation they reported the correction npcessary 
and it was made by dropping ten days in October, 1582. 

Most catholic countries at once adopted the change, bat the 
protestants were less prompt, for Great Britain did not adopt 
it until September, 1752, by which time another day had been 
lost, and it was necessary to call the 3d of September the 14th, 
in order to bring the calendar and seasons once more together. 
This was done by act of Parliament, and leads to what is 
caUed Old Style and JVew Style. Prior to that time the year 
had commenced on the 25th of March, but it was at the passage 
of the above law enacted, that from and aiter the last day of 
December, 1751, the year should commence on the first day 
of January. This gives rise to such dates as 1764-5, &c. 
And so long as both styles were used this was necessary, to 
prevent a misunderstanding of a whole year. The prejudices 
of the ignorant were strong in favor of the old style, because 
they had been accustomed to it, while the intelligent saw the 
necessity of a change in order to preserve uniformity with other 
nations, and to keep the months to their places in the seasons. 
It is said that though great pains had been taken to prepare 
the public mind for the change, the superstition and ignorance 
of the populace of England were so great, that when a son of 
Lord Macclesfield was a few years afterwards a candidate 
for a seat in the House of Commons, the mob pursued him 
calling out "Give us back the eleven days we have been 
robbed of." Lord Macclesfield and Dr. Bkadlet had been 
active in effecting the change, hence their prejudice against 
the son ; and several years afterwards when tie venerable Doc- 
tor was broken down with affliction, it was thought a. judg- 
ment upon him for having engaged in so impious an under- 
taking. They seemed to think that the omitted days had been 
stricken from the lives of men as well as from the imperfect 
Julian Calendar. 

Pleasant as it might be to pursue the divisions of time 
through all their changes, and to show why some months have 
30 and others 31 days, and why February has but 28 ; as 
well as how different nations reckon time and adjust dates, it 
would detain us too long from the goal at which we are anx- 
ious to arrive. We can only hint at points that inay arouse 
the student's curiosity, and show him that without the aid of 
Arithmetic we would know but little of the divisions of time ; 
the distances of the planets from us ; the times of their revolu- 
t'ons, and all the wonders of Astronomy. 
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The Navigator calls Arithmetic fo his aid, and traverses the 
trackless ocean. Both he and the Astronomer use it in connexion 
with Geometry, and hence their calculations belong to the class 
called Mixed Mathematics. The Astronomer has to do princi- 
pal!)' with circles, and tlie laws which govern bodies moving 
in tliem, while the navigator is more concerned with triangles, 
plane and spherical, and the effect of winds and tides. Many 
of their calculations are however nearly allied; for the way- 
marks of the mariner are not upon the waters, but in the 
heavens above. 

The calculations of the machinist are various, and involve 
many principles for which he must look into the laws of physi- 
cal science. If he seeks to propel his machinery by water 
power, he must study the laws of Hydraulics and Hydrostatics. 
He must learn how fluids move and how they tend to act when 
not in motion. Here be will meet with the Hydrostatic Paradox, 
and other phenomena no less incomprehensible to him who has 
not closely investigated the subject. If he calls to his aid the 
strength of steam, he must study its laws ; and whatever mo 
tive power he may use, he must study the principles of the 
Mechanical Powers in constructing his machinery ; that he 
may not be found warring against the ever constant laws of 
nature. To undertake even a sketch of the calculations which 
the machinist will find necessary in his business, would be to 
write a book on this subject alone. By Machinists we mean 
to include Millwrights and all others employed in the construc- 
tion of machinery ; and they have many hooks especially 
adapted to their use. 

To express the effect of a steam engine it is usual to com- 
pare it with the power of a horse, probably from steam engines 
being often used in their first introduction, to perform the work 
otberwise done by horses: hence we speak of engines of 10, 
20, or 59 horse power. The power of a horse is however 
variously estimated, and consequently this expression is very 
indefinite. Smeaton considers a horse capable of raising 
22916 lbs. one foot high in a minute. Desaguliees makes it 
_ 26500 : Watt 33000, while Grieb, in his Mechanic's Calcu- 
lator, makes it 44000. In speaking of Anima! Strength as an 
effective agent, Grier says " There is a certain load which an 
anima! can just bear but cannot move with it, and there is a 
certain velocity with which an animal can move but cannot 
carry any load. In these two circumstances it is clear, that 
the exertion of the animal can be of no avail as a mover of 
machinery. These are, as it were, the extremes of the 
animal's exertion, v/here its effect is nothing ; but between 
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these two extremes, there must be weights and velocities with 
which the animal can move, and be more or less efficient. 

If one man travel at the rate of three miles an hour, and 
carry a load of 56 lbs., and another move at the rate of 4 miles 
an hour and carry a load of 42 lbs., the speed of the first is 3, 
and the load 56, the useful effect may therefore be estimated 
as the momentum^l68. The other carries only 42 lbs., but 
travels at the rate of 4 miles an hour ; therefore, in the same 
way, his useful effect will be 4X42^^168, the same as before: 
hence the effects of these two men are the same. It will not 
be difficult to show, that in the same time they perform the 
same quantity of work. For the first will in six hours carry- 
56 lbs. 3x6=^18 miles, as he travels at the rate of 3 miles an 
hour; and if he be supposed to carry a different load, but of 
the same weight every mile, he will in the six hours have car- 
ried altogether 18X 56=1008 lbs.; but the other carries in the 
same way, 4 times 42 lbs. every hour, that is 168 lbs. in one 
hour — therefore in 6 hours he will have carried 168x6^1008 
lbs., the same as flie other. 

It will now be seen what is meant by the phrase useful 
effect, and from what has been observed above, we will be led 
to conclude, that when the load is the greatest which tlie 
animal can possibly bear, the useful effect is nothing, because 
the animal cannot move; and when the animal moves with its 
greatest possible speed, the useful effect will also be nofhin^r, 
for then itie animal can carry no load ; and it becomes a very 
usefiil problem to determine where between these two limits, 
the load and speed are so related that the useful effect of the 
animal will be the greatest. By investigation it has been found 
that the maximum effect of an animal will be when it moves 
with J of its greatest speed, and carries Jths of the greatest 
load it Can bear." 

The Carpenter, the Mason, the Farmer, in short every one, 
has his appropriate calculations ; but we shall not enter upon 
a detail of them. We remarked on a foimer occasion that th(> 
blacksmith cannot even iron a double tree without (ilJinf; 1o 
his aid the pnnciples of this science, if he would do the \\ork 
correctly Many questions in this hook are fiamed with a 
view to suggesting hints ot useful applicitions of the scienci 
A little investigation and simple calculation would often si^e 
men i deal of trouble I recollect once seeing a man en- 
deavonng with all his ingenuitj to gam power to his ox mill 
by lengthening his beam for the cattle to draw at, to a great 
extent, and then adding an extra wheel to recover the motion 
he had lost Another wi-j bus^ it woik indenting wa^i ind 
means to throw the witer th-it had turned his wl eel, b itk mto 
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his forebay, that it might do the same again, Redheffer 
spent his life in the idle hope that he could disturb nature's 
balance and invent Perpetual Motion; but his labors ended in 
placing an old man in a garret to turn his crank. Hundreds 
have sought the same invention, and with similar want of suc- 
cess. The same certainty may be reached in estimating the 
power of mechanical agents and the operation of physical 
causes, as in any other business calculation, if men will only 
acquaint themselves thoroughly with the laws of action by 
which these causes are influenced and apply to them the close 
reasoning which they do in mathematical calculations gener- 
ally. 

The calculation of interest is deemed of such importance in 
business matters, that we have devoted an entire lecture to its 
consideration ; and we shall do the same with the doctrine 
of Wheel Carriages, because it is a subject of practical import- 
ance, and we know no treatise to which the student could be 
referred for accurate information. 

In applying Arithmetic to the purposes of life, the doctrine 
of Wdg/tts and Measures, and of Coins and Currency demand 
attention. To secure uniformity in weights and measures has 
always been an object of importance, but at the same time 
one difhcult to accomplish. Nature does not furnish any 
standard of length or capacity with which all other terrestrial 
bodies may be compared, for her productions are ever varjing, 
and we perhaps could scarcely find any two shells or other 
natural productions of precisely tlie same capacity, or of the 
. 'same length, which we might use as standards ; hence when 
great precision is required, we must adopt or rather construct, 
a standard with which to compare. In the infancy of science 
nature is however resorted to for standards of measurement, 
and the names of both ancient and modem measures show 
that the /tand, the span, the arm, and the Jbot have been the 
first tests of length, amongst all nations. The savage in 
adjusting his bowstring or his angling line would probably 
resort to ihejinger's width; or its length, to the ancient aiiit, 
or distance from the tip of the elbows to the end of the middle 
finger ; the ell, or distance from the tip of the longest finger 
of the extended arm to tlie middle of the breast ; wliile double 
this, or the entire distance from one hand to the other when the 
arms are extended would be the Jatltom. To tliis day the 
fathom is used to express the length of cordage, and hence to 
express the depth of water, which is measured with the sound- 
ing line. How natural to suppose that such a mode would be 
adopted to measure the length of a line, and having sounded 
the water, thus to determine its depth ! but for measures upon 



..Google 



las APPLICATIONS OF ARITHMETIC. 

the surface of the ground, the Jhot, or the shp would be pre- 
ferred. 

In our artificia! system, the measuring unit is a Barleycorn, 
the length of three of these being called an inch, and twelve 
inches a foot ; but we must know that barleycorns are of veiy 
unequal length ; and if the standard measures were lost, it 
would he a difficult task to replace them from such originals. 
On the other hand we are told that the foot was originally the 
unit, and that its length was determined in the year 1101 by 
measuring the foot of his majesty, Henry the First, king of 
England, and some say that the yard was established by mea- 
suring his arm. Be this matter as it may, the standard has 
long been fixed, and every precautionary measure is adopted 
to preserve it from being lost ; though it might be restored, as 
we shall presently show, if it were lost. With the divisions 
and multiples of the measuring unit such as inches, yards, 
rods, miles, &c., every one is familiar ; and it is entirely ob- 
vious that measures of length being established, measures of 
superficial extent would he drawn from them, and equally so 
that measures of capacity would also be. The extent of a 
foot being fixed upon, the length of a line would be determined 
by the number of times it would contain a foot. Then the 
extent of a given surface would be determined by the number 
of times it would contain a square surface a foot in length on 
each side ; and the size of a solid body by the number of solid 
blocks, a foot in length on each side, that could be made from 
it. Determining a measure of length, determines therefore all 
other measures. Liquid and Dry Measure are as completely ' 
solid or cubic measure, as measuring stone or earth would be ; 
though from the nature of substances thus measured, the quan- 
tity could not be so readily estimated by taking their several 
dimensions in the usual way ; hence a vessel whose capacity 
in cubic inches is known, is filled with the fluid or the loose 
substance, sought to be measured, and the quantity determined 
by the number of times it will fill the vessel. 

The original English standard yard measure is kept with 
great care in the Tower at London, and certified copies are 
furnished to officers of tlie customs, and all others who are 
willing to pay the fee. The Standard measures of modern 
times, not only of length but of capacity, are made with great 
accuracy, and of materials least liable to be affected by 
changes of temperature; or of such a combination of materials 
as may counteract such changes. For the purpose of accurate 
adjustment they are placed on frames and their length and 
divisions adjusted by miscroscopic observation, which may 
render the twenty thousandth part of.an inch measurable. To 
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touch them witli the warm hand, or even to hlow the breath 
Hpon them, would cause expansion, invisible to the naked eye, 
bat tlie accurate micrometer would mark the difference. 

Dr. Locke, of Cincinnati, who visited Europe in 1837 for 
the purpose of obtaining philosophical apparatus, and to obtain 
copies of the English standards, gives rather a ludicrous ac- 
count of some of their ancient standards, which like their 
ancient customs are cherished because tliey are old. '* I was 
permitted" says he, " to exaraine tlie ancient standards in the 
exchequer : some of them are of extremely rude construction. 
'I'he standard yard of queen Elizabeth, which was in use until 
within eleven years past, is a rude bar of brass, neither straight 
nur square, but sutb an approximation as might be expected 
from the hammer and anvil of a bungling blacksmith. The 
ends ire neither squaie noi smooth; the divisions of halves, 
quirters, &,c , dre maiked by notches, deeply and broadly 
scoicd T* if ( nt with a jack knife in a rod of wood, some of 
them straggling obliquelj at least the twentieth of an inch. It 
h'id been broken asunder at some unknown period, and re- 
united by 1 do\etad, but so badly that the joint is nearly as 
locie IS that of a piir of tongs." He adds the remark of 
another genUeman, that " a common kitchen poker would 
make as good a standard " 

Various standard jards ha^e been at different times con 
structed, and though diiFenng ^eT} slightly from eich other, 
sT.^ two or three thousandths of an inch, they are still so 
neirly ahke tliat any one could be restored if destrojed, for 
Ihej have been carefully compare 1 and their diftcicnces 
ri corded But should the origmi! ind al! its cop es be de- 
s*ro>ed, theru are meins by which the measure could be re- 
(.onstiui ted 

The spice through ^hich a body falls m i sei-ond of time, 
I'i known, but thee would certiinly be much difficulty in 
making observations of a fallmg bodj with the necessary ac- 
curacy , it indeed the precise velocity of the fallmg body is 
known The length of a degree upon the surface of the globe, 
would furnish a second mode of restoring the lost measure, 
but this would require a very labonous and careful geodesK 
■5UIV ey Still it would be a means of restonng that which had 
been lost But a third, and much superior mode would be to 
■idjust a pendulum to belt seconds, or any other given rate, at 
a Lcrtain latitude, and tiom its length to estabhsh the lost 
mei'iure Any requirerl time, an hour for instance, maj be 
measure I by tlie motion of the heavenly bodies, without the 
use of clocks or witches, or it may be measured by meins of 
a dial. All then that would be necessary would be to adjus-t 
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the pendulum by trial until it would beat at the rate of 3600 
times in one hour, and having verified this by proper observa- 
tion, its length in inches would be known, from past dis- 
coveries. 

The British Parliament, in 1824, enacted that if the stan- 
dard yard should at any time be lost, a new standard should 
be made, bearing the ratio of 36 to 39.1393 to a pendulum 
that would beat seconds at the level of the sea, in a vacuum, 
in Ibe latitude of London. For it is well known by experi- 
raent that such a pendulum must be 39.1393 inches in length, 
36 of which would of course be 3 feet, or one yard. The 
laws of Ohio make a provision very similar. Pretty general 
uniformity exists in the measures of the United States, except 
perhaps in Louisiana, but in England and its dependencies, 
local customs have always triumphed to a very great extent 
over Parliamentary enactments. In some counties the perch, 
for instance, is 6 yards, in some 7, and in others 8. In Cun- 
ningham measure it is 6J yards, in Forest Measure 8 yards, 
in Woodland or Burleigh Measure 6 yards, and yet not one 
of these is the legal length; that being 5 J yards as in the 
United States. Others of their measures and weights are 
almost as various. 

In Ohio, by an act of 5fh March, 1835, it is declared that 
"the unit or standard measure of length and surface, from 
whence all other measures of extension, whether they be lineal, 
superficial, or solid, shall be derived and ascerta.ined, shall be 
the yard, as used in the State of New York, on the 4th day of 
July, 1776." The yard alluded to is the same as that of the 
English exchequer, as appears from an act of the New York 
legislature of April 10, 1784. 

Our several measures of length and capacity bear to each 
other no uniform ratio, and hence much difficulty arises to 
learners in the study of arithmetic, and to business men in ap- 
plying it. To obviate this the French adopted a decimal scale 
of measures ; and in 1818, the Congress of the United States 
referred the subject of decimalizing our Weights and Measures 
to John Quincy Adams, who was then Secretary of State. 
He did not report until 1821, when he reported adversely 1o 
the project. His report .enters very minutely into tie history 
of the subject, and shows what the French nation had done ; 
but it has not satisfied the American people (hat his reasoning 
is correct, though it caused the project to be abandoned at that 
time, Tlie great advantage of our system of Federal money 
over the old currency, shows us how convenient it would be 
to have the ratios of aU our compound quantities decimalized. 
Few ihings are more uniform than the weight of pure water 
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at any given temperature, hence the system of Weights is 
readily derived from the system of Measures. A cubic foot 
of pure water at its maximum density, which is at the tem- 
perature of 40° of Fahrenheit, weighs precisely 1000 ounces 
Avoirdupois, or 62J lbs. This is the standard prorided by 
law in Ohio, as the unit of weight from which all others shall 
'be determined. The Avoirdupois pound being divided into 
7000 equal parts furnishes the Troy grain, from which the 
several weiglits in that system are readily determined. The 
pound and ounce of Apothecaries' weight are similar to those 
of Troy. In Ohio, the law declares that 25 lbs. (not 28) shall 
be a quarter of cwt.; that 109 lbs. shall be a cwt. and that 
2000 lbs, shall be a ton. 

The English system, on which ours is founded, does not 
seem to have been based on tlie weight of a cubic foot of 
water ; but had reference to the articles wine and wheat, and 
the weights used in the balance were the coins of circulation ; 
for then pounds, shillings and pence, were not only money but 
weights also. The penny was equal in weight to " 32 wheat 
corns, in the midst of die ear," and 20 pennies made an 
ounce, or as we yet have it "20 pennyweights make an ounce." 
The weight of the penny was afterwards reduced, so that it 
would counterpoise no more than 24 grains of wheat. Edwaed 
III, and other English sovereigns, reduced the weight of their 
coins, by making a larger number from a given quantity of 
metal, but retaining their nominal value, until now a £ money 
and a lb. weight no longer balance each other. The Easter- 
ling pound was long used at tiie English mint, and hence the 
coinage of England is called Sterling money to this day. 

The unit of lAquid Measure, as recognized by the laws of 
Ohio, is a gallon, of such capacity as to contain at tlie mean 
pressure of the atmosphere, at the level of the sea, eight 
j)ounds of distilled water, at its maximum density. This is 
less than 231 cubic inches, being only 221*3*^ cubic inches. 
The Dry Measure gallon contains just one fourth more. From 
these all other measures are derived. We have thus hastily 
sketched the connexion between measures of capacity and 
measures of dimension and of weight. The pendulum which 
is iixed by a law of nature establishes the length of the stan- 
dard yard, from this by multiplication and division, all otlier 
measures of length are established, and from these measures 
of surface and solidity follow of course. Having established 
these we form a cubic box of one solid foot, and filling it with 
pure water of proper temperature, &c., we establish the weight 
of 62J pounds avoirdupois, and from this we establish tiie 
weight of one pound, and hence by multiplication and division 
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all avoirdupois weights are obtained. We know llie pound 
avoirdupois contains 7000 grains Troy, and thus the means of 
forming that series become known ; or we may effect it from 
knowing that 144 pounds avoirdupois wili make 175 pounds 
Troy. Having weights and measures of dimension, we fix 
our standard of Measures of capacity. So that were all our 
standards of weights and measures stricken from existence, 
nature furnishes us the means of restoring them in tlie precise 
form in which they now exist. 

The English measures of capacity, as the ground wort of 
our own, remain to be noticed. The English wine gallon of 
1266 is thus defined : " 32 wheat corns from the midst of the 
ear make the weight of a penny, 20 pence an ounce, 12 
ounces a pound, eight pounds a gallon of wine, and eight gal- 
lons a London bushel, which is the eights part of a quarter ;" 
probably so called from its being J of a ton, which is 32 cubic 
feet of water and would be nearly so of wheat, even with the 
present bushel. Thus wheat and silver money were made the 
tests and standards of each other ; and the weight and mea- 
sure of wheat and wine were proportioned to each other. The 
measure of wheat was at the same time a weight of wheat, and 
the measure of wine expressed a weight of wine, and whether 
these important commodities were bought and sold by weight 
or measure the result was the same. And in reference to 
wheat, the means were furnished to find from the weight the 
number of kernels also, a fact not indeed very important ; but 
tending to give system to the scheme. Several laws were en- 
acted at various times, by which standards of different sizes 
were established, some apparently through ignorance of exist- 
ing regulations, and others to effect what it was thought would 
be salutary changes, by producing a nearer approach to uni- 
formity in the measures used for different purposes and in 
different places. The ale gallon was established as the eighth 
part of the measure of a bushel which should contain of wheat 
the weight of eight gallons of wine, or as we may ascertain 
from the specific gravity of wine it must contain 64 pounds 
of wheat of their standard, and be in capacity equal to 2256 
cubio inches, tbe eighth part of which is 282 the cubic inches 
in the ale gallon. The wine gallon had been before changed from 
224 to 231 cubic inches, so that the wine and ale gallons are 
in die same proportion to each other as the Troy and Avoirdu- 
pois pounds. The bushel, finally, however, was established 
at 2150j^u cubic inches, the eighth part of which is still called 
a gallon, and must contain of course 268^ cubic inches; but 
to distinguish it from the others it is called the Diy Measure 
gallon. Under the present English system as established in 
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1826, some of these measures are slightly modified, but the 
minutite of detail would fill a volume. 

In 1790, Prince Talleyrand moved the subject, and in 
1793 measures were adopted by the National Convention of 
France for the establishment of an improver! system of Me- 
IroEogy, and in 1795 the system was given to the world. The 
twofold object sought to be attained in this system is uniformity 
and a decimal ratio in the denominations. Instead of various 
weights and measures adapted to different purposes as the 
English have them, they sought to establish one set of measures 
of extension and connected with this a set of measures of ca- 
pacity and weights. They wished to found their system on 
something natural, and for this purpose they determined to 
measure the length of a quadrant of the meridian, t. e. a line 
drawn from the equator to the pole, passing through Paris, and 
to take the ten millionth part of fliis extent as their unit of 
measurement. It is not easy, however, to see what great ad- 
vantage is to result from this standard being founded on a 
natural basis, unless by so founding it other nations would be 
induced to adopt the same standard. After some years em- 
ployed in the survey by some of the best mathematicians of 
France, it was determined that the quadrantal arc measured 
5130740 toises of 6 feet each, the ten millionth part of which 
is 3 feet 11.296 lines of the old French measure, which is 
3.2809167 feet, English measure. This was the standard unit 
of the system, and was called the Metre, (or Measure) from 
which by multiplication and division, all oUier measures were 
established. It may be proper to remark, that in determining 
the length of such quadrantal arc, it is not necessary to mea- 
sure the whole arc, but only a degree, or such part of a degree, 
as determmed by an astronomical observation ; for from this 
the length of a degree may be readily found. 

S^~ Table of the New French Measures. 

1 Mehe,^^ mBosuiifi of the distance from the Equator to the 
Pole, or 3.078444 French feet ^3. 2809 167 English feet. 

1 Dem-Jl/e(rc,=10 Metres. 

1 I{ecto-MetTe,^^10 Deca-metres. 

1 Kilo-Metre,^=10 Hecto-metres. 

1 Myria-Metre,=:lQ Kilo-metres. 

The measures were also carried downward by division, thus 
the Deci-Mefrev/as the 10th part of the metre, the Centi-Metre 
was the 10th part of the deci-metre, the Milli-Metre was tlie 
10th part of the centi-metre. The prefixes to express mea- 
sures greater than a metre being from the Greek and those less 
from the Latin, These are their measures of length, and from 
17 
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these the measures of surface are obtained in the usual way by 
squaring. The unit of field or agrarian measure is the are, 
equal to 100 square metres. The centiare is one square metre, 
and the hectare 100 ares, or 10,000 square metres. 

The unit of solid measure is the sfere or cubic metre, and 
the decistere which is a tenth of the stere. 

The liquid measures are the litre or cubic deci-metre, the 
deca-litre of ten times the capacity of the litre; and the deci- 
litre, which is the tenth part of the litre. 

The measures for dry goods are the litre, the deca-litre, 
hecto-litre, and kilo-litre, which are respectively once, 10 times, 
100 times, and 1000 times the deci-metre cube. 

The basis of the system of weights is the lidofframme, which 
is the weight of a deci-metre cube of distilled waler at tlie 
temperature of 40° of Fahrenheit's thermometer: the tliou- 
sandth part of this is the gramme or unit of the system of 
weights. The decagramme, hectogramme, and kilogravime, 
are respectively 10, 100 and 1000 grammes. The quintal is 
100 kilogrammes, and the millier 1000 kilogrammes. The 
decigramme is the tenth part of the gramme, the centigramme 
the hundredth part of the gramme, and so on. 

The French government at the same time adopted decimal 
divisions of money and time, but with all the devotion of the 
French nation to the new order of things, its introduction into 
general use was slow, and twelve years ailer its final adoption 
in 1799, the government was obliged to modify the law by 
permitting a different division to be used for certain purposes. 
How far it has now been adopted by the people to the exclu- 
sion of all others we are not prepared to say. The Chinese 
have for ages had all their subdivisions in weights, measures, 
&c., adjusted in a decimal ratio. 

In ordinary business operations, great carelessness is usually 
indulged in, in measuring and weighing. The law of Ohio very 
justly requires that all surveys should be made with a horizon- 
tal chain, and thus that the measure of a line extending over 
a hOl should be the same exactly as that across its base ; but 
this precaution so necessary to accuracy, is too often but par- 
tially observed, and hence if one or more lines of a survey 
pass over hilly ground, they will be longer than they should 
be, and the survey, however accurately made in other respects, 
will not close. When this is the case, it is usual to add one 
half the difference to the shorter lines, and subtract the other 
half from the longer ones, thus making them balance midway 
and of course giving an area greater than the horizontal sur- 
face. That the surface of a hill is greater than that of its base 
is certainly ti'ue, but more stalks of grain cannot stand upon 
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it, nor would it take a greater number of palings to make a 
fence over a hill than across its base, though it would require 
a greater length of horizontal rails and more posts, the rails 
being placed parallel with the hill side. 

In cases where extreme accuracy is required, as in the 
French survey to determine the length of 90° of the meridian 
for the purpose of fixing tie length of tlie metre, their unit of 
length, it becomes necessary to use a measure that will be as 
little as possible affected by moisture and by changes of tem- 
perature. Dry pine or deal rods will be less affected in length 
by variations of heat and cold than a metal chain, but then it 
will be much affected by moisture. The common impression 
is that timber does not shrink endwise in drying, and fliat it is 
not changed in length by moisture or dryness. It is true that 
the expanding and shrinking across the grain is much greater 
than lengthwise, but it is materially affected both ways. 

In the French survey for determining the metre, their mea- 
sures were formed of rulers of platina and copper. Some 
Swedish mathematicians, who were employed in a similar sur- 
vey at the same time used iron bars covered near the ends 
with silver. General Roy in England used at first deal rods 
perfectly seasoned and effectually secured from bending, but 
they were so much affected by moisture as to take away all 
confidence in the result. Afterwards glass tubes 20 feet long, 
enclosed in wooden frames, were used, and allowance made 
by a certain rule for changes of temperature. With these a 
line of 27404.08 feet, or about 5.19 miles, was measured on 
Hounslow heath, and several years afterwards the same line 
was remeasured by General Mctdge, with a steel chain, 100 
feet long, constructed like a watch chain. The chain was con- 
stantly stretched to the same tension, supported on troughs 
laid horizontally, and allowances made by an ascertained rule 
for changes of temperature. The result when compared with 
General Rot's measurement with glass tubes, showed a differ- 
ence of only 2f iuches, which is a small matter in a line more 
than 5 miles long. 

We have already remarked that coins were originally 
weights also, and we find a similar connexion between the 
money, weights and measures, mentioned in the Scriptures. 
In our own country, the money system is made very simple by 
the adoption of a decimal ratio. Prior to the adoption of this, 
there was no uniformity of currency amongst the States. A 
shilling, which is an imaginary sum, not a coin, varied in 
value, in the several States, so as to make ordinary business 
calculations very perplexing to such as were not familiar with 
them. These different modes have given place generally to 
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the simple one of dollars and cents; and in our own s'atc such 
a currency is pounds, shillings, &.c , is not reco^ni 1 1 I > llie 
law<!, hence if a note were given for Tti> nuroher ot pounds, 
shillings, &.C , the meaning would become d question tl tact 
to be inquired into through witnesses 

The power to coin money and fix its value is gianted bj the 
constitution to Congress alone, with the resttiction that only 
gold and siher shall be made a legal tender in the pajment 
of debts Cents are therefore not a legal tender The present 
s> stem of Federal money was adopted on the 8th of August, 
1786 The eagle was then made to contain 247^ grains of 
pure gold, and 22^ grams of ailoy; but Congress on the 21st 
of June, 1834, enacted that from and after 31st of July of that 
year, the eagle should contain 232 grains of pure gold, and 
26 grains of alloy, making 258 grains of standard gold. By 
the law of 1786, the value of silver to gold was 1 to 15 ; by 
the law of 1834, it was made as one to 16. By the latter act 
the value of all liie gold in circulation was increased -j'j. 
Eagles of the old coinage may be known by their having a 
liberty cap on the head of the figure; they are worth $10.66|. 

The weight of the silver dollar remains as at first established, 
371 J grains of pure silver, and 44| grains of alloy. The cop- 
per cent weighs 208 grains. 

We might pursue the subject yet farther, and show that a 
knowledge of Arithmetic is indispensable in every branch of 
business and science ; but what has been said wdl probably 
be sufficient for our purpose. 
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LECTURE XIII. 



PROPORTIONS AMONGST LINES. SURFACES AND SOLIDS. 

In a former lecture the subject of proportion amongst num- 
bers was fully discussed ; in the present we propose to consider 
tbis subject very briefly in reference to Lines, Surfaces and 
Solids ; embracing in part the comparison of simUar parts of 
similar figures and also a comparison of dissimilar figures. 
Some knowledge of this subject is entirely necessary to any 
one who would learn to measure, or study the principles of 
Mechanics and the laws of Motion ; hence we introduce it, 
though not strictly a part of the doctrine of numbers. 

Lines are proportionate to each other simply as their lengths, 
since they have but one dimension ; but similar surfaces are to 
each other as the squares of their like linear dimensions; and 
similar solids as the cubes of Oieir like linear dimensions. If 
for instance there are two circles, the diameter of the first being 
4, and the second 8, we might suppose the first to be just half 
as large as tiie second, since its diameter is just half as great ; 
but their areas are in proportion as the squares of their diame- 
ters, and the square of 4 is 16, the square of 8 is 64, hence 
they are as 16 to 64, or as 1 to 4; the area of the larger being 
4 times the area of the smaller. If we would compare a ball 
4 inches in diameter with another 8 inches in diameter, the 
ratio in solidity, and consequently weight, will be as the cube 
of 4^=64, to the cube of 8=512, or as 1 to 8; the larger 
being 8 times as large and heavy as the smaller. Hence a 
ball two inches in diameter, if melted and cast into one inch 
balls, would make eight of them. 

It is desirable at the outset to obtain a clear idea of this law, 
for it always appears paradoxical to tlie young beginner, and 
a distinct understanding of it is important. The question is 
sometimes asked, " Which wiO vent most water in a given 
time, a single auger hole an inch in diameter, or two holes 
each of half an inch in diameter, — equal areas venting equal 
quantities." Almost every one who is unskilled in mathe- 
matics, when he hears this question for the first time, is ready 
to exclaim, they will vent equally. Yet a Httle reflection will 
17* 
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show that this is not true, for if you describe a Fig. I, 
circle an inch in diametei, and withm it draw 
two others, eacb half an inch in diameter, there 
is stil! much left not embraced m the small cir- 
cles; or the same idea may be made plai 
perhaps by describing an inch circle on a 
board, and attempting to bore it out with a halt 
inch auger. The four holes that must be bored will ran into 
each other, but as much will remain uncut, as is thus cut 
twice. (See Fig. 1.) To afiertain the exact proportion 
we must square the ^ ini.h, the diameter of the small hole'-, 
^^\, and take twice that v[uare, lor there aie two holes, equal 
^; then the square of 1, the diameter of the larger hole, ^^1, 
which is twice as much as both the small ones , therefore, the 
inch hole will vent twice as much as both the half inch holes. 
That this must be so is more easilj shown if the figures he 
square. If I have a square plat of ground measunng 2 rods 
on a side, and I increase it so that a side shall measure 6 rods, 
then the plat is made 9 times as large; for the square of 2 is 
4, and the square of 6 is 36, and 4 : 36 : : 1 : 9. The 
first plat contained 4 square rods, the last 36, and you might 
lay off 9 such as the first upon the surface of the second. 

A mile square of land in our public surveys, is called a sec- 
tion, and contains 640 acres ; but J a mile square is only J 
of a section, and contains only 160 acres. 

When we look at an iron ball weighing one pound, and 
form an idea of one that shall weigh a large number of lbs., 
say 40 lbs., we are almost sure to fancy one larger than the 
reality, for we forget that every additional inch of diameter 
forms a coating half an inch thick over the entire surface of 
the ball, and Aat a ball 3 inches in diameter will weigh as 
much as 27 balls one inch in diameter ; and that an inch more 
added to the diameter will make it weigh as much as 64 of 
one inch. 

When two lines are compared, it is evident that both must 
be considered as finite, so that the smaller may be increased 
until it shall equal the greater, otherwise there could be no 
ratio between them. Time cannot be compared with eternity, 
since the latter is without limit. A second of time bears some 
assignable ratio to the duration of time from the creation of 
the world to the present hour; but what is the ratio between a 
million of years, and duration that shall never end .' 
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PARTS OP THE SAME FIGURE. 

Let us first consider lines that are parts of the same figiare, 
as the diameter and circumference of a circle, the legs and 
liypolenuse of a right angled triangle, &.c, 

I'inding the ratio between the Diameter and Circumference 
of a circle is frequently called Squaring the Circle, or the 
Quadrature of the Circle. It is a problem that long puzzled 
mathematicians, but its farther investigation is now generally 
abandoned ; they being satisfied that the exact ratio cannot be 
found, while for all practical purposes it was long since dis- 
covered with sufficient accuracy. Some have supposed that 
it might be done mechanically, but any attempt of the kind 
would be useless. 

Archimedes, who was born at Syracuse 287 years before 
Christ, discovered that if the diameter of a circle be 1, tlie 
circumference will be between 3^^ and 3}?, and hence be gave 
the practical ratio as 7 to 22 or 1 to 3^. At a much later date, 
Metiits, a German mathematician, established the ratio for 
practical purposes at 113 to 355 ; but he carried the calcula- 
tion theoretically much farther, finding the ratio accurately to 
17 places of decimals. Vieta, a French mathematician, 
having before carried the ratio to 11 places. At a still later 
period another Dutch mathematician, Ludolph Van Ceclen, 
investigated the subject «itli great care and carried the calcu- 
lation much farther than any of his predecessors. He proved 
that it the diameter of a circle be ], the circumference will be 
greater than 

3.1415926535S9793238462643383279502S8, but less 
than 3.14159265358979323846264338327950289 
and lie was so pleased with his discovery that he desired that 
the numbers might be engraved upon his tombstone, which 
was done, as may be seen at St. Peter's Church, at Lej-den. 
He appears, however, to have effected his calculation by dint 
of labor, ratlier than fertility of invention, for he used only the 
tedious mode of calculation long before adopted by Akcoi- 
MEDEs. Snei.lius, of the same country, adopted a much 
shorter process by which he fully proved the accuracy of Van 
Ceulen's calculation. 

There is a common notion with workmen that 3 times across 
a circle is equal to once round it, but this would be too wide 
of the mark for reasonable accuracy. It is true, however, that 
if you take six steps with the compasses, opened to the width 
of the radius, or that distance of the compasses used in 
describing the circle, they will just step round the circle, and 
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hence the idea that with double the radius, or the whole diame- 
ter, it will only take 3 steps ; but this is not true even in step- 
ping, for you cannot step round a circle at all if you take the 
entire diameter in your dividers ; you will Fig. 2. 
merely step across it. Stepping round the ' 
circle in this way does not give the length of 
the circle, but the periphery of a polygon of a 
number of sides corresponding with the s 
taken ; the curve of the circle being constantly 
a little longer than the side of the polygon. If 
the radius be used, the circle ■will be laid c " 
into a hexagon. (See Fig. 2.) As we increase the number 
of, sides, (he sum of all the sides, or the perimeter of the 
figure, will approximate more and more neariy to the circum- 
ference of the circle ; and if we enclose the circle in a similar 
and corresponding polygon, the length of the circumference 
will be somewhere between the perimeters of the two polygons. 
Enclosing the circle between an inscribed and circumscribed 
polygon, was the mode adopted by Akchimedes, and by his 
successors down to the time of Van Ceulen, inclusive ; later 
mathematicians, however, have adopted briefer and better 
modes : but they involve principles which we cannot here dis- 

In arriving at the ratio 7 to 22, Aecbimedes used polygons 
of 96 sides, and by extending the number of sides to 3276S 
we should obtain the ratio true to 7 places ; how immense then 
must have been the labor of Van Ceulen to extend the calcu- 
lation to 35 places! The operator can know Vihen he is cor- 
rect to any given number of places by the lengtli of the in- 
scribed and circumscribed polygon coinciding to such extent; 
for as the circumference of the circle is between them it must be 
thus far the same. In Van Ceulen's proportion giien above, 
the first number gives the length of the inscribed, and the second 
the circumscribed polygon ; the circle being between them. 

It might be matter of interesting amusement to ascertain by 
comparison how far the proportion of Van Ceulen falls short 
of perfect accuracy, but no calculation that could be made 
would bring it within the grasp of the human imagination. 
If a ray of light, b-avelling at the rate of 12000000 miles per 
minute, had been despatched at the moment of creation, and 
had continued its unabated speed until the present hour, al- 
lowing that period to have been 6000 years, it would have 
travelled only 34989120000000000 miles, 17 figures being 
sufficient to express the nuluber ; while 35 are necessary to 
express the number of parts into which the diameter must be 
divided, that one of those parts may express the ratio of the 
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greatest possible error to it ; and how much less it may be we 
cannot tell. Now when we consider that every cipher added 
to a number increases it tenfold, we are ready to exclaim that 
the error bears to unity a less ratio than a grain of sand to the 
globe we inhabit. But if this be the case when the decimals 
are carried to only 35 places, what must it be when carried to 
156 places, as has been done by the later mathematicians, but 
still without finding the exact ratio. This would be accurate 
enough to create a universe by. 

For practical purposes it is usual to consider the circumfer- 
ence 3.1416 when the diameter is 1, this being within less 
than Tjo'jiiff of a unit of the truth, and being sufficiently diffi- 
cult to remember and tedious to apply. Taking this as accu- 
rate, and the diameter of figure 2, as 1, -J of the circumference 
would be .5236, which is equal to the curve arc upon one side 
of the polygon ; the side itself being equal to the radius, and 
hence it is .5; so that the c;un,'e exceeds the straight line by 
.0236. 

The radius of a circle is a line drawn from the centre to file 
circumference, as a ray emanating from the centre, and if 
these radii be drawn from the centre to every part of the cir- 
cumference, the circle will appear as a star formed by a glow- 
ing light in the centre of the circle. As these pass only from 
the centre to the circumference, Ihey are but half the diameter, 
and they will be to the circumference as J to 3.1416, or as 1 
to 6.2832. 

The chord of 60° of a circle, is equal to the radius, as may 
be seen in fig'ire 2, where the circumference being divided 
into 6 equal parts, each must contain 360°-i-6=60'^. In that 
figure the triangles are equilateral, and hence equiangular. 

The following is the most accurate proportion yet calcu- 
lated, and as perfect accuracy seems not to be attainable, it is 
not likely that the subject will undergo farther investigation. 
If the diameter be 1 , the circumference will be 3.1415926535- 
8979323846264338327950288419716939937510582097494- 
45923078164062862089986280348253421 17067982 148086 - 
5132823066470938446460955051822317253594081284802. 

This ratio furnishes a number of the constant multipliers used 
Call the above number n ; then — 



1. The number .7854, (or more properly .7853, &c.,) is one 
fourtii of n. 

2. .707106, &c., used to multiply the diameter of a tree by 
in order to find what it will square, is the square root of one 
half of n; and .225079, &c., used as a multiplier of the girt 
or circumference, for the same purpose, is the product of the 
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above multiplied by the quotient of n, divided into the 
diameter. 

3, To find how large a tree is required to make a given 
square beam, we may multiply the side of the square by 
1.4142, &c., for the diameter; or by 4.44288, &c., for the cir- 
cumference. The former is the square root of twice n, and 
the latter the square root of twice m, multiplied by w. 

4. The number .5236, &c.. used in finding the solidity of a 
sphere, is one sixth of n. 

5. We are sometimes directed to square the circumference 
of a sphere and multiply by .3183, &c., for the surface. This 
is the diameter 1, divided by n. 

6, We may square the circumference of a circle, and mul- 
tiply by .07958, &c., for the area. This is lie diameter 1, 
divided by 4 times n. 

We might proceed to point out many otiier numbers, used 
in calculation, but it is unnecessary. Whenever you find a 
constant decimal having reference to a circle, or almost any- 
thing circular, you may rest assured that it is derived in some 
way from the ratio of the diameter of a circle to its circum- 
ference. Tliese numbers might of course be carried by divi- 
sion to as many places as n itself, but it is not necessary. The 
reason of these multipliers will be obvious from the purposes 
to which they are applied. 

One of the most interesting and valuable proportions in the 
parts of any known figure, exists amongst the sides of a right 
angled triangle. It is the offen spoken of 47th Proposition of 
Euclid's 1st book ; and so valuable was it deemed by Pytha- 
goras, who discovered the truth involved, that in his heathen 
piety and superstition, he caused a hundred oxen to be sacri- 
ficed in thankfulness to the gods for enabling him to make the 
discovery. The proposition is, that In every right angled tri- 
angle the square of the side subtending the right angle, is equal to 
the sum of the squares of the two sides containing the right angle; 
or in other words, the square of the Hypotenuse is equal to the 
sum of the squares of the Base and Perpendicular. If the 
base of a right angled triangle be 3, and the perpendicular 4, 
then the hypotenuse will be 5 ; for 3^-1-4^=^25, and 6^=25. 
The Persians are said to call this proposition The Bride, from 
the large number or family of other propositions dependant 
upon it. It enters into the demonstration of many propositions 
by the mathematician, and is used by the mechanic in his 
. workshop, though he is not always aware of the principle to 
which he is indebted, for the calculation he uses. Builders use 
it constantly in squaring the foundations of their houses, by 
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forming a right angled triangleii triangle. They measure 6 feet 
aJong one side, 8 along the adjoining, and then adjust the tim- 
bers so that the points where these measures fall, shall be 10 
feet apart. That these will foira a square or right angle is 
evident from the fact that 6^=36, 8*=64, and 36+64=100, 
which is just the square of 10. Any Bther numbers bearing 
the same ratio will serve as well, only that these are about the 
right length for accuracy. 3, 4 and 5 make the hnes rather 
short, since a slight inaccuracy in the measures would throw 
the building very much out of square by the time the measures 
are extended to the size of a building, it is usual besides for 
builders to have a 10 feet measure, and this ser\-es to take the 
dimensions, 6, 8 and 10 are double these numbers ; 9, 12 
and 15 suit very well, being triple 3, 4 and 5. 12, 16 and 
20 are quadruple, and we will find that all multiples of 3, 4 
and 5 will be in proper ratio. 

The surveyor's Traverse Table is constructed on this princi- 
ple ; the Latitude and Departure being the legs, and the dis- 
tance or measured !ine the hypotenuse of a right angled 
triangle, the angles of which are determined by the bearing of 
the line. Architects often find use for this ratio in calculating 
the length of braces, rafters, &c. If, for instance, it were ne- 
cessary to find a brace, that placed 12 feet from the building 
would support a point 16 feet from the ground, we would have 
the base and perpendicular of a right angled biangle, of which 
the brace would be the hypotenuse ; and by squaring the base, 
12, and the perpendicular, 16, and adding their squares to- 
gether, we would have the square of the hypotenusOj the 
square root of which would be the hypotenuse. 

12==144 
16^=256 

4'00 (20, hypotenuse. 
4 

00 

We could determine the height of a kite floating in the air, 
by ascertaining the point over which it is perpendicular, and 
measuring the distance thence to the place where the string of 
the kite is held ; this would be the base, and the string would 
be the hypotenuse, from the square of which the square of the 
base being taken, the square of the perpendicular will remain. 
But if tbe base be not measured truly to the point direcUy 
under the kite, the triangle will not be precisely right angled ; 
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and in practice the cord or line by which the kite is held would 
be inclined to form a curve, and would be rather longer than 
a straight line from the point at which it is held, to the kite. 
For this an allowance must be made. 

Suppose we have the length, widtli and height of a room, 
and we desire to find the length of a cord that will reach from 
the floor at one corner, diagonally to the ceiling at the opposite. 
We could first find tiie diagonal of the room on die floor by 
means of the length and width of the room, and this diagonal 
would become the base, and the height of the room the per- 
pendicular of another triangle, the hypotenuse of which would 
he the cord sought. 

This principle is sometimes applied to the measurement of 
inaccessible lines, as where a pond or otiier obstacle prevents 
the line from being measured on the ground. In that case let 
two other lines be measured so as to make the unknown line 
one side of a triangle, and from the two sides that can be mea- 
sured the third is easily found. 

We might here introduce various proportions between parts 
of triangles, as well as some other plane figures ; but the limits 
assigned to our present lecture will not admit of any thing like 
a satisfactory explanation of the subject ; we shall, therefore, 
pass them over, and shall hereafter solve a few problems in- 
volving principles which may be sought for in the Elements 
of Euclid, or some other treatise on Geometry. 



SIMILAR PARTS OF SIMILAR FIGURES. 

Next to the consideration of proportion amongst parts of 
the same figure, is the ratio between similar parts of similar 
figures. Here we find the parts proportionate simply accord- 
ing to other corresponding parts. As the diameter of one 
circle, is to the diameter of any other circle, so is the circum- 
ference of the first to the circumference of the second ; or be- 
tween parts of similar triangles — as tlie base of one, is to tJie 
base of another; so is the perpendicular or hypotenuse of the 
first, to the perpendicular or hypotenuse of the second. 

The analogy between parts of the triangle is appUcable to 
many valuable purposes. The determination of heights and 
distances, both by instruments and comparison of shadows de- 
pends on this principle. If we compare the shadows of differ- 
ent trees or houses or the like, standing on the same plane, we 
shall find the shadows respectively proportionate to the heights 
of the objects producing them. If we set up two poles one 50 
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feet high and the other 100, the shadow of the latter will be 
twice as long as the shadow of the former. You might thus 
determine the height of a chiirch steeple from the shadow of 
your walking stick. It would seem that if the rays of light 
issue from iSe sun as from a luminous point, that they should 
diverge constantly as any thing else does that issues from a 
centre, and hence that the above proportion wnuld not be 
exactly cotrect. But even if this be strictly so, the distance 
of the sun from the earth is so great that we may safely con- 
sider the pencils of rays in the same vicinity as parallel. If in 
travelling 96,000,000 of miies they have separated but a few 
feet, any variation within a short distance may be safely dis- 
regarded. 

If then the shadow of a pole increases as the length in- 
creases, we have a ready mode of ascertaining the height of 
any object by the shadow, for we have only to measure the 
lengfli of a pole and setting it up, we have the following pro- 
portion ; 

As the shadow of the known object, 
Is to the shadow of the unknown object, 
So is the height of the known object, 
To the height of the unknown, 
A very convenient mode of finding heights by means of two 
sticks of unequal height, is explained in Parke's Arithmetic, 
page 143. It is based on the principle we have been dis- 
cussing. 



SIMILAR SURFACES. 

We have already stated that similar surfaces are to each 
other as the squares of their like linear dimensions. One cir- 
cle is to any other circle, as the square of the diameter or cir- 
cumference of the former, is to the square of the diameter or 
the circumference of the latter. So similar triangles are to 
each other in area as the squares of their like parts ; and the 
same may be said of any other shaped figure. If for instance 
there be two hexagons, (see Fig. 2,) a side of one measuring 
3 feet and the other 6 feet, the latter will contain -4 times as 
much surface as the former. The hexagon, the square, and 
the equilateral triangle, are the only figures of equal sides that 
can be made, by placing a number of them together, to fill 
entirely any space. The bee in the construction of its honey- 
comb furnishes an instance of the hexagon ; which is the only 
figure that will suit its purpose ; being nearly enough round, 
and yet vrithout waste of space. 
18 
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The surfaces of similar solid figures bear the same relation 
to each other, as plane figures generally. The surface of a 
sphere or ball 2 inches in diameter, is to the surface of another 
sphere 4 inches in diameter, as 2* to 4', i. e. as 4 to 16, or 1 
to 4 ; and the same may be said of any surface, whether it be 
a plane figure or the entire surface of a solid body. 



SIMILAR SOLIDS. 

As lines, with length only, are related to each other, simply 
according to the extension of that dimension : and as surfaces 
■with their twofold dimensions of length and breadth are related 
as the square of (heir similar lines ; so solids, with their three- 
fold dimensions of length, breadth, and thickness, are related 
as the cubes of their like linear dimensions, which we have 
already explained. 



DISSIMILAR SURFACES. . 

The comparisons we have made have been between similar 
figures, we shall now introduce a comparison between some 
dissimilar surfaces. 

Amongst the most important and common superficial figures 
are the Circle and the Triangle, concerning whose lines as 
related to others in the same figure, and as related to similar 
lines in a similar figure, differing in size, we have already 
treated ; it remains now to sbow the relation in area between 
these figures. 

The area of the circle, like its circumference when the 
diameter is established, cannot be accurately ascertained, 
though its relation to the triangle is demonstrable with perfect 
accuracy, for a circle is equal in area to a triangle of which 
the radius of the circle is the perpendicular, and the circum- 
ference of the circle the base. But here you observe is the 
same difficulty in finding accurately Jhe base of the triangle 
as the circumference of the circle, and hence the area partakes 
of the inaccuracy which cost Akchimedes, Metius, Van Ceu- 
LEN and others so much tabor. 

From this analogy is derived a very convenient rule for find- 
ing the area of a circle if the diameter and circumference are 
both given ; viz — Multiply half the circumference by half the 
diameter; or take one fourth the product of the circumference 
|iy the diameter. 
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That the area of the circle is equal to such triangle, may be 
tlms shown. Let any regular polygon, as a hexagon, (See 
Fig, 2,) be inscribed in the circle, and it is evident that the 
area of the polygon will be divided into a number of triangles 
corresponding with the number of sides which it has, and the 
area of the figure will be found by multiplying half the length 
of a side by the distance from the centre of the tigure to the 
middle of the side or base ; and that being the area of one 
triangle, must be multiplied by the number of triangles for the 
area of the entire figure ; or the same result may be had from 
multiplying half the perimeter of the figure, wiiich will be half 
(he sum of the bases of all the triangles by their height. Let 
the number of sides of the polygon be made very great, and 
of course very short, and tlie perimeter of the polygon will ul- 
timately coincide infinitely nearly with the circumference of 
the circle, and the perpendicular will be infinitely near Ihe 
semi-diaroeter or radius of the circle ; and stiU the position will 
hold true that the figure consists of a succession of triangles 
united at the apex, and the area of the whole will be found by 
multiplying half the sum of their bases by their perpendicular 
height. — This approximation of the perimeter of a polygon 
inscribed in a circle, to the circumference of a circle, is the 
same principle that was used by Archimedes in his attempts 
to find Ihe ratio of the diameter of the circle to the circumfer- 
ence, and we have already shown how nearly that approxima- 
tion has been carried to the truth. By a different and more 
scientific mode of proof, the ahove proposition may be shown 
in a light perhaps more satisfactory to some minds. 

A circle is to its circumscribing square as .7854, &c., to 1 ; 
and an ellipsis is to its circumscribing parallelogram in the 
same ratio. If we multiply the two diameters of an ellipsis 
together, the square root of the product will be the diameter 
of a circle of equal area. 

The triangle is equal to a parallelogram of equal base and 
half its altitude, whether the triangle he right angled or other- 
wise, and hence the rule for finding its area is to. multiply the 
base by half the perpendicular height ; or half the base by the 
whole height ; or the base by the height and take half the 
product. 



DISSIMILAR SOLIDS. 

It has been already shown tliat the law of proportion be- 
tween similar solids, is as the cube of Hieir like linear dimen- 
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sions ; it remains to point out the relation between some dis- 
similar solids. 

As the circle, in surfaces, contains the greatest surface witliin 
the same bounds, so the sphere in solids contains the greatest 
solidity within the same surface ; there being no comers in the 
one or the other. Both in solidity and surface, the sphere is f 
its circumscribing cylinder, if we take into consideration the 
surface of the ends of the cylinder ; the surface of the sphere 
being equal to the curve surface of the cyhnder, without its 
ends. 

If the diameter of the sphere be 1 inch, its solidity will be 
.52359, &c., of an inch, or as we generally say, .5236 ; and 
the solidity of the circumscribing cylinder will be .78539, &c,, 
or as we may say for convenience .7854 of a cubic inch ; of 
which .5236 is just §. 

By the " circumscribing cylinder" is meant a cylinder that 
may be just circumscribed around the sphere ; or a cylinder, 
like a piece of stove-pipe, into which the sphere may be 
dropped, and it will just fit its cavity and be of the same 
height. 

The surface of an inch globe is 3.1416 square inches ; and 
the curve surface of an inch cylinder is 3.1416, to which 
.7854 being added for each end, we have the whole surface 
4.7124, of which 3.1416, the surface of the globe, is just f ; 
so that both in solidity and surface the globe is ^ of its circum- 
scribing cylinder. The surface of a sphere is equal to four 
times the area of a great circle of it. 

But if the sphere bears to the circumscribing cylinder, the 
same ratio both in surface and solidify ; how is it to contain 
greater solidity under the same surface than the cylinder does? 
The answer to this must be sought in the fact that solidity in- 
creases more rapidly than surface, and hence if you reduce the 
cylinder until it measures no more than the sphere enclosed in 
it, the surface will be made greater as compared with the 
solidity of it ; but if you increase the sphere until it has 50 
per cent, more matter in it, which wdl make it equal in solidity 
to the cylinder, the surface will not be equal to that of the 
cylinder; — it will not be 4.7124, hence it has greater solidity 
under a given surface than the cylinder has. Surface increases 
as the square only, while solidity increases as the cube of the 
linear dimensions of the solid body: a globe 2 inches m 
diameter has four times the surface of one only an inch in 
diameter ; and it has 8 times the solidity. If the diameter of 
the base of a cone be equal to the perpendicular height of the 
cone, then the solidity will be half that of a spheie whose 
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diameter is equal to the base of the cone, and J of a cylinder 
of the same base and altitude as the cone. 

From which it appears diat the height and diajneter being 
equal, the solidity of a cone, sphere and cylinder are as 1, 2, 3. 
If a cylinder of equal diameter and height be made to contain 
3 pints of water, and a cone of equal diameter and height as 
the cyiinder be introduced, one pint will run out ; and if the 
cone be taken out and a sphere of the same diameter be in- 
troduced, another pint will run over. These proportions were 
amongst the discoveries of Archimedes, that prince of mathe- 
maticians. 

It is frequently important for workmen to know how to de- 
termine the size that a given log will square, or on the other 
hand to know how large a log must be to make a square beam 
of a given size. To find what a tree will square, multiply the 
girt or circumference by .225, the result will be the side of the 
square that may be formed from it, near enough for all practi- 
cal purposes. To ascertain the girt of a tree necessary to 
make a given sized square beam, multijily one side of the 
beam by 4.443. 

But as these arbitrary multipliers are liable 
to be forgotten, a little investigation will enable 
the operator to make his calculations from 
principle. 

Let the circle A C D B represent the end of 
a log, from which the largest practicable square i 
beam is to be formed. The end of the beam 
will be represented by the square A B D C, of which C B is 
the hypotenuse, and is at the same time the diameter of the 
circle. Then if we know the circumference of a tree we can 
readily ascertain Ibe diameter by dividing by 3.1416, and as 
the square of the hypotenuse is equal to the squares of the two 
legs, if the piece is to be square, the square root of half the 
square of the hypotenuse will be one side, A B or A C. If 
the piece is to be larger one way than the other, the diameter 
is still the hypotenuse ; and its square must be divided accord- 
ingly. 

If on the other hand we know the size of the timber, whether 
it be square or of unequal depth and thickness, we have but 
to ascertain its diagonal C B, and we know the diameter of 
the tree. 

18* 
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GENERATION OF GEOMETRICAL FIGURES. 

Imagining how bodies may be formed or generated by 
motion, or built up of parts, often assists in forming a clear 
idea of them. 

The straigM line may be considered as generated by the 
motion of a point constantly moving in the same direction, and 
leaving a track as it proceeds. 

The circumference of a circle as formed by tlie motion of a 
movable point carried round a fixed point or centre, and kept 
constandj at the same distance from it. 

A circle as formed by the motion of a straight line carried 
round a point ; and if carried less than entirely round, a sector 
of a circle is produced. 

A parallelogram as formed by the motion of a line carried 
at right angles to its length. 

A triangle as formed by the movement of a point, while ex- 
panding into a line. 

A cycloid is described by the motion of a point in the peri- 
phery of a wheel rolling forward. 

A parallelopipedon is produced by the motion of a parallelo- 
gram, at right angles to its plane. 

A cone hy the revolution of a right angled triangle around 
its perpendicular ; or the motion of a point expanding into a 
circle : if we can imagine the expansion of that which has no 
dimensions. 

A cylinder by the motion of a circle at right angles to its 
plane, or the revolution of a parallelogram on one of its sides 
as an axis. 

A prism by the motion of a polygon. 

A sphere by the revolution of a semi-circle on its axis. 

In this way we may imagine lines, surfaces and solids to be 
frenerated, and frequentiy our clearest ideas are thus formed. 
It is the basis of the doctrine of Fluxions, in which figures are 
not supposed to be made up of a collection of distinct parts, 
■but as formed h-^ ^e, flowing of other figures; as a line by the 
flowing of a point, a surface by the flowing of a line, a solid 
by the flowing of a surface. It is from this the science takes 
its name; Uie word Fluxion, signifying a flowing. The 
notion of generating figures in this way was however thought 
of long before it was built up by Leibnitz and Newton into 
a beautiful and efficient science. 

The doctrine of Differential und Integral calculus, which has 
in a great measure superseded the old form of Fluxions, sup- 
poses the quantities to be generated, not by a uniform increase 
or flowing motion, but by the successive additions of infinitely 
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small portions. The metliod which descends from quantities 
to their elements, is called the Differential Calculus ; while 
that which ascends from the elements to the quantities is called 
the Integral Calculus. 

After GuLDiN and Kepler had treated of figures as gene- 
rated by a flowing motion, and supposed the extent of surface 
to be found by multiplying the line into the extent passed 
through in describing a surface, and the size of solids by mul- 
tiplying the generating surface by its flowing space, Caval- 
LEHius advanced a new view of tiie subject. He supposed a 
line to be made up of an infinite number of points ; a surface 
of an infinite number of lines ; and a solid of an infinite num- 
ber of surfaces. These were considered Indivisibles, or the 
elementary principles of the figures produced; and though we 
know that lines could never be produced by using points which 
have no dimension, any more than lines could form surfaces, 
or a pile of surfaces having no thickness could be ultimately 
built into a solid body, yet it was a step in the march of 
science. 

We may conceive a prism to be made up of an infinite 
number of small prisms — a pyramid of small pyramids, and a 
sphere of a great number of small prisms uniting their apices 
at the centre as grains of com upon the cob tend towards the 
centre. A large number of such small prisms having spheri- 
cal bases, and properly proportioned sides, if laid so that their 
points would all meet at the centre, would form a perfect 
sphere. They must, however, be hexagonal, square, or equi- 
triangular, in order to fit with each other, leaving no vacancies, 
unless the sides be made unequal. 

In explaining the rule for finding the surface of figures, we 
may often make our explanations more clear by imagining the 
surface to be divided into many small squares ; as if we are 
attempting to prove that an oblong 7 inches long and 4 wide, 
will contain 28 square inches, we may imagine the figure laid 
off as follows and really divided ' ~ ~~ 

into square inches. 

So if we are seeking to find 
the cubic inches in a block 7 
inches long, 4 inches wide, and 
5 inches thick ; we may imagine that the base is laid off into 
28 square inches, and sawed into 28 square prisms, each con- 
taining 5 solid inches, and multiplying the number of little 
prisms (28) by 5, the solid inches in one, we have the solidity 
of the whole. 

A tangent to a circle is a line drawn touching the circum- 
ference, and at right angles witli a tine drawn from the centre 
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to tbe point of contact. If a stone be whirled in a sling, and 
suddenly released, it will fly oif at a tangent from the circle 
in which it had moved. The ancients used slings as a means 
of warfare, and the precision acquired in their use may be 
inferred from the fate of Goliah, as well as from what is said 
in the 20th chapter of Judges, "Among all this people there 
were seven hundred chosen men, left-handed, every one could 
sling stones at a hair breadth, and not miss." The fragments 
of a millstone, or grindstone, that bursts from its rapid circular 
motion, fly oif in a tangent from the circle they described 
before the breaking. The expression "off at a tangent" is 
often used fecetiously in common discourse lo signify an abrupt 
departure. 



LECTURE XIV. 



THEORY OF WHEEL CARRIAGES. 

Although the use of Wheel Carnages shows considerable 
advancement in science, the invention was made at a period 
too early for the light of history. 

The savage, and even the brute beast, will drag his burden 
upon the ground when he is unable to carry it, and this seems 
to be the simplest form of transporting burdens by draught. 
But it is exceedingly objectionable in several respects. It 
would injure the body in many instances, and would produce 
a great amount of friction. Very soon the idea of a sled or 
slide would occur, as protecting the body from injury and di- 
minishing friction. The hunter might drag home the fruit of 
(he chase, as the beast of prey would drag his victim to his 
lair, but it would be neater and easier perhaps to place it upon 
a pole or other implement that would raise it from the ground ; 
and soon he would learn to construct such a carriage perma- 
nently, especially in latitudes where snow favors its use. We 
accordingly find ihe Laplander and the rude inhabitants of 
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h^h latitudes traversing their snowy regions for hundreds of 
miles, drawn upon sledges or light sleighs, by dogs or reindeer. 
But though such a conveyance in siich a country is admirably 
adapted to comfort and convenience, it serves but an indifferent 
purpose where there is not snow. 

Except rolling Ibe body itself, the simplest form of circular 
motion to overcome friction, and that most likely first to occur 
to the inventor is the roller, such as we sometimes see used in 
removing buildings and other heavy burdens. The roller an- 
swers an excellent purpose where the burden is veiy heavy and 
rapidity of motion is not important ; but it would serve the pur- 
pose badly in the expedition necessary in travelling. The roller 
being placed between lie burden and the ground, the burden 
resting upon the upper side, the sliding friction is entirely re- 
moved ; but then tlie roller being introduced under the fore- 
part, gradually passes to the rear and must be again carried 
forward to renew its service. The body will pass constantly 
over twice the surface over which the roller passes ; for it will 
be carried wilii the roller, as far as the lower portion rolls upon 
the ground ; and will roll as much farther upon the upper sur- 
face. Try the experiment. 

There i" evidently a difference in the friction of a locked 
ca age wheel upon the ground, and the friction of one that 
rolls or turns round. The former drags or slides, the latter 
me ely touches the ground without any dragging motion. The 
latte s the kind of friction upon a roller that is allowed to pass 
m tie way we have mentioned, from the front to the hinder 
part of the burden ; but rollers are sometimes made to revolve 
in a notch that holds them to their place, and then there is a 
sliding friction in the notch and an impinging one upon the 
ground. 

Let the roller A F be embraced by the collar B C which is 
notched to receive it, on which any burden is a build ng rests, 
and moves in direction D E ; then 
the roller A being kept in place by 
the collar, impinges on the ground ' 
D E, but it slides in the collar, and 
according as the force is applied to 
the burden and the roller thus caused to turn, or is applied to 
the roller and the burden carried onward by the revolution, 
will the principal friction be at the back of lie roller as at A, 
or the forepart as at F. 

In this case the friction is very considerable, but it is trans- 
ferred from the rough and uneven surface of the earth to the 
collar, which may be oiled or otherwise lubricated so as to 
reduce the friction. 
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But the inconvenience of operation is still great and the 
friction is yet very considerable, and the idea of improving the 
carriage by an axle passing tlirough the centre of the wheel 
may be next in the order of time. The wheel may be a board 
cut into a circle, or it may be of frame work, as our present 
wheels are, having hub, spokes, fellies, and tire, but it is not 
likely that the wheel or its axle would for some time assume 
the form in which our best wheels are now made. The axles 
would be without droop or gather, and the wheels without dish, 
and of equal size. Of these properties it will be time enough 
to speak hereafter ; at present let us examine the advantage 
gained by means of ihe wheel in overcoming the sliding fric- 
tion as well as in surmounting obstacles. 

Let C B represent the semi-diameter of the wheel, and C A 
the semi-diameter of the nave or axle. 
It is obvious that if the wheel does not 
turn round, it m«st slide on the ground 
D E, but if it turn it will only impinge 
upon the ground, and the sliding is 
transferred to the lower part of the nave 
at A. 

Now if C A, the semi-diameter of the nave, be 2 inches, 
and C B ^e semi-diameter of the wheel be 2 feet, then C B 
becomes a lever of the 2d order for the purpose of overcoming 
friction at A, and as C B is 12 times as long as C A, the 
power necessary to overcome friction will be only Jj of what 
it would have been had there been no lever. To this some 
add the advantage of ttie rubbing surlace moving with only-,-^ 
the velocity of the progressive motion of the wheel, but experi- 
ment has not shown that friction is materially affected by 
change of velocity ; though in proportion as die velocity is 
less, so will the wear of the axle and box be. The rubbing 
surfaces can be polished too, and substances, such as black- 
lead, tallow, &c., introduced yet farther to reduce the friction. 

• The impinging friction upon the ground cannot be very 
great, since with a wheel perfectly round, and a track perfectly 
smooth and hard, the wheel would touch at an infinitely small 
point, and. as the centre of gravity would not be raised by the 
wheel's advancing, an infinitely small force would put the 
wheel in motion either forward or backward, the size of the 
wheel making no difference. But in practice these perfections 
do not exist, and the centre of gravity does not move forward 
in a right line, but rises and falls in its progress, and the wheel 
by sinking slightly is constantly encountering an ascent ; and 
though that ascent may yield before the wheel, it requu^s force 

to press it down. 
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If therefore we consider tlie impinging friction as produced 
by constantly recurring obstacles, which though small must be 
overcome by the mechanical agency of the wheel, we may 
estimate its power for this purpose, just as we would its power 
to overcome a prominent obstacle. For though the height of 
the wheel could make no difference while an infinitely small 
power on3y was necessary to give motion, (i. e. while the wheel 
was perfectly round, ancl the plane perfectly smooth and hard) 
yet the moment that obstacles, however minute, present them- 
selves, we derive advantage from the leverage of the wheel ; 
either in pressing the obstacles down or raising the weight 
over them. 

When the wheel does not turn, no advantage results from its 
use, and indeed by causing an elevation in the line of traction 
it would be easier to draw the burden forward by attaching 
the trace directly to the wheel at the point of contact with the 
ground, than to draw it in the ordinary way with the wheel 
locked. 

In order to understand how a 
wheel enables us to surmount 
obstacles, let us consider the 
annexed figure, in which C re- 
presents an obstacle 6 inches 
high, which is to be surmounted 
by drawing the wheel in the 
direction A B. The semi-di- 
ameter A F or A C of the wheel 
being 24 inches. If the plane G H be entirely level, hard, 
and free from obstacles, and the wheel perfectly round, it is 
obvious, as has been already stated, that it will touch the plane 
at F at an infinitely small point and, as the centre of gravity of the 
wheel will be neither eievated nor depressed by the revolution 
of tlie wheel, it will be moved by an infinitely small force, and 
it is evident that the best direction for the operation of (he 
force, or line of traction as it is called, will be in a line paral- 
lel with the base, which will be at right angles with the per- 
pendicular A F. 

Suppose on the other hand, 
as in Fig. 4, an obstacle C D ' 
presents itself, as high as the 
centre of the wheel, it is equally 
evident that no power exerted 
directly forward can enable the 
wheel to surmount it, since t 
draws with dead force against 
the obstacle. Here then a e 
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the two extremes when the power operates in a line parallel 
with the base. In one an infinitely small power effects, the 
purpose, while in the other an infinitely great power will not 
effect it. It is certain that the wheel or tfie obstacle might be 
crushed, but that is not "surmounting," it is breaking down. 
Between these extremes every grade of obstacle is liable to be 
presented, and the question to be settled is, the law by which 
the power necessary to overcome them is regulated. 

One position is obvious, viz ; that the most efficient direction 
for the operation of power is at a right angle with a line drawn 
from the centre of tiie wheel to the summit of the obstacle, as 
A I in Figure 3, or A F in Figure 4. If the angle he less, a 
portion of the power is wasted against Ihe obstacle ; if greater 
the wheel is lifted from it ; but the power should be constantly 
exerted at right angles and will consequently change direction 
at every moment : the point of traction, where the power is 
exerted, sinking gradually to a horizontal line, which it reaches 
just as the wheel reaches the height of the obstacle, when it 
18 again carried forward upon a plane with an infinitely small 
force. This change of direction is necessary, since the height 
of- the obstacle above the base of the wheel diminishes con- 
stantly as the wheel rises, and becomes nothing as the wheel 
reaches its higher level. In Fig. 3, the horizontal line A B 
would rise until when C A is vertical, and the wheel is upon 
the level of the obstacle, it will coincide with the upper line 
A B, and at that moment the line of traction A I will fall into 
it, A having moved through the circular arc A a to a, and I 
having sunk to B. 

In Fig, 4, the first effort would be to lift the wheel directly 
upward, and its whole weight would be Ihe measure of power 
necessary, but A F would gradually rise and fall over until it 
would coincide with A B, or rather with a line parallel with 
it, at the distance C D above it ; as a B was above A B in 
Fig. 3. 

This is on the supposition that the wheel having surmounted 
the obstacle continues on that level. But suppose it has again 
to sink to the level of the plane, it might be eased down by 
the mechanical force of the same power, reversed however in 
direction,, so as to draw it against the obstacle and thus let the 
wheel down gently. When the obstacle is so abrupt that the 
wheel at once strikes the upper part of it, the curve A a. Fig. 
3 will be an arc of a circle, of which A C is the radius ; but 
if the obstacle is so much inclined that the wheel rolls up its 
side, the curve will partake of the properties of a cycloid. 
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In Fig, 5, let the radius of the wheel 
be 2 feet, and the height of the obstacle 
D be 6 inches ; then if the power be 
exerted in the direction C D, and be 
raised as C rises in surmounting the 
obstacle, ao as to remain at right angles 
with the downward pressure of the force 
of gravity, the following proportion will 
be found to exist. 

As the Power, 
Is to the Wei^t, 
So is the line D E, 
To the line D F. 
And as the line D E is constantly shortening, and D F length- 
ening, the necessary power will be constantly diminishing. 

If the power at B sinks towards the base of the wheel there 
is a manifest loss, hut if it be made to rise towards G there 
will be a gain until the angle, D C G is a right angle, which 
is the point of maximum power. The power exerted in the 
direction C G necessary to raise over the obstacle at D, a wheel 
whose radius is C E, would if exerted in the direction C B 
require a wheel of a radius C A. In other words a wheel of 
18 inches radius with the power exerted at right angles with 
C D, would be equivalent to a wheel of 24 inches with the 
power exerted horizontally. It is evident from this that the 
larger the wheel, the greater the mechanical advantage in over- 
coming obstacles; hut then other difficulties that will be here- 
after noticed, would soon fix a limit to the size of the wheels. 
So far as overcoming friction at the axle is concerned, the 
absolute size of the wheel is unimportant, it is the relative size 
of the wheel and axle. Reducing the size of the axle has the 
same effect as enlarging the wheel, but in a degree proportion- 
ate to the ratio of lie radius of the axle, to the radius of the 
wheel. Suppose that an iron axle of IJ inches in diameter 
be substituted for a wooden axle of 3 inches, the wheel being 
5 feet in diameter. With the wooden axle the power will be 
as 20 to 1, but with the iron axle it will be as 40 to 1, without 
reference to the greater accuracy and reduced friction of the 
iron axle. To make the wheel an inch or two greater or less 
is a small matter, hut to make that difference in tiie size of the 
axle is very important. Could the axle be reduced to a mathe- 
matical line, there would be no friction, the fulcrum and the 
resistance would fall in the same line and the nearer we can 
approximate to that and preserve strength, the greater will be 
our capability of overcoming friction. While we might on the 
other hand increase the size of the axle until it would coincide 
19 
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with the diameter of the wheel, and the wheel and all me- 
chanical advantage would vanish together. These are the two 
extremes. 

We have heard an experienced coachmaker urge the lighter 
running of coaches with iron axles, compared with wooden 
axles, as an argument to show that friction was reduced by 
diminishing the rubbing surfaces, but a much better solution 
of the fact is found in tlie diminished size and more accurate 
adjustment. To place the effect of reducing the axle in a 
stronger light, let the line A B represent the lever, with a 
weight of 50 lbs. suspended at 
C, 6 inches from B; if the hand 
at A, which is 6 feet from C be 
moved 3 inches towards C it 
will make but litUe difference, 
but move the weight 3 inches 
towards B and it will make a 
difference of one half, for 3 
inches are half of 6. 

Experiments on friction may be conducted with as much 
certainty as on any other subject, and with more than on al- 
most anything else connected wilii wheel carriages. Treatises 
on Practical Mechanics abound with details of such experi- 
ments, in which various metals and other substances have been 
used and their friction compared, both with and without tallow 
or other such intervening substance. The general conclusion 
is that the amount of friction is but little affected by extent of 
surface or change in velocity ; but the various details of opera- 
tion, and facts brought to light, must be sought for in treatises 
on that subject. 

Line of Traction. — The next circumstance to be considered 
as we now have our wheel mounted on its axis, is the Line of 
Traction or the line in which the draught of the horse or other 
power should be exerted, in order to produce the greatest 
effect. It is evident that it must not be directly upward, for 
that would lift the wheel from the ground, nor downward, for 
that would draw directly against the ground ; neither of these 
directions could however be given by the draught of a horse. 
If the wagon were to be moved onward upon a level plain, 
without encountering obstacles upon its surface, there tan be 
no doubt but the traces should be perfectly horizontal mstead 
of rising from the single-tree to the horses' shoulders, as tliej 
are generally made to do. Elevation in front less than a hon- 
zontal line would create friction by drawing towards the 
ground ; and greater elevation would diminish the pressure 
upon the ground by the draught bearing a part of the burden. 



..Google 



THEORY OF WHEEL CARRIAGES. 219 

It is very generally agreed fiiat in practice it is necessary to 
elevate the traces or line of traction, as tending to diminish 
friction and assist the wheels in surmounting obstacles or rising 
out of holes, as well as to keep the line from falling below a 
level when the horse sinks into mud or any depression, or de- 
presses his chest in exerting his strength ; but how great the 
angle of elevation should be is a question not very easily set- 
tled. Dr. Lardnes, in his treatise on Mechanics, says: " By 
mathematical reasoning it is proved that the best angle of 
draught is exactly that obliquity which should be given to the 
road in order to enable the carriage to move of itself. This 
obliquity is sometimes called the angle of rgwse. The more 
rough the road is the greater will this angle be ; and therefore 
it follows that on bad roads the obliquity of the traces to tlie 
road should be greater than on good ones. On a smooth Mac- 
adamized way, a very slight declivity would cause a carriage 
to roll by its own weight ; hence, in this case, the traces 
should be nearly parallel to the road. On railroads for like 
reasons, the line of draught should be parallel to the road, or 
neady so." 

This remark cannot be meant to apply to deep miry roads, 
since on such, scarcely any angle of elevation would cause a 
wagon to move forward, until it would approach so nearly 
vertical as to fall over ; bnt on ordinary roads it might do as a 
general rule. 

By referring back to Figure 3 it is shown that the most effi- 
cient line of traction is at right angles with the line from the 
centre of the wheel to the top of the obstacle, and this line is 
approximated by elevating the line of traction so as to form a 
considerable angle with the horizon; such an arrangement is 
therefore always best when obstacles are to be surmounted. 

M. Camus, a French writer, attempts to prove that the line 
of traction should be horizontal ; but this view is successfully 
controverted by a later writer, M. Couplet, of the same coun- 
trj'. He remarks that if a horizontal line were best for heavy 
draught, it would be necessary to elevate the line of draught, 
that it might not sink below a level when the horse lays out 
his strength. 

M. Deparcieux contends that horses draw principally by 
their weight, and not by muscular exertion. He states that 
diey plant the hind feet as a fulcrum, and that sinking the fore- 
part of the body so as to bring the trace horizontal, produces 
draught ; for the trace, which before might he considered the 
hypotenuse of a triangle, is brought down so as to coincide 
with the base, and being longer than the base, its extremity 
must reach beyond the extremity of the base. 
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Thus let A C represent the trace, 
and C B a perpendicular let fall from 
the trace ; if C be brought to a level 
it will coincide with A B, reaching 
beyond its termination to b. In that 
case however there could be no draught if the line A C were 
not inclined to the horizon. The same writer has shown by 
experiment that the fore feet of a horse bear less of the horse's 
weight when he is drawing than when he is standing unem- 
ployed. He arrives at the conclusion that the angle of eleva- 
tion should be 14 or 15 degrees, and adds that experiment 
satisfied him that at that angle a horse drew with most elfeet. 

Dr. Brewster, of Edinburg, says: "When I first compared 
Deparcieox' theory with the manner in which horses appear 
to exert their strength, I was inclined to suspect its accuracy : 
but a circumstance occurred which removed every doubt from 
my mind. I observed a horse making continual efforts to raise 
a heavy load over an eminence. After many fruitless efforts, 
it raised its forefeet completely from the ground, pressed down 
its head and chest, and instantly surmounted the obstacle." 

This circumstance however does not in my mind settle tlie 
question, for though when urged by the driver, the horse might 
rear up as represented, and by a desperate plunge surmount 
tlie obstacle, it does not follow that it was his natural mode, of 
drawing ; and the increased effect was perhaps promoted also 
by increasing the angle of the line of traction; for that would 
increase the effect. A gentleman of close observation and 
much experience, to whom this was mentioned by myself, 
stated that horses draw very differently, but always he believed 
by botli weight and muscle. He stated that one of his own 
drew so much by weight : that when in ploughing, the plough 
met with an obstruction every thing was wrenched ; while 
another of his own drew so much by muscular strength, that 
when the plough met with an obstacle, he yielded without any 
injury to ftie plough. His opinion in reference to draught is 
' that for the ease of the horse, the trace should form a right 
angle with the shoulder ; the slant of which however is very 
different in different horses; and such a rule furnishes no 
general guide, 

Any one who has observed a horse attached to a dray, must 
have been struck with the very heavy loads thus drawn, and 
yet the wheels are very small, affording therefore less mechani- 
cal advantage than cart wheels. But the line of traction is 
much raised, and to that no doubt a large part of the advan- 
tage is to be attributed. In carts of ordinary construction, and 
in two wheeled vehicles for travelling, the wheels are large 
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jCad the line of traction nearly or quite liorizontal. These for 
rough and uneven roads are better than a small wheeled 
vehicle could be ; the dray being principally used on the streets 
of cities ; and there preferred for its convenience in loading 
and unloading. 

In all two wheeled vehicles, the horse should hear a part of 
the burden ; for if the centre of gravity of the load be placed 
directly over the axle, the motion of the shafts will be unsteady, 
and if behind the axle the carriage will lilt and choke the 
horse. The proportion of the burden that should be borne by 
the horse, is matter of judgment for the driver, and probably 
no general rule could be given. Much would depend upon 
the animal and upon the road. It is obvious that in proportion 
as the load is placed before the axle, the wheels will be re- 
lieved, but carrying this to excess would break the horse down: 
and if he could support all the burden the cart or riding 
vehicle would be a useless encumbrance. 

If the axle could be made to pass through the centre of 
gravity, it is obvious that the load would rest equally upon tlie 
axle in all positions, whether ascending, descending, or hori- 
zontal ; but if the centre be above the axle, as it must of ne- 
cessity be, an increased burden will be thrown upon the horse 
in going down hill and the reverse will occur in ascending. 
Every boy who has used a cart knows the tendency of the 
shafts to rise by the tilting of the cart in ascending a steep hill. 
But of that hereafter. 

Size of Wheels. — Having discussed the power of the wheel 
and the most efficient mode of applying the line of draught, 
we come now to discuss the proper size of wheels forpractic^ 
purposes. 

It is entirely obvious that the larger the wheel in proportion 
to the diameter of its axis, the greater will be its mechanical 
efficiency in overcoming friction at the axis ; and its size will 
also aid in surmounting obstacles by causing the load to rise 
and fall more gradually, as well as from obstacles thus bearing 
a less ratio to the semi-diameter of the wheel. They would 
besides, often sink less between obstacles. 

But whatever might be the theoretical advantage of lai^e 
wheels, they must have a limit in practice. If the wheels were 
made very high in proportion to the length of their connecting 
axle, the carriage would be very liable to be upset, by having 
its line of direction tlirown out of its base ; and any consider- 
able increase of height above what is now generally used 
would subject us to the necessity of attaching Qie draught far 
below the centre of the wheel, unless our horses were tall as 
giraffes. But while on one hand itM'ould be found ill-advised 
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to mount our wagons upon mammoth wheels, it would on the 
other be quite practicable to make the wheels too low, thus 
increasing the difficulty of overcoming friction and surmounting 



In determining the size of wheels much depends on the use 
for which they are designed. Timber wheels being designed 
to have pieces of timber suspended below the axle, are made 
high ; while dray wheels are made tow ; each being thus made 
more convenient for receiving its load. 

Wagon wheels are of various heights, but it is usual, let the 
height be what it may, to make the fore wheels smaller tlian 
the hind wheels ; the difference varying from 4 to 12 inches. 
This practice seems general in all countries, and iliough some- 
times defended on false grounds, must have better reason for 
its adoption than vulgar error. Mr, Feegitson, who embraced 
this subject in his Lectures on Select Subjects, had a model 
wagon, and in order to show that the greater height of the hind 
wheels had no tendency to push the carriage forward as some 
supposed, he was accustomed in his lectures to load his little 
■wagon, and be always found that the same weight which drew 
it with the small wheels foremost would do the same when the 
wagon was reversed ; a conclusive proof that difference in 
height has no effect of this kind on the draught. This experi- 
ment we have always thought perfectly satisfactory, for a hard 
and level plane would be the proper place to test the principle ; 
but we think other experiments of the same gentleman in re- 
ference to the shape of the wheel entirely inconclusive, for he 
experimented on a hard surface, while wagons, &c., must be 
made for roads as they are. 

One circumstance to be provided for in constructing a car- 
riage is capability of being turned, for in using wagons it is 
necessary to turn them in all directions. If the wheels of a 
wagon were made of equal height, and the body set firmly 
upon the axles, it could only be turned by dragging the fore- 
part around. But in the ordinary const.niction the fore wheels 
are made low, and a bolster is placed upon the axle, turning 
upon the body bolt as a pivot ; thus permitting the fore wheels 
to be turned freely, and giving to the tongue the properties of 
a helm. This facility is increased by tlie wheels being low 
and turning partially under the body. In order still farther to 
increase facility in turning, wagons are sometimes constructed 
with a joint in the coupling pole : and when properly made 
thus they will turn short, and the hind wheels will track the 
fore wheels. 

The fore wheels being low admits of that inclination in the 
line of traction which has been shown to promote the draught ; 
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while the hind wlieel having no advantage from this circum- 
stance is made larger that it may make up the deficiency in 
mechanical advantage. This can he done too without incon- 
venience, and indeed it is necessary for convenience, as the 
body then rests about level on the bolster before and the axle 
behind. In going down hill the wagon is held back more 
readily from the better direction of the resistance ; it is how- 
ever in changing direction that the greatest advantage is found. 

Disposition of the load. — In reference to the loading of two 
wheeled vehicles, some remarks have been already made ; and 
the same principles will be found to apply in loading four 
wheeled carriages or wagons. On level hard ground the 
wheels being properly proportioned for the purpose, and the 
load bearing equally on both axles the inclination of the line 
of traction would about compensate for the difference in the 
size of tlie wheels, and the force which would take the fore 
wheels over an ordinary obstacle would do the same with the 
hind ones. The same remark would apply where the wheels 
sink proportionately into a soft road, but here the fore wheels 
would labor under disadvantage from sinking not only deeper 
in proportion to their diameter but absolutely deeper. This evil 
then would be increased by placing too much of the load upon 
the fore axle. 

It would seem fair to infer that on level ground, if the wheels 
are proportioned as we have supposed, tlie load should he dis- 
posed equally upon the axles ; but if not so proportioned tlien 
let t])e axle having the advantage have the greater load. 

A manifest inconvenience results from an unequal distribu- 
tion of the load when the heavily loaded wheels have to sur- 
mount obstacles. If 40 cwt. are equally placed on four 
wheels, and one rises over an obstacle, only 10 cwt, is lifted ; 
but if the weight is thrown upon two wheels and one is to be 
raised, 20 cwt. must be raised. 

Some suppose tliat if the load be thrown too much on the 
fore axle, and especially if top heavy, that it will greatly in- 
crease the difficulty of holding back ; and on the other hand 
that if placed on the hind axle the difficulty of ascending hills 
will be increased. But no good reason is discoverable for this 
notion, which seems near alnn to the opinion that making the 
hind wheels larger than the fore ones helps to push the wagon 
forward. There is no doubt but that a very unequal distribu- 
tion of the load might affect the draught anywhere, and going 
up hill this would be felt more tlian on a plane. In going 
down hill the rising of the tongue in holding back occasions a 
waste of power, for though it presses the wheels against the 
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ground, the friction does not generally make np for the waste 
of power. 

When a load is high, any inequality in the level of the road, 
throws greatly increased stress on the lower wheel ; and this 
depends as every boy knows, on the elevation of the centre of 
gravity. If we gently raise one wheel, or the wheels on one 
side, if the vehicle have more than two wheels, we may soon 
discover the elevation necessary to throw all the weight on the 
lower wheels, and the slightest additional elevation will upset 
the wagon. 

Effects of ^ings. — Springs have a decidedly beneficial 
effect in reUeving the abruptness of irregularities upon a road's 
surface ; and especially when a vehicle is moving with con- 
siderable velocity. Not only is the load less violently agitated, 
and hence the comfort of riding in such vehicle increased, but 
the power necessary to draw Hie carriage is less, since when 
the wheels strike an obstacle the load is not suddenly and vio- 
lently raised over it, but the springs yield and the wheels 
might pass over by the yielding of the springs, without raising 
the load at all : though this would not be the case generally. 
The effect however would be to soften the violence of such 
concussions, and change abrupt elevations and depressions, to 
gentle undulations. 

Stage drivers point out another advantage from the manner 
in which stage bodies are suspended. When the fore wheels 
strike an obstacle the weight of the body is thrown upon the 
hind wheels, while the fore ones pass over, and generally by 
the time the hind wheels reach the obstacle, the roll of tlie 
body will throw the weight on the fore wheels while the hind 
ones pass over. This applies to bodies hung on " thorough 
braces" more tlian to elliptic springs. 

The advantage of elasticity in a load is so great, that wagon- 
ers who transport lead or iron, frequently place spring poles in 
their wagon bodies, the extremities resting over die axles, and 
the load being placed upon them. 

Forms of Wheels and Axles. — This has been a fruitful source 
of cavil, and some diversity of practice amongst workmen. 

The most natural form would seem to be a perfectly flat or 
plane circle, formed from a board or of frame work as our 
wheels are generally ; the opening for the axle being at right 
angles to the plane of the wheel, and thus causing the radius 
of the wheel, (the spoke,) to stand perpendicularly to the axle. 
If wagons always moved on level plains, this would probably 
be the best form ; but for the vicissitudes of ruts, chucks, 
stumps, rocks, and all the et ceteras which wagons " are heir to" 
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such a form is, by general consent of workmen and wagoners, 
pronounced not tiie best. 

In the first place then the wheels are dished, that is the 
spokes are not placed perpendicularly in the hub, but inclining 
outward, a form given to the wheel by the shape of tlie end 
of the spoke inserted, rather than by the mortice formed to re- 
ceive it. This dish is varied by workmen from half an inch 
to two or three inches on the face or outside of the wheel ; but 
as the spoke is made broad at the hub and tapering towards 
the extremity, the part of the wheel next the wagon would 
show very considerable dish, though the front should be with- 
out any. 

Hai-ing formed the hub and inserted the spokes, the ends 
are then formed by the workman to receive the fellies, which 
form the wooden rim surrounding the wheel. This again is 
surrounded by the iron tire, which being adjusted to fit closely 
when cold, is heated, by which it is increased in size, and 
and having been put upon the wheel is then cooled, and by its 
shrinkage the wheel is drawn closely together, and the dish 
somewhat increased. 

The wheel being formed, is then placed upon the axle in 
such manner as to throw the upper part of the wheels so much 
fiirther apart that the lower spokes will stand vertical on level 
ground. This position of the wheel is given by drooping, if 
we may so speak, the end of the axle. The axle is also so 
dressed as to tlirow the fore part of tlie wheels nearer together 
than the back ; this is called the gather of the wheels, and is 
necessary to keep the wheel fi'om rubbing too hard against the 
linch pin ; and to promote ease in turning. 

Against the dishing of wheels it is urged that the stress is 
upon the wheel when it is not perpendicular, and of course not 
in its strongest position; but this objection is obviated by the 
position given to the wheels, by which the lower spokes are 
made to stand upright. In favor of this position it is urged 
that the upper part of the wheels being fiirther apart than the 
track gives greater room to the body ; this difference would 
amount to a foot if the wheel had 3 inches dish and the lower 
spokes were brought to an upright position. It is also urged 
against the practice, that the wheel instead of being cylindrical 
and disposed of itself to roll forward in a straight line, is thus 
converted into a frustum of a cone, and if left to itself, when 
rolled forward would describe a circle round a point which 
would be the apex of the cone, if it were complete ; and hence 
if kept in a right line by the axle it must drag, and thus greatly 
increase friction. 

This tendency to curvilinear motion is greatly diminished it 
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not removed by tiie position of the wheel on the axle, and 
when we take the gaAer into consideration it is overcome, for 
a wheel properly constructed, will run for miles without a linch- 
pin. But it is not proved from the wheel not running off that 
a tendency to curvilinear motion does not exist, it only shows 
that it is counteracted if it does exist ; though it may be at a 
great expense of friction. The conical shape of the wheel 
would cause a tendency to run off. 

In iavor of dished wheels it is urged that they are stronger 
— that they are especially stronger when the weight is thrown 
upon one side by inequalities in the road ; but it must be ad- 
mitted that this advantage is greatly reduced by making the 
lower spokes upright. Some light may probably be thrown on 
this subject by considering how a wheel generally breaks down. 
On this point I have conversed with different workmen, and 
they say that in a very great majority of cases the wheel breaks 
down by the lower part running out, instead of running under 
the wagon. This would argue that the dish does not strengthen 
the wheel so much as has been supposed ; or that the axle had 
bent upward at the point. 

Broad and JVarroio W/ieels. — The rims of wheels vary much 
in width, and it has been subject of discussion whether narrow 
or broad rims are best. In general, broad wheels are encour- 
aged upon paved roads, both in Great Britain and America, 
by being permitted to travel at a reduced rate of toll. The 
" tread" being broad tends to press the road into a solid state 
rather than to cut it into ruts, and if very broad are even 
thought advantageous to roads. 

On soft ground they may pass without sinking deep, but if 
they do sink they raise a great load of mud. Some suppose 
the friction from narrow wheels to be less upon the ground, but 
this can make but little difference, since well conducted ex- 
periment proves that friction depends much more on the weight 
of the load than the extent of rubbing surface. If the surface 
is large, each portion has less weight to press it down, and less 
friction to encounter. 

Perhaps there is no subject on which theoretical and practi- 
cal men differ more among themselves than that of wheel car- 
riages. The man of science has not always looked enough to 
the allowances necessary in accommodating his theories to 
practice ; while the practical man has looked at the subject 
too much in mass, without always attributing effects to 
their proper causes. We shall be gratified if our remarks shall 
lead any concerned to closer and more correct thought upon 
the subject. 

Having gone through (he several particulars in reference to 
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Qie construction of wheel carriages and their mechanical effects, 
we shall devote a few remarks to the consideration of a ques- 
tion that may seem of little practical importance, and yet it is 
not without advantage, as tending to correct thinking, and is 
matter of curiosity to persons who have not thought upon it. 

If we suspend a wheel upon an axle and cause it to revolve 
as a spinning wheel, every part of the wheel equally distant 
from the centre, will move through equal spaces in equal times ; 
but when we cause the wheel to roll forward the effect is very 
different. In the former case while the upper part of the wheel 
moves fonvard the lower part moves backward just as far, and 
any point will in a revolution of the wheel describe a circle. 
But if we take any point in the tire of a wagon wheel and 
watching it carefully through successive revolutions of the 
wheel, we shall find it describe a series of figures resembling 
the following. 

This figure is called I 
a cycloid, and though ' 
it resembles in some 
measure the arc of a 
circle, it has no part of the curve of that figure. It is a figure 
described as generated by the revolution of a circle upon a 
plane. Its properties are described in some mathematical 
works, but we desire here to call attention to one circumstance 
only, — the unequal motion of the point by which the figure is 
described. In other words it is that if, when a wagon is 
moving uniformly forward, we trace the motion of any point 
of the tire from the time it leaves the ground until it returns to 
it again, we shall find that it moves through very unequal 
spaces in equal times. The motion increases from the time 
the point leaves the ground until it reaches the highest point, 
and decreases again until it reaches the ground at the end of 
its revolution. The tipper ludf therefore of the wheel moves 
muck faster than the lower. This seems paradoxical, but it 
is strictly true, as any one may satisfy himself in a moment by 
setting up a stake by the side of a wheel and moving the wheel 
forward a few inches. The writer of this well remembers that 
he thought this proposition a hoax when he first heard it, and 
experiment alone satisfied him to the contrary. When how- 
ever we come to think of the matter, we must know that such 
will be the case, or how could the wheel turn.' Move the 
lower part as fast as the upper and the wheel must drag. One 
moment we see a given point directly at the back part of the 
wheel, and at the next it is in front; how did it change places 
but by out-traveling the other parts.' In a moving wheel no 
part ever moves' backward, as in a standing one. 
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If the circumference of a wheel were marked at every 10° 
and then rolled uniformly forward, while the point at the first 
degree would trace the cycloidal curve, and if the diameter of 
the wheel were divided into 1000 parts, the portions of the 
curve described in the several equal times would be (rejecting 
fractions less than tenths) 7.6, 22.8, 37.8, 52.4, 66.8, 80.6, 
93.8, 106.2, 117.8, 128.6, 138.4, 147.2, 154.8, 161.2, 166.4, 
170,4, 172.9, 174.3, which carries us to the highest point of 
the figure ; and the same numbers reversed in regular order 
will carry us forward to the ground again. From this it ap- 
peals that though the motion continues to increase until the 
mark reaches the highest point, and then decreases to the 
ground again, it is not in a uniform ratio. In the last 10° the 
generating point passes through more than 23 times the dis- 
tance that it does in the first 10°, and hence on an average 
moves 23 times as fast, yet the last degree as compared with 
the first would show a far greater relative motion ; and this 
would be increased as the parts compared are diminished, 

Galileo, first treated of this figure in 1599, but he was not 
able to determine its properties. Mebsenkus, a learned 
Frenchman, turned his attention to it in 1615, with little better 
success. Other mathematicians afterwards took up the subject 
and succeeded, though not without labor, for we are informed 
(hat RoBEEVAi. was Jed by the investigation to study closely the 
works of the Greeks, and especially Aechimedes, yet it was 
six years after he commenced the investigation before he de- 
termined the area of the figure. The same problem engaged 
the attention of other philosophers, and the cycloid, and its 
kindred figure the epicycloid, furnished their full share of diflS- 
culties during the celebrated " War of Problems." The Epi- 
cycloid is formed by rolling a circle on the inside or outside 
of the circumference of another circle. This figure is useful 
in determining the proper shape of cogs in machinery, and 
also in the construction of pendulums. The cur\'e of this 
figure may he seen on the surface of milk, when placed in a 
bright circular cup, and the light allowed to shine on the por- 
tion of the surface of tiie cup above the milk. Every child 
has noticed this figure, which nursery legends describe as the 
impress of the cow's foot, but which philosophers style the 
catacaustic curve. If the fixed circle be twice the diameter 
of (he circle rolled within it, the resulting line will be a straight 
line instead of a curve. 
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LECTURE XV. 



POSITION AND ALLIGATION. 

Among the rales of Arithmetic based on the doctrine of pro- 
portion are two, generally considered especially difficult to un- 
derstand ; and these we shall make the subject of the present 
lecture. They are Position and Alligation. It is proper how- 
ever to say, that both these are founded on principles which 
may be perfectly understood with a reasonable degree of atten- 
tion ; and that they are not difficult. To make them intelligi- 
bIe,however, we shall present them, and attempt their illustra- 
tion, in a form considerably different from that usually found 
in works on the subject. 

The rule called Position in modern treatises, is frequently 
called in the old books "Supposition," "Rule of False," 
" Trial and Error," &c., and from these names, as well as 
from the fact that the correct result cannot always be produced 
by this mode, many arithmeticians seem to regard it as un- 
worthy of investigation, or of confidence. It was fonnerly 
regarded with greater favor, but the more general diffusion of 
a knowledge of Algebra, has caused it to be omitted in many 
school arithmetics. 

Hutton says, in his Mathematical and Philosophical Dic- 
tionary, that " The rale of Position passed by the Moors into 
Europe, through Spain and Italy, along with their Algebra, or 
method of Equations, which was probably derived from the 
former." We shall now attempt briefly to show that it is not 
dilEcult to understand, or apply- 



SINGLE POSITION. 

When an unknown number is to be increased by some part 

or multiple of itself, the operation is very simple, for we have 

only to take any number at pleasure, and perform upon it 

similar operations to those indicated in the question, then say, 

20 
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As the result Uius found, 
Is to the result given in the question, 
So is the number from which the first was produced, 
To the number from which the second must have been pro- 
duced. 

Example. What num.ber becomes 24 by adding to it a third 
part of itself? 



Suppose 
+i itself 



16 



Then, 

As 16 : 24 : : 12 

12 



■ 18 ^ns. 

Here the result is only 16, but by increasintr 16 to 24, and 
increasing 12 in the same ratio, we have 18 ; the number 
fkim which 24 was produced. 

These operations are founded on the general principle that 
"Results are pxoportio?iate to the numbers th^t by similar opera- 
tions produce them." 

Example 2. What number becomes 24 by being multiplied 
by 3? 

Suppose 12. Then 3x12=36 

And 36 : 24 : : 12 : 8, the Jlns. 

Example 3. In a certain orchard \ of the trees bear cher- 
ries; J bear apples; J bear peaches; -j^ bear plums; and 
the rest, 16 in number, bear pears. How many trees are in 
the orchard ? Ans. 120. 

Example 4. A person having a sum of money, spent J and 
i of it, and found he had $60 left. How much had he at 
first ? Ans. $144. 

Example 5. A lady being asked her age replied, " If | of 
my age be multiplied by 7, and % of my age be added to the 
product, the sum will be 292." What was her age ? 

Ans. 60 years. 

In all the foregoing we find the results constantly proportion- 
ate to the numbers from which, by similar operations, they 
were produced. We might, however, by investigation, find 
other proportions, e. g. the error in the result is always pro- 
portionate to the error in the supposition. 

What number becomes 24 bv addina: to it the thu'd part of 
itself? ^ 
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Suppose as before 12 (which is 6 too small) 
+ J itself 4 

16, this should be 24, hence the error is 8 
Suppose is (which is 3 too small) 
+ J itself 6 

20, this should be 24, hence the error is 4. 

Here we find that 

The 1st error in supposition (6) 

Is to 2d error « (3) 

As the first error in result (8) 

Is to the 2d " " (4) 

This conclusion is perfectly reasonable, and a little exami- 
nation must show that the law is invariable. If adding 3 to 
our first supposition reduced the error one half, adding 6, 
would have caused it to disappear entirely. 

Again we find that — 

As the whole difference between the errors in the result (4). 

Is to either error in result, (say 8). 

So is the whole difference in supposition (3) 

To (6), the error in supposition that produced the 2n(i term, 
or to the correction to be applied to the suppciit on that pro 
duced the 2nd term, i. e. 12; hence 12+6=18, the answer 
Or in other words: The difference between the errors will be 
proportionate to the difference between the suppositions, as 
either error in the result, is to the error in the supposition which 
produced it. A little close thinking will make diis ptam 

But singular as it may appear, there are cases in which the 
eri'ors in result continue proportionate to the errors m suppo- 
sition, while the results themselves cease to be proportionate 
to the suppositions. Whenever the added or subtracted 
quantities bear the same ratio to the numbers from which 
they are produced, they will hear the same ratio to each other 
that those numbers do, and if the numbers and their additions 
bear the same ratio, their sums or differences will do the same, 
e. g. Take the numbers 12 and 18 and their thirds 4 and 6 
will have to each other the same ratio; then will their sums 16 
and 24 or their differences 8 and 12 have the same ratio, and 
this is the basis of working by a single supposition. 

But to 12 and 18, add any arbitrary number, as 2, 3, 4, 
&c., and the results 14 and 20, 15 and 21, 16 and 22, &c., 
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have no longer a similar ratio; and the same is true if we 
subtract. 

What number becomes 20 by the adiiition of 4? 

Suppose 12, then 12+4=16. (Error 4}. 

Then 16: 20 : : 12 : 15, and 15+4=-19. 

Now if the same proportion had existed here that did in the 
former case, the last result would have been 20 instead of 19. 
Let us make another supposition and compare errors. 

Suppose 14 is the number. 

Then 14+4=18. 

Here as the difference between errors, (2), is to the differ- 
ence in suppositions (2), so is either error in the result (4 or 2), 
to the error in supposition that produced it. This must be 
true, whatever the numbers be, and is the principle which 
gives origin to the mode of operation in Double T 



DOUBLE POSITION. 

The proportion on which Single Position is based, exists as 
already remarked, only where the addition or subtraction is of 
some quantity whose ratio to the quantity sought is known ; 
for then the results are proportionate to the numbers which 
produced them. But where the quantity sought is increased 
or diminished by an arbitrary quantity, we may by using two 
suppositions, avail ourselves of the above proportions; and 
all questions that can be solved by Single Position, can also be 
by Double Position. The following rule is deduced from the 
last of the preceding proportions. 

Bute. Assume successively two numbers, performing on 
them the operations indicated by the question, and note the 
errors of the results. Then find the diiference of the errors 
, and say: As the diiference thus found, is to the difference of 
the assumed numbers; so is either error, to the correction to 
be applied to the number which produced such error. The 
result will be the true number. 

Example 1, What number being multiplied by 8, and hav- 
ing 40 added to the product, and the result divided by 6, will 
make 200 .' 

Suppose 130. Then 130x8+40-^6=180, which taken 
from 200 leaves 20, error too little. 

Suppose 136. Then 136x8+40-5-6=188, which taken 
from 200 leaves 12, error too liftle. 20—12^8, difTerence 
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(f errors. 136 — 130:=6, difference of supposed numbers. 
Then as 8, (difference of errors), : 6 (difference of suppositions) 
: : 20 (first error ; 15 (the correction to be added to first sup- 
position), Henee 130+15^:145, the true number. 

When the errors are ahke i. e. both too great, or both too 
little, the difference will be found by subtracting one error 
from the other, but if one be too great and the other too little, 
then they must be added. Tliis will be obvious if we con- 
sider that both aim at the same point, the true number ; but 
one falls short, say 6, and the other passes beyond, say 4, their 
distance apart is certainly 6+4^10. It might be compared 
to finding the difference of latitude of two places situated on 
opposite sides of the equator. But if the one be 6 degrees 
and the other 4 from the line, and both on the same side, they 
will be but two asunder. We might remark, that whenever 
the errors are equal and unlike, kalftiie sum of the suppositions 
is the true number. 

Another rule is sometimes given as follows, Find the errors 
as before, and Ihen multiply the first supposition into the second 
error, and the second supposition into the first error. Then if 
the errors were alike (t. c. both too great, or both too little) take 
their difference for a divisor, and the difference of the product 
for a dividend ; the quotient resulting will be the number 
sought. But if the errors be unlike, take their sum for a divi- 
sor, and the sum of the products for a dividend, the quotient 
resulting will be the number sought. 

In the preceding example, the first supposition was 130, the 
second 136. The first error was 20, the second 12, both too 
little. 

Then, 136x20=2720 
130X12=1560 

8) 1160 

145 ^ns. 
An example might be given and solved in which the errors 
would be unlike, but it is perhaps unnecessary, as the mode 
of operation is obvious. 

The reason of the rule for multiplying the errors and suppo- 
sitions crosswise, can scarcely be given without the aid of Al- 
gebra, as the rule is derived from an Algebraic formula. 

Let a and b represent tiie two supposed numbers, r and s 
the corresponding enors, and x the true number sought. Then 
¥6 have 
As X — a : x — b : : r : s 

20* 
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Mult. ex. and means sx — sa^^rx — rh 

By transposition sx — rx=sa — rb 

Dividing by s — r gives x= , which translaled into 

words, is precisely tlie rule when the errors are alike ; as will 
be seen by substituting numbers for characters, or using 
words. 

If both suppositions are too great, the expressions represent- 
ing them will be a — x and b—x, and the result will be the 
same as above. But if one be too great, and the other too 



r+s ' 

when the errors are unlike, i. e. " Divide the sum of the pro- 
ducts by the sum of the errors." 

In the above we might assign value to the several factors, 
and tell what the several products represent ; but it would only 
darken the subject. The formula is fairly deduced, and that 
is sufficient. 

We will now give a few 

Questions foe Exercise. 

1. A son asked his father's age, the father replied, "Your 
age is 12 years, to which if § of both our ages be added, the 
sum will be equal to mine," What was the father's age ? 

Ans. 52 years. 

2. What number is that which being increased by its half, 
its third, and 18 more, will be doubled ? Jlns. 108. 

3. A son asking his father how old he was, was answered, 
"Your age is now J of mine, but 5 years ago your age was 
only \ of mine." What were their ages? Ans. 45 and 15. 

4. A and B have the same income. A saves a fifth part of 
his, but B by spending $50 per annum more than A, at the 
end of 4 years finds himself $100 in debt. What does each 
receive and spend per annum ? 

Arts. They receive $125, A spends SlOO, B Sl50. 

5. A has $20 ; B has as many as A and half as many as 
C ; and C has as many as A and B both. How many had 
they severally ? Ans. A 120, B $60, C $80. 

6. A gentleman gave his three daughters $10,000, of which 
the second was to have $1000 more than the first, and the 
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lliird as much as both the others. How much had each 
one ? Jns. 1st $2000, 2d $3000, 3d $5000. 

From tlie foregoing it appears that we have proportions by 
which we can determine numbers that have been increased or 
diminished by other numbers whose ratio to tlie first is known ; 
or that have been increased or diminished by any arbitrary 
number, and thus far, the operations are as certain and based on 
principles as fixed, as any pertaining to mathematical science. 
But if the number is to be increased or diminished by some 
root or power of itself, or of any unknown number, then the 
rule fails, for the proportion no longer exists; no two num- 
bers having the same ratio to eitlier their root or powers re- 
spectively. Even in this case, however, we may by repeated 
operations, approximate the truth to any required degree of 
accuracy. 

What number becomes 54 by adding to it the square of a 
third of itself? 

Suppose 12 Suppose 15 

Square of i of 12=16 Square of |- of 15=25 

28 40 

Error too little 26 Error too little 14 

Then 26X15=390 
14x12=168 

12 12)222 
18^ 

Here instead of 18, the result comes out 18J. But why 
was it not accurate? Because equal quantities, {or rather 
quantities having the same ratio,) were not added to the sup- 
positions, and hence the accuracy of proportion was destroyed. 
Still it approximates, and by taking this result and some num- 
ber near the true one, the result will still more closely approxi- 
mate on a second operation; and thus, step by step, we may 
approach the truth: like converging lines, however, which never 
meet, we can only approach. When the proportion is perfect, 
it is unimportant now wide the supposed numbers are of the 
truth; but where we can only approximate, the results are 
nearer the truth in some degree as the suppositions are. 

Position will only approximate in questions involving pow- 
ers or roots of the unknown quantity, and when the product 
or quotient of two or more uidmown quantities is involved. 
The following, however, which contains several untnown 
quantities, can be solved by Double Position, notwithstanding 
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many authors assert that no problem involving more than one 
unknown quantity can be solved in this way. 

A said to B and C, give me half your money and I will 
have $100 ; B said to A and C, give me one third of your 
money, and I shall have $100; C said to A" and B, give me 
one fourth of your money, and I shall have $100. How much 
had each ? ^ns. A had $29/, ; B $64i^ ; C $765^,- 

Suppose A had $24 ; then $24 added to J of what B and C 
had =$100; and if these equal quantities be doubled, twice 
■what A had ($48) added to B's and C'a =$200; hence A's, 
B's and C's ==$176. 

In like manner from the second statement, we find that three 
times B's added to A's and C's =$300, and from these equali- 
ties, taking away $176, which we before found to be the sum 
of A's, B's and C's, leaves twice B's ^=$124 ; and hence B's 
=$62 ; and $176 — 62— 24= $90, z= what was left for C. 

Then substituting those numbers in the original statement, 

"'""' A.-24+??±?2.100. 
2 

, 24+90 ,„ 



Again, suppose A had $36 ; then reasoning as above, what 
Giey all had =200—36=164, B's and C's share; and what 
they all had =300— twice what B had. Therefore B had $68 
and C $60. 

Substituting as before 

36 +(68 +60-^21=1 00. 
68 +(36+60-^3)=! 00. 
60+(36+68-^4)=86. Error— 14. 
Then 24X14 =336 
36X11^=414 
25J) 750 

$297,= A's money. 

From this the other shares are readily found. 

Other modes of solution, both by Position and Analysis, 
might be given. 

The foregoing elucidation of this subject, it ia hoped, will 
make it evident that Position is a strictly scientific rule, and 
worthy the attention of every one who wishes to be an accom- 
plished arithmetician. 
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ALLIGATION. 

The riile of calculating, by which we determine the value 
and proportions of compounds, is generally called in our books 
Alligation; probably from the Latin verb alligare, to tie or con- 
nect together, the numbers in some of the calculations being 
lied or linked together in the ordinary mode of solution. It is 
an ancient rule, and is supposed by Hutton to have been a 
part of the classification used by Uie Arabians. It involves 
no new principles, but like Barter, Fellowship, &c., is merely 
an application of the general principles of proportions; though 
from the arbitrary form on which the rules are generally given 
and the mysterious process of linking, It is seldom well under- 
stood. 

Such calculations as aim to find the value of mixtures, from 
having the prices and quantities of materials, are usually clas- 
sed under the head of Alligation Medial, the object being to 
find a medium or average price of the whole. There seems 
to be, however, no very good reason why such an operation 
should be caOed alligation, since there is no tying about it ; but 
it has probably received that name because, like Alligation 
Alternate, it relates to mixtures The two operations are the 
reverse of each othe 

The subject of All t Mil p fectly simple that 

a single example mjbuffi tth ts nature. 

A merchant mixe 20 lb f ^ g orth 8 cents per 

pound, with 20 lbs. t 9 t h t pound of the mix- 
ture worth ? 

20ibs. at8Cents=$1.60 
20 lbs. at 9 Cents^ 1.80 

40 pounds are worth $3.40; and 1 pound is worth 8J Cents, 
The reason of this is so entirely obvious, that we shall pass on 
at once to the reverse operation of ascertaining the proportionate 
quantities from knowing the value of the simples. Before, 
however, taking up the subject in the mode in which it is 
usually treated, we will briefly investigate, in a different man- 
ner, the law of mixtures. 

What proportion of 10 cent Coffee must be mixed with 15 
cent Coffee, that the mixture may be worth 12 cents per lb? 

By Proportion. Assume some quantity, say 10 lbs. of the 
lower priced Coffee, which will be worth 20 cents less than 
the same amount of the proposed mixture, this deficiency 
must be neutralized by putting in the 15 cent article, each 
pound of which is 3 cents too valuable. 
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c. c. lb. lbs. 

Hence : 3 : 20 : : 1 : 6|, the quantity of the highest priced 
necessary to be added. 

By Analysis. As each pound of the higher priced will 
make the compound 3 cents too valuable, and each pound of 
the lower priced will reduce the value 2 cents, a pound and a 
half at 2 cents will reduce the value of the mixture 3 cents, 
and will neutralize one pound of the higher priced. There- 
fore, 1 lb. of the 15 cent and IJ lb. of the 10 cent will make 
the mixture required. 

Required to determine what 9 cent compounds can be made 
of Sugar at 5 cents, 7 cents, 10 cents and 12 cents per lb. 

We may here form several single compounds, 

1. Of die 5 and 10. 

2. Of the 5 and 12. 

3. Of the 7 and 10, 

4. Of the 7 and 12. 

I. Let us take, say 10 lbs. of the 5 cent, which will fall 
40 cents short of the required value, and as each lb. of the 10 
cent will exceed the average 1 cent, it will require 40 lbs. to 
neutralize the 10 lbs. of the cheaper article. 

n. Into another vessel we will throw 10 lbs. of the 5 cent 
and neutralize it with the 12 ; and as each lb. of the 12 is 3 
too rich, 13J lbs. will neutralize the 10 lbs. of the 6 cent 
article. 

m. We will then take 10 lbs. of the 7 cent and it will 
fall 20 cents below the proper amount, and this will require 
20 lbs. of the 10 cent, as each lb, of that kind affects the 
value one cent. 

IV. Again, taking 10 lbs. of the 7 cent, we will neutral- 
ize it with 6f lbs. of the 12 cent, for reasons already stated. 

We then have four mixtures, each of the right value, and 
we may mix or combine them as we please ; and the mixtures 
thus formed will be of the right value. 

For convenience the following mode of calculation is gene- 
rally adopted. 

Rule. — " Place the mean rate at the back of a brace, and 
the prices of the several simples in front, then connect each 
rate that is less than the mean rate with one or more that is 
greater, and set the difference between each rate and the mean 
rate opposite the number with which it is linked, if more 
than one difference stand opposite to any number, add the dif- 
ferences together ; then will such single difference or sums of 
differences express the necessary quantities of the several sim- 
ples." If any article is of the mean rate, it need not be 
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linked, for whether much or little be put in, the value of the 
mixture will not be affected. 

What proportions of 6 and 9 cent sugar must be mixed to 
form a compound worth 8 cents ? 
^/ 6 1=1 lb. 

^ \ 9 I =2 IKs. ^m. 1 lb. of 6 to 2 of 9. 

For by 1 lb. of the 6 the mixture is reduced as much as it 
is raised by 2 of 9. It is at once obvious that this operation 
g^ves only the ratios of the several ingredients ; the absolute 
quantities vary according to the amount of the mixture. By 
setting the difference opposite to the number with which each 
is linked, the quantity is reversed as compared with the differ- 
When there are but two simples, one greater and one less 
than the mean rate, they admit of but one combination, but 
when there are several simples at different prices, they may be 
variously combined, and hence several answers to such a ques- 
tion may be found, and all will be correct ; for various mix- 
tures of the same value may be made. If a merchant have 
sugar at 4, 6, 8, and 10 cents per lb. and wish to form a mix- 
ture of the whole worth 7 cents, it is entirely obvious that he 
may vary the quantity of either ingredient that is less or greater 
than the mean rate by using less or more of the other pair of 
ingredients. He may form a mixture of the 4 and 8 cent, 
that shall be worth 7 cents, and another of the 4 and 10 and 
still others of the 6 and 8 and 6 and 10 ; and these mixtures 
being all of the same value, he may form of them an infinity 
of combinations, by using various proportions of the several 
mixtures. 

What proportions of 5, 6 and 10 cent sugar will make a 
mixture worth 8 cents ? 



=3+2=5 lbs. 

Here we have one tind above and two below the mean 
rate, and wc must hence form two primary mixtures, by using 
2 of the 5 and 3 of the 10; and 2 of the 6 to 2 of the 10. 
We then mix all together and it makes 9 pounds. We may 
consider in the practical operation. 2 lbs, each of the 5 and 6 
cent are thrown into a vessel, and then 3 pounds of the 10 to 
neutralize the 2 pounds of 5 cent; and 2 more to neutralize 
the 2 lbs. of 6 cent. One thing must be distinctly understood 
and rememhered, (bat every pair of numbers livJced together, 
forms of itself a compound of the right proportions ; and if 
they do so separately, they will do so when taken together. 
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When tiiere is one number greater or less than the mean 
rate, and two of a contrary character, but one result can be 
obtained, unless we vary the quantities of the primary mix- 
tures. But as the numbers increase, the modes in which they 
may be aliigated increase very rapidly. If there be two 
greater and two less than the mean rate, 7 different compounds 
may be produced by alligating the numbers differently. Take 
llie case supposed a moment since in which a merchant wished 
to form a 7 cent compound of 4, 6, 8 and 10 cent sugar. 
These we may link or combine as follows — 

First. Second. 

, =3 lbs. 



=1 



Third. 
4 X =1 + 3= 



=3 



Fourth. 
6 n1\ =1+3- 



=1+3=4 
3 



10 X = 4 

Seventh. 
=1+3=4 
-1+3=4 
=3+1=4 
^3+1=4 

Instead of linking we may designate in any other way the 
kinds of which we would form our primitive mixtures, either 
by similar marks, or otherwise. 

If a given quantity of a composition is to be made, we find 
the ratio of the ingredients as already shown, and tiien say : 
As the sum of the numbers expressing the ratios, Is to the 
number expressing the ratio of each ingredient, So is the re- 

auired quantity, to the quantity of such ingredient. Or divide 
le required quantity by the sum of the ratios found by alliga- 
ting as before, and multiply the resulting quotient by the ratios 
found by linking. 

Required to make 80 lbs. of a 7 cent mixture out of 4, 6, 
8 and 10 cent sugar. How much of each must we use? 
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We find by linking as before, that 3, 1, 1 and 3 lbs., res- 
pectiveljf will answer the purpose. The sum of these is 8 lbs. 
instead of 80 ; we may therefore say, 

As 8 lbs. : 80 lbs. : : 3 lbs. : 30 lbs.— the quantity of 4 
cent sugar required. And this operation repeated for each 
kind wUI give the several quantities desired. Or 80-=-8=10, 
showing that the whole quantity, and consequently each ingre- 
dient, must be multiplied by 10 to produce the required quan- 
tity. 

Sometimes one of the ingredients is limited, and the rest 
must be adapted to it. 

Required to mix 20 lbs. of 4 cent sugar, with other sugar 
at 6, 8 and 10 cents, so that the mixture may be worth 7 

Alligate as before, then say 

As 3 lbs. (the quantity of 4 cent found by linking,) 

Is to 20 lbs. (what it should be ;) 

So is each of the other proportionate quantities, 

To what each proportionate quantity should be. 

If both quantity and price of some ingredients be given, 
and they are to be used with other ingredients of which only 
tlie price is given, find the value of the portion of the inixture 
made of the materials of which both price and quantity are 
given, and then link such mixture with the articles of which 
the price only is given. 

Mix 36 gallons of wine at 24 cents per gallon, 8 at 52 cents, 

and 4 at 88 cents, with wine at $1.25, 86 cents, and 90 cents 

per gallon ; and have the mixture worth $1 per gallon. 

36 gallons at 24 cents=$8.64 

8 " 52 " 4.16 

4 " 88 " 3.52 

48 48)16.32 

Average price per gallon 34 cents. 

{34 ■^ = 25 gallons 

126 i =66+14+10= - 
90 - 

Then as we were required to take 36+8+4=48 gallons to 
form the 34 cent mixture, and the linking gives but 25 gallons, 
we must increase the several quantities 25, 90, &c., in the 
ration of 25 to 48, thus — 

21 
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As 25 : 48 : : 90 : 172| gal. the quantity of wine at $1.25 
per gallon. The quantity of the others will of course be 48, 
as the ratios of the quantities are all alike. 

Sometimes a compound is required of a value inferior to 
any of the ingredients named, which strictly speaking would 
be impossible. But we may according to fiie admonition of 
the deacon in the story, "sand Ihe sugar," " gravel the cof- 
fee," and "water the rum," and as these additions cost but 
little, we may set them down at in the alligation, and pro- 
ceed in eyery respect as directed in other cases. 

In how many ways may the articles be combined when there 

are 4 greater and 5 less than the mean rate ? Say the average 

price is 15 cents per lb., and the several simples are worth 8, 

10, 12. 13, 14, 17, 19, 20 and 22 cents per lb. 

.et us first combine of the 8 and 17 

Then of the 8 " 19 



Then of the 10 and 17 



Again of 12 and 17, 19, 20 and 22 respectively 
And of 13 and 17, 19, 20 and 22 " 
And of 14 and 17, 19, 20 and 22 " 

Proceeding in the solution of the preceding problem, we 
may determine what proportions of each ingredient will con- 
stitute these twenty mixtures ; and we may at the same time 
satisfy ourselves that there may always be as many primitive 
mixtures as there are units in the ptoduct of the number of 
simples less than the mean rate by the number that is greater. 
For with each one that is less we may make a mixture with 
each one that is greater respectively. It is proper however to 
remark that tliese compounds are formed of but two ingredi- 
ents, and not of a portion of all the ingredients. The mixing 
of the mixtures is an operation that numbers can in no way 
calculate. But the answers usually obtained by linlcing sup- 
pose a portion of each simple to enter into the mixture. 

The foregoing are all the principles that occur to us as in- 
volved in this subject; and we have endeavored to give them 
all the explanation necessary. It is not of much practical im- 
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portance, fJiough the pnnciple may be sometimes applied very 
conveDiently in the solution of pioblems 

HiERO, king of Syiacuse, gave ordeis for a crown to be 
made entirely of pure p:old, but suspecting the workman had 
debased it, by mivina; with it silver or copper, he recommended 
the discovery of the fraud to the famou'i Aechimedes, and 
desired to know the exact quantity of alloy in the crown. It 
IS said that he was sorely puzzled on receiving the king's 
order, and as \ias hia practice, retired to his bath to study 
upon it On immeismg his body a portion of water ran over 
the aide of the bath , and the idea was at once clear to his 
mind In the ecstacy ot the moment, be sprang from the 
water, and ran naked through the eity, exclaiming, " Eureka ! 
Eureka' '" I have found it' The exclamation is often used 
in ndicuie of a trifling discovery. 

Aechimedes, in order to detect the imposition, procured two 
other masses, one of pure gold, and the other of silver, or cop- 
per, and each of the same weight with the former ; and by put- 
ting each separately into a vessel fall of water, fhe quantity 
of water, expelled by them, determined their respective bulks; 
from which, and their given weights, it is easier to determine 
the quantities of gold and alloy in the crown by this case of 
Alligation, than by an Algebraic process. 

Suppose the weight of each mass to have been 5 lbs., the 
weight of the water expelled by the alloy, 23 oz.; by the gold, 
13 o3.; and by the crown 16 oz.; that is, that their respective 
bulks were as 23, 13 and 16; then, what were the quantities 
of gold and alloy respectively in the crown.' 

Here, the rates of the simples are 23 and 13, and of the 
compound 16, whence, 

J 13-,=7 of goldl And the sum of these is 7+3= 
\23'=3 of alloy / 10, which should have been but 
5, hence. 

If the specific gravity of the compound was proportionate to 
that of the ingredients ; and if there were but two metals in it, 
the above would be stricUy correct. 

Questions like the following admit of easy solution by Alli- 
gation, but it is not always easy to avoid fractions, even 
though integral numbers may answer the condition of the 
question. 

Buy 100 head of Cows, Hogs and Sheep, and give $10 
apiece for Cows; $1 for Hogs, and 16§ cents for Sheep. 
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How many must there be of each to make 100 animals for 
$100. 

f Cows, $10 "1 Multiplying by 6 to clear the 
Mean rate $1< Hogs, 1 > numbers of fractions before tak- 
( Sheep, ^ J ing the differences, we have 
rCows, $60") = 5 Cows = $50 
Mean rate $6^ Hogs, 6 ^=41 Hogs = 41 
( Sheep, 1 J ^54 Sheep = 9 

100 Animals worth $100. 

Having found the number of Cows and Sheep that will 
make an average of the proper price, Ihe number of Hogs is 
determined by taking these numbers from 100. That this 
must produce the correct result, we may perceive by consider- 
ing that the Cows and Sheep being linked together, must pro- 
duce a combination that diall average $1 each, and hence 
win be woilh just as many dollars as there are animals ; and as 
the Hogs are wordi a dollar each, as many hogs as will make 
the number 100 will make their value $100. The hogs being 
at just the mean rate cannot be linked, but as many can be 
"thrown in" as suits convenience. If 5 and 64 were not 
prime to each other, we might have as many additioiial results 
as there would be common measures of the numbers. 

The question may be varied by supposing the Cows worth 
$10, Hogs $3, and Sheep 50 Cents, and $100 to purchase 
100 animals. 



Mean rate $2 



fCows, $20 ■) = 1 

^Hogs, 6iy=i 

(Sheep, 1/ j=lS4 



24 



By ihis we know that 18 Sheep and 1 Cow will make a 
combination of 19, worth a dollai cidi on an aierige; and 
that 4 Sheep and 1 Hog -will make animals worth $5 ; and 
together they will make 24 animals woith |24 Then 100-H 
24=4^, the ratio in which they must seveiallj be increased 
to make 100 animals 

1 CowX4J=4J Cows worth $411 at $10 

1 Hogx4^=4J Hogs worth 12i at 3 

22 Sheepx4^=91§ Sheep worth 4f>| at 50 cents. 

Jlns. 100 Animals worth $100 

Fractions of animals in such a question are absurd, but this 
is the only form in which these numbers can be linked, and 
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if we take the immbers naturally resulting, fractions are in- 
evitable. But we may take what multiple we choose of the 
pairs, and thus make up a hundred animals, since each com- 
bination is ever perfect in itself. Suppose then, instead of 
taking 1 Cow to 18 Sheep, and 1 Hog to 4 Sheep, we take 5 
times the first combination, and 1 time the latter. 



1st Com, 



= 5 Cows worth $50 

i_ 18 SheepX5=^ 90 Sheep worth 45 

„ , „ ( 1 Hoff worth 3 

2<1C;°^- \ 4 Sheep worth 2 



■ \18£ 



100 Animals worth $100 
The value of an individual cannot be affected by multiply- 
ing both quantities of a combination, and we may very soon 
go through the whole range of results not exceeding 100 ani- 
mals, and thus determine whether an answer in whole num- 
bers is practicable; but it would be rather a matter of experi- 
ment than calculation based on any fixed rule. To obtain an 
integral answer to the above is a problem that has exercised 
the ingenuity of many, but I have never seen any mode by 
Algebra or otherwise, that seemed so simple as the foregoing. 



LECTURE XVI. 



PROBABILITIES, &c. 

Our attention for the present will be occupied with the sub- 
ject of Probabilities ; only the main features of which we can 
hope to notice even hastily, in the compass of a single lecture. 

When we look around us at results happening daily, of the 

causes of which we are ignorant, we are led to regard them 

as isolated incidents, subject to no rule or law ; but could we 

see and understand the secret workings and connections exist 

21* 
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ing between cause and effect, we might frequently discover 
that all works by rule. As it is, we may readily mark the 
boundaries, within which events must happen in very many 
instances; and do much to estimate their probability. We 
speak of Chance as something without plan or design, but 
taking in a large range, our calculations will approximate 
closely to the truth. When we throw a copper into the air, 
the chances of "heads or tails," as the boys say, are equal, and 
though one or tlie other may occur most frequently for a few 
throws, in a large number, say a thousand, the results will be 
about equally divided. In this case the sides of the coin must 
be equal in weight, else it will be like the grumbler's bread 
and butter : 

" I never had a piece of breaif. 

Particularly good and wide. 
But fell upon the snnded floor, 

And always on the buttered side." 

Had he put on less butter, perhaps the sides would have 
been more equal in weight, and the probability of the buttered 
side being uppermost would have been increased. Disturbing 
causes, unknown to us, may often shape the result ; but in the 
absence of these, we may pvelty accurately estimate our 
chances. 

We sec accidents from fire and flood, happening at times and 
points least expected ; but the insurer bas learned by observa- 
tion to estimate probabdities, and bj taking i wide range of 
country ind a period of ^ears, he does a comparatnelv safe 
business Death takei the joung and the old, but tl'e iiie in- 
surer has conned the bills of mortality, and studied t! e ages 
of those who hue died, until he cin eitimate it once the pro 
babdity of duration of life, and determine whit he cin afford 
to pay for -va annuitj contmgent on life, or engage for i present 
*:uin, or an annual sum paid for hfe, to pay the heirs dt the 
death of the insured In one instince his estimate may fall 
short, and m another exceed, but the a^eiage will be ibout 

iigit 

So too the man who deals in lotteries and gime^! of chance, 
knows the data and calculates carelull> the probabilities, and 
though " luck" mi> sometimes be igamst him hii estimates 
ol probabdities ire bised on mathematical principles, ind he 
IS secure in being ulhmatcly the gaining party 

How these chances are calculated, depends on the data in 
each cise, and it is notwithm the range of our present phn to 
attempt more than giving a general idea of the subject, and 
this with any one of ordinary prudence, will be sufiicient to 
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prevent all intermeddling with lotteries and every other species 
of gambling. The probabilities are always against the casual 
operator, even if all be conducted fairly ; what then must they 
be when fraud and dishonesty are superadded ? It is downright 
swindling ! 

In lottery schemes generally, fifteen per cent, is reserved as 
profit, but this is a small part of what may be secured ; yet 
even this amounts to a great deal. If a man ■were to draw a 
prize nominally of $100,000, fifteen thousand would be de- 
ducted at once, and he would be entitled to only $85,000. It 
is true that in his good fortune he would not probably regard 
the abatement, but that does not change the principle. 

In order to make the general principles of the subject intel- 
ligible, we wdl now take up briefly, Variations and Combina- 
tions, which form the basis of lottery schemes ; and give also 
some estimates of Chances, that may impart an idea of that 
subject. He that would investigate these things thoroughly 
however, must look to full treatises written expressly on Pro- 
babilities. 

First then, in regard to 



VARIATIONS. 

It is obvious that if we have a number of single tilings 
arranged in any order, we may change the arrangement into 
a variety of forms, and in doing so, we may take all together, 
or we may take only part at once. For instance, we may ar- 
range tlie six vowels, a, e, i, o, u, y, in a great number of 
ways, asaeiouj, aieouy, eaiouy, &c,, &c., or we 
may form them into groups, as ae, io, ny, ai, eu, oy; &c.; or, 
we may take three, four, five, or, as above, all at a time ; and 
it is reasonable to suppose that the number of possible changes 
may, in all cases, be calculated. 

When all are taken together, the operation is called Permu- 
tation; but if a part only be taken, it is called either a Varia- 
tion or a Combination; a e, i o, u y, are distinct combinations, 
and are also considered one of the variations of two of which 
those six letters are susceptible, e a, o i, y u, are three other 
variations, but they are the same combinations ; for a change 
of order will con<ititute a new variation, but not a new com- 
bmation, hence the number of vanalions wiU always exceed 
the number of combinations 

The doctrine of Mriations and combimtions forms the basis 
of many forms of Lotteries, and of other calculations used in 
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practical life. We shall commence with the simplest form of 
variations in which all the articles are taken at once and which 
is called 

PERMUTATION. 

To determine the number of permutations, commence with 
unity and multiply by the successive terras of the natural series 
1,2, 3, &c., until the highest multiplier shall express the num- 
ber of individual things. The last product will indicate the 
number of possible changes. 

Example 1. How many changes can be made in the ar- 
rangement of 5 grains of corn, all of different colors, laid in 
a row? Solution. 1x2x3x4x5=120, Ans. 

This may seem improbable, the number being so great, but 
if there were but a single grain more, the possible changes 
would be 720 ; and another would extend the limit to 6040; 
and so onward in a constantly increasing ratio. The reason, 
however, wd! be obvious on a little scrutiny. If there were but 
one thing, as a, it would admit of but one position ; but if two, 
as a b, it would admit of two positions, ab, ha. If three things, 
as a 6 c, then they will admit of 1x2x3^=6 changes, for the 
last two will admit of two variations, asab c, acb, and each 
of the three may successively be placed first, and two changes 
made to each of (be others, so that 3X2^6, the number of 
possible changes. In the same way we may show that if there 
be four individual things, each one will be first in each of the 
six (;hanges which the other three will undergo, and conse- 
quently, there will be 24 changes in aU. In this way we 
might show that when there are 5 individual things, there will 
be 5 times as many changes as when there were but 4 ; and 
when 6, there will be 6 times as many changes as when there 
are only 5 ; and so on ad infinitum, according to the same 

Example 2. In how many ways may a family of 10 per- 
sons seat themselves differently at dinner? .^ns. 3628800. 

When we consider that ibis would require a period of 
9935j^ij years, the mind is lost in astonishment. The story 
of the man who bought a horse at a farthing for the first nail 
in his shoe, a penny for the second, &c., is thrown into the 
shade; and we incline to doubt whether there is not some 
mistake ; and yet on just such chances as one to ail these do 
gamblers constantly risk their money ! 

Example 3. I have written the letters contained in the word 
NIMRODon6 cards ; being one letter on each, and having 
thrown them confusedly into a hat, I am offered $10 to draw 
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the cards saccessively, so as to spell the name correctly, "What 
is my chance of success worth ? Mns. 1 /g cents. 

Case 2. 

When several of the individual things are alike. 

Rule. Find the number of permutations of individual things 
as above, as though all were diiFerent, Then find the number 
of permutations that could be made of the individuals of each 
separate kind that is repeated, then multiply together the seve- 
ral partial permutations, and divide the permutations of the 
whole by this product of the several partial permutations; the 
quotient will be the answer sought. 

We may make the reason of this rule apparent by consider- 
ing that three things, as a 6 c will admit of — z — ^=6 
changes ; but if two of them be alike, as a a c, then it will 
admit of but three changes, aac, aca, caa, ^^ -- — ~ ; and 

thus we might extend the series to any number. 

Example 1. In the preceding question the name JVimrod is 
composed of six letters, all different, and we find that the pro- 
bability of all the letters coming out in their natural order is 
as only 1 to 720 ; the word persevere is composed of 9 letters, 
and ought by the same rule to admit of 362880 changes, but, 
as some of the letters are alike, the number of changes is 
greatly reduced. How many can be made? 1x2x3x4x5- 
X6X7X8X9=362880, the number of changes if all were 
different. 1x2x3x4=24 permutations of e's; 1x2=2 per- 
mutations of r's, and 24x2=48 their product ; 362'880-h48- 
=7560 the number of possible changes. 

It is clear if we had these letters placed on cards, the pro- 
bability of drawing out an r would in the first instance be 
doubled, because there would be two cards with that inscrip- 
tion ; and the probability of drawing out an e would be quad- 
rupled ; indeed the chances would be increased still more, for 
not only are the sought for cards increased, but the number of 
an opposite description is diminished. 

Example 2. How many different numbers can be formed of 
the following figures, 1223334444 ? Jlns. 12600. 

Case 3. 

When part only of the things are taken out at once. 

Rule. Take a series of numbers, beginning at the number 
of things given, and decreasing by 1, as many times as the 
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number of quantities to be taten at a time ; the product of all 
the terms will be the answer required. 

Example 1. How many different numbers of four figures 
each can be formed of the figures 1 to 8, inclusive, no two 
figures in the same number being alike ? 

8x7x6x5=1680 ^ns. 

Example 2. How many different words of 8 letters each 
can be made of the 26 letters of the alphabet, allowing every 
different arrangement to make a distinct word, without regard 
to vowels or consonants? Ans. 6 



We may illustrate this rule by giving the various arrange- 
ments of two letters each in the word HARD. 

Here we have 4x3=12 Ans. And by actual experiment 
we have HA, HR, HD ; AH, AR, AD ; RH, EA, RD ; DH, 
DA, DR; each ietter successively combining with each of the 
other three ; or as we might say, each of the 4 leading in 3 
changes, and hence making 4 times 3=12 changes. If there 
were 5 letters, as H A R D Y, it is obvious that each of the 
five would combine with each of the other four, making 5x4 
=^20 changes, and so on with any number of individuals. ■ 
Hence the reason of the rule is manifest. 

Case 4. 

Variations with Repetitions. In this case every different 
arrangement of individual things, including repetitions, is 
called a Variation, and, like Combinations, the class of the 
variation is denoted by the number of individual things taken 
at a time. 

Rule. Raise the number denoting the individual things ti> 
a power whose exponent is the number expressing the class of 
the Variation. 

Elustration Let us make a variation of the second class 
of three things, ah c. Here we have aa, ab, ac, ba, bb, be, 
ca, cb, cc Each one of the letters leads in a variation with 
the others, mcludmg itself, and of course there must be 3x3 
^=9 vanationi So if we make a variation of the third class 
of three things, « 6 c , we shall find that a will lead in 9 varia- 
tions, and as each of the others will do the same, there will be 
3x9=27=3* variations. The law of increase is hence 
manifest. 

Example 1. Howmanyva-iatio.iS with repetitions of the 4th 
class can be formed out of 5 'ndiviaual things. Ans. 5^=^625. 

Example 2. How many numbers of 9 places of figures 
each can we form out of the 9 digits, provided we are allowed 
to make a repetition of figures;' Jlns. 9»= "" 
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COMBINATIONS. 

If we have a number of tilings, it is obvious that we may 
parcel them out into groups or combinations, and our present 
object is to determine the number of such combinations that 
may be made of any given number of things taken in given 
parcels. We shall first consider. 

Combinations without Repetitions. In this case the repe- 
tition of an individual thing, as aa, is not considered a com- 
bination. It should also be premised that the number of things 
taken at a time indicates the class of a combination. If two 
things be taken, the combination will be of the second clsss; 
if three, of the third class, &c. 

Second Class. When two tilings are combined. 

Rule. Find the sum of the natural numbers, 1,2, 3, &c.,to 
as many terms less one, as there are things to be combined. 

Reason. Two things admit of one combination, add another 
and it will unite with each of tlie others, making two addi- 
tional combinations ; so four will make three more ; five, four 
more, &c. 

Third Class.— Rule. Find the sum of Hie series, 1, 3, 6, 
10, &c., to as many terms, less two, as there are things to be 
combined. 

Reason. Three things will form one combination ; four will 
form three additional ones ; five will make six more, and so 
on. We subtract two, because the first three individuals only 
make one combination. 

General Rule. From the number of individual things sub- 
tract one less than the class of the combination, and find the 
sum of as many terms of the series belonging to the class as 
there are units in the remainder, such sum will express the 
number of combinations. 

We might easily show the correctness of the rule in any par- 
ticular case, but the foregoing illustration is deemed sufficient. 
The following are a few of the series referred to above. 

2d Class, 1, 2, 3, 4, 5, 6, 7, 8, 9, &c. 

3d " 1, 3, 6, 10, 15, 21, 28, 36, 45, &c. 

4di " 1, 4, 10, 20, 35, 56, 84, 120, 165, &c. 

5th " 1,5,15,35, 70,126,210,330, 495, &c. 

6th " 1, 6, 21, 56, 126, 252, 462, 792, 1287, &c. 

Here the law of formation is obvious, each term being 
formed of the sum of a corresponding number of terms of the 
preceding series. Thus the fourth term of the series belonging 
to &e third class is tlie sum of the first four 4erms of the 
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series belonging to the second class ; ant! the same law holds 
good ad infinitum. 

To save calculation we may, instead of finding the sum of 
the series, take the corresponding term of the series belonging 
to the next higher class. 

Example 1 . How many different numbers, of 4 figures each, 
maybe expressed by the figures from 1 to 8, inclusive; no two 
of the numbers having all their figures alike ? 

Here 8 — -(4—1)^5, the number of terms of the 4th class 
whose sum, 70, or the 5th term of the 5th class series is the 
answer sought. 

Example 2. How many combinations without repetitions of 
the 5th class can be formed of 12 diflerent things? 

12~(5~1)=8. Here 792, or the 8th term of the 6th class 
series is the number. 

Where large numbers are concerned, the following rule is 
more convenient in application than the foregoing, but it rests 
on tho same general principle. 

" From the number of individual things, subtract the number 
denoting the class of the combination, less one; multiplying 
this remainder by the successive increasing terms of the series 
of natural numbers until we reach the term denoting the num- 
ber of individual things ; then divide this product by the num- 
ber of permutations of a number of individual things denoted 
by the class of the combination." 

Example 3. In order to form a lottery scheme I have put 
into the wheel as many cards as I can put 4 letters of the 
word Charleston on, widiout having the same letters on any 
two cards. I oflTer $100 to liim who draws the cards having 
on them the first 4 letters of the word in any order whatever ; 
what is a chance of drawing the prize worth ? 

^ns. Only 47jJ- cents. 

Combinations tcith Repetitions. In this case the repetition 
of an individual is considered a new combination. Thus ab 
admit of but one combination if we do not repeat, but if we 
do we can form three combinations, viz, a<i, ab, bb. The fol- 
lowing rule is deduced in a manner similar to the one in the 
preceding case. 

Rule. The number of combinations will be denoted by the 
sum of as many terms of the series belonging to the class as 
there are individual things. 

How many combinations of the 5th class can be formed of 
9 individual things .' 

According to the rule it will be the sum of 9 terms of the 
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series belonging to Oie fifth class ; or what is the same the 9th 
term of the sixUi class series=1287. 

Example 2. How many different numbers of four places of 
figures each can be formed out of the nine digits ? 

^ns. 495. 

The followino; rule is more readily apphed to large numbers 
than the preceding, but it is not so easily illustrated. 

To the number of individual things add the number de- 
noting the class of the combination, less one, multiply the sum 
successively by the decreasing terms of the series of the natu- 
ral numbers until we reach tiie term denoting the number of 
individual things ; then divide this product by the number of 
permutations of a number of individual things denoted by the 
class of the combination. 

Example 3. How many different combinations of six things 
at a time can be formed out of 11 individual things ? 

Ans. 8008. 

In regard to the number of combinations that can be made 
out of any given number of single things, it increases witii 
the number taken at a time until you reach half the whole 
number of things, after which the number of combinations 
will decrease, since the multipliers of the divisor will be larger 
afterwards than the corresponding multipliers of the dividend. 
And if we pass on increasing the number in a combination 
until the whole are taken at a time the divisor and dividend 
will be the same and there will be but one combination. 

The number of variations will continue to increase as the 
number in the group increases, for there is no divisor to coun- 
teract by its greater increase, the increased product of what 
becomes the dividend in calculating combinations. The 
number of variations will be greatest when the whole number 
of things is taken at once, and the number of combinations 
will then be least, for whether the number be great or small it 
can form but one combination. 

The preceding are the most important portions of the doc- 
trines of Variation and Combination ; and though there are 
portions of the subject which we have entirely omitted and 
others which have been but cursorily noticed, we shall now 
proceed to consider another field of inquiry in which the doc- 
trines of Permutation, Combination, &c., find their most im- 
portant applications. We allude to the subject of Probabilities. 
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PROBABILITIES. 
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when rather less than J improbable ; when much less than ^ 
very improbable ; and when impossible. 

The first aufior who is .known to have written upon the sub- 
ject is GalUeo, who died in 1642, After him Pascal, Fermat, 
and other continental mathematicians bestowed some attention 
upon the subject. From. the earliest periods a prejudice has 
existed against it on account of its ready applicability to 
games of cards and dice. An anonymous writer who in 1692 
published the first English essay " Of the Laws of Chance," 
deemed it necessary to protest in his preface that the design 
of his book was " not to teach the art of playing dice, but to 
deal with them as with other epidemic distempers, and per- 
haps persuade a raw squire to keep his money in his pocket." 
In later years Demoivre, James and Daniel Bemouilli, 
Leibnitz and otners lent their aid to the calculus of chances, 
and the extensive application of its principles to the calcula- 
tions connected widi Life Insurances, Aimuities, and indeed 
to every kindred risk, has given the subject an importance that 
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demands for it a closer and more extensive invest 
our present plan will permit. 

If m+n be the whole number of eases and m is the num- 
ber of cases favorable to an event the probability of such event 

happening may be expressed as — 7— , and the chances against 

the sum of the fractions expressing ihe chances for 

ao-J agaii^t an event being always unity. 

Suppose a coin be Hirown up, having two faces, what is tiie 
probability that the obverse (heads) side will fal! upward, and 
what the reverse? 

Here there are only ti^'o possible cases, and one favors each 

of the contingencies the probability of each will berq-r^^J ; 

there being no reason why one side should fall uppermost 
rather than the other. 

What would be the probability of either side presenting 
upwards twice in two throws ? 

Here we have 4 possible cases, viz : 

Obverse and reverse 
Obverse both times 
Reverse and obverse 
E b h n 

Oh4pb th whh e 

n n p h b w nd is 

th ab h 

hkmn w hhwh h by the 

b p p m be 

pn p b m ■■- 

tl d p d p n nt 

h pnthhn alb ntshp- 

P 

qdd thpbbtj p- 

g d m n w 

Imhphiim h at 

fidpth ddha- 

b h h ce 

for its happening the first time is -, and of failing the second 

■- ■" ■■■ Hence the chance of its happening the first and fail- 
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ing the second is . — V"\ i ^"'^ ^^ same for failing the 

first and happening the second, therefore the chance of the 
event happening once, and only once in two trials, is expres- 
j , 2mtt 



It is sometimes required to find the probability of an event 
happening at least a given number of times, without limiting 
the number, the chances of happening and failing each time 
being given. 

What is the chance of an event happening once in 2 trials, 
when the chances of its happening each time are m and the 
chances of failure n. 

This may take place in three ways; it may happen the first 
and fail the second; happen the second and fail the first, or 

happen both times. Hence the chances is ,• --+ , — ■ , „ 

+(S+^« °' {».+.)' • 

We might extend the solution of the last two questions so 
as to embrace the recurrence of the event more than once, and 
also increase the supposed number of trials, but it would ex- 
clude more valuable matter. 

The investigation of this portion of our subject might be 
pursued farther and show how the probability of an event may 
be calculated, whether dependent on contingencies similar to 
the foregoing or still more complex. But we prefer directing 
the attention of the reader for a brief space to the subject as 
connected with Annuities and Lotteries. 

We have remarked in another lecture, when speaking of the 
subject of Insurance, &c., that the calculations connected with 
Life Insurance, Life Annuities, and the value of reversionary 
claims, were based on tables of mortality, as they are styled, 
in which the ages of persons who die are registered. As a 
necessary consequence, the value of such claims as those 
mentioned above varies with the age of the individual, and 
we shall now give a few problems in relation to this subject. 

Example 1. A person 30 years of age has an annuity for 10 
years, the present worth of which is $1000, provided he lives 
but the 10 years, for, if he dies, the annuity ceases. What is 
the annuity worth, as it is ascertained that about 75 out of every 
4385 persons die annually between the age.s of 30 and 40 
years? ^«j. $826^^|- 
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If 75 persons die in one year, in 10 years 750 wonld die, 
and 4385 — 750=3635 would probably be living. Hence, 

As 4385 : 3635 : ; $1000 : $826g^e- 

Example 2. A, who wfts 70 years of age, haJ an annuity 
which was to last 10 years, provided he lived until the end 
of that time. B gave hiifi for it as a fair price $1250 ; but he 
has forgotten what A was to receive annually. Now between 
the ages of 70 and 80, 80 persons die out of 832 on an" aver- 
age. What then was A's annuity worth, in hand, provided 
his life had been secured 10 years ? Ans. §1129Jg|' 

Example 3. In order to form a lottery scheme, I have put 
into the wheel as many cards as I can put 4 letters of the 
word Charleston on, without having the same letters in the 
same order upon any two cards. I offer $100 to him who 
draws the card having on it the first four letters of the said 
word in their natural order (Char). What is the chance of 
drawing a prize worth ? 

There are 10 letters in the word, and the combination is of 
the 4th class; and, according to the mode of determining 
combinations with repetitions previously elucidated, we find 
the whole number of combinations of the 4th class which the 
word admits of is 210. Then he has one chance in 210 of 
drawing the letters Char, in some order. The number of per- 
mutations pf 4 individual things is 1x2x3x4^24, and 210 X 
24=^5040 his chance of drawing them in the right order, and 
$100 divided by 5040 gives Ans. 1«| Cents. 

Suppose that the numbers from 1 to 78, inclusive, be placed 
upon 78 cards, and the cards placed in a wheel by which they 
are thoroughly mixed; and then 13 cards be successively drawn 
out, by a person who has no means of choosing, and the numbers 
on them registered. Suppose also that tickets have been is- 
sued, containing each three of the 78 numbers, but no two hav- 
ing all the same numbers, and that he who holds the ticket hav- 
ing on it the first three drawn numbers in their regular order, 
shall be entitled to $100,000; what would tie probability of 
drawing such a ticket be wortli ,' Mns. 211^11 Cents. 

J^ote. — It is usual also, to give smaller prizes to the holders 
of tickets having the numbers in any order, or having any 
two or one of the drawn numbers. Lotteries may be arranged 
on a great diversity of plans, and in each the probability of 
drawing prizes wUi vary. 

A speaks the truth 3 times in 4; B,4 times in 5, and C 6 
times in 7. Wliat is the probability of an event which A and 
B assert, and C denies? Jlns. y|S* 

22-' 
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If there be 4 white balls and 6 black ones in a hat, what is 
the chance of drawing out 2 black balls at two successive 
trials? ^ns. A- 

For further information on this subject, consult Liebnitz, 
Bernouilli, and some monographs on the subject, published in 
the Transactions of the Koyal Society of London. 



LECTURE XVII. 



ARITHMETICAL ALGORITHM, SYNTHESIS, ANALYSIS, FOR- 
MATION OF RULES FOR SOLVING PROBLEMS, PROOFS, 
CONTRACTIONS, &c. 

We might find ample material for a long lecture, in tracing 
the changes that have marked successive ages, in the algorithm 
or mode of arithmetical calculation ; but the result would be 
rather speculative than practical, and be less acceptable to 
some iJian the solution and iUustration of problems, which will 
soon occupy our attention. 

We alluded in our first lecture to the primary modes of fal- 
culation by means of sensible objects, as pebbles, counters, 
&c., and experience has taught us that a great degree of skill 
and accuracy may soon be acquired in the use of such means. 
They are used by many nations even to tJie present day ; and 
Professor Leslie, in his Philosophy of Arithmetic, treats exten- 
sively on the subject, under the head of Palpable ^nlAmetic. 
The Greeks and the Romans advanced a step farther and 
adopted letters as signs of numbers. On this also we have 
dwelt perhaps sufl^ciently in detail, and we allude to it and 
the palpable modes in this connection, ratlier as introductory 
to a recent change, that has revolutionized the algorithm of our 
forefathers, and has not been devoid of many advantages. We 
allude to the Pestallozian system, and that modification of it, 
called in our country the Analytic system. It is long since the 
commencement of the historic period, that the Arabian system 
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■was adopted in Great Britain, and aa the circle of ordinary 
school studies was then very much circumscribed, being 
usually limited to Reading, "Writing and Arithmetic, the latter 
■was an important branch of knowledge, and for ages was com- 
municated principally by the oral instruction of the teacher, 
for whose use alone, the fe^w books tiiat were published, were 
designed. In those days the doctrines of mildness and moral 
influence, were little thought of, and the teacher was emphati- 
cally a school master. Tedious and intricate problems were 
given out by the teacher, and pored over for days by the pupil, 
who was expected to solve them with the smallest possible 
amount of assistance. It was almost high treason against the 
master's dignity to ask a second time for instruction ; while 
the application of the birch most liberally was the panacea for 
treachery of memoiy or deficiency in natural aptness. And 
when instruction was given, it was as to the mode of opera- 
tion, without a why or wherefore. The rules of operation being 
such generally as ■were framed from algebraic formufe, or 
drawn by its aid from the less obvious principles of the science, 
and blindly followed, by far the greater number of learners, 
who appeared to regard the rationale of the rule, as something 
with which they should not meddle ; and the doctrine was 
common, that none could understand the rationale of arithme- 
tic without a knowledge of algebra. 

In this way the study of Arithmetic became little more than 
learning by rote a set of arbitrary rules, without any knowledge 
whatever of the principles on which they were founded ; and 
he was the most expert arithmetician who could apply those 
ndes most dextrously in producing results. He no more 
thought of investigating the rules, than the clown does of stu- 
dying the internal structure of his watch. He looked only to 
tlie way the hands pointed. 

The practice of putting books on the subject into the hands 
of learners, came gradually into use, but still they were brief 
treatises that gave only dogmatical rules, few of which were 
explained on principle ; and these were the only books of the 
kind known, in schools, long since our school boy days. 

Early in the present century, M. Pestallozi, of Switzerland, 
perceiving the defects of the system pursued, opened a school 
in that country, and engaged m the cause of practical educa- 
tion. He pursued this course for years, with great success, 
and his labors resulted in changing to a great extent, the policy 
pursued both in Europe and America. He aimed to take na- 
ture's method, and having orally taught his pupils to Think, 
they were then taught to Write, before learning to Read; for 
said he, " The first one M'ho read, must have written before he 
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had any thing to read." In arithmetic he commenced with the 
simplest possible forms of enumeration and calculation, and 
tlius made the mind familiar with questions that it could com- 
prehend. Proceeding from llese to others more difficult, the 
operator learned to think for himself, and to analyze each pro- 
blem, without reference to any general rule: and from the 
analysis of particular problems, general principles were in- 
ferred. 

His notions were extremely radical, and his system not 
adapted in its full extent to the wants of practical life ; but he 
had broken the old routine, and men saw that tiie young mini! 
was capable of thinking and inferring for itself; and hence 
sprung up tiie system of Prussia and other European countries. 

In 1805 Joseph Neef, a coadjutor of PestaUozi, was in- 
duced to emigrate to the United States, and to establish a 
school on the Pestallozian system near Philadelphia. But it did 
not suit the genius of our people, and after a few years it was 
abandoned ; but something of its spirit had gone abroad, and 
the defects of the old arbitrary system had become so glaring 
that teachers of enteri>rise, were pleased with the prospect of 
finding something better adapted to the wants of the world. 

About the year 1820, Warren Colburn, of Massachusetts, 
published a treatise on Arithmetic, which he called an "Intro- 
duction to .Arithmetic on the Inductive or Intellectual System." 
He adopted many of Pestallozi's notions, and his system rose 
rapidly into favor ; securing, as success always does, hosts of 
imitators. Many of these have sought to combine tlie best 
features of the old system and the new, until now there is 
every degree of admixture, from the purely Inductive system 
of Colburn, \^ho gnes no rules:, but sohes e\erj tlung on 
its own ments , to the old dictatorial sj stems that deal in 
rules alone, without tioublmg the learner about \\!}s or 
wherefores. "We must not confound Warren Colburn with 
Zerah Colburn, the calculator, hereiflei spoken ol 

It is said that Colburn complained much m his latter years 
tliat others had robbed him of his system, and destrojed it<i 
beauties. The plan of Pcstaliozi ind his imitators, has been 
frequently called the Mental system, perh-ips from the tact 
that they all commence with oiat exercises, of a veri simple 
character, and do not resort to the pen and pencd, untd some- 
what advanced m stud> They di';tingui'ih the subject into 
Mental and Written \iithmetic , ind the whole sjstem his 
with many taken tlie name of the inertly mtroductoij e\er- 

We shall not attempt to institute a detailed comparison be- 
tween the Am]>tic sjsteni and the Synthetic , but a few 
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remarks may be profitable. In the old system, sometimes 
called the Synthetic, the rules of operation having been 
fi'ame{l from general principles, are laid down for the stu- 
dent's use, anc! he is required to solve his individual problems, 
in accordance with those genera! rules. It is evident that he 
may become very expert in the application of his rules, with- 
out understanding the principles on which they are based ; 
but it does not follow that he cannot become acquainted with 
them, neither that he should not ; and if he does thoroughly 
investigate their principles, he must be master of his subject, 
and in their application afterwards the reason will in his mind 
follow tlie rule as the shadow does the substance 

Pestallozi, and even Colb n u 1 n 1 b t 1 ft y 
thing to be inferred. This may bwU hfh hi 

master, who is engaged daily n tl 1 n f 1 1 t n 
but will not do in practical If n h h m 11 n t lly 

forget many things ; and inth t putthyh 

no time to examine a train of and ff t In h 

rules may be remembered and promptly applied, when a long 
tram ot reasoning is impracticable. Rules may be reviewed 
at an) bme, and the memory refreshed. We have often 
thought that if those who prepare books and teach, had greater 
familiar[ty with practical life, it would be better for their 
pupiis 

In the analytic system, genera! rules are inferred from the 
oxammation of particular cases, instead of being drawn from 
general pnnciples. This mode does not seem entirely satis - 
lactor) If an inference be drawn from a single result, cer- 
tainly it IS strengthened by each corroborating result; but still 
when ninety-nine special results have raised a very strong pro- 
bability, what conclusive evidence can the operator have that 
the hundredth particular case may not be at war with all its 
predecessors ? 

The mind is not fully satisfied with a strong probability — 
it asks something conclusive — something that precludes the 
possibility of an excepted case. It is true that this inference 
of general truths from special results and facts, is the mode 
pursued in studying the phenomena of nature; but this arises 
from the necessity of the case, since we have no means of ar- 
riving at general principles, but by considering a great variety 
of individual cases ; and it by no means follows, that because 
it is the best plan in that instance, it should be puisued in all 
others. In Arithmetic and Geometry we have the means of 
arriving most conclusively at general truths; and though par- 
ticular facts and cases may be adduced to illustrate them, they 
are not needed to prove them. 
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Which system then, is most profitable to the student? Which 
most profitable to the man in after life? 

These are questions on which there may well be difference 
of opinion. In the first place, mental, or more properly, oral 
exercises maybe readily carried on by either system, and, to a 
certain extent, they are profitable, especially with young stu- 
dents. Either system may be used also with the pen or pen- 
cil. It is only because they who use the analytic have adopted 
oral exercises asintroductory, that they have become identified 
in the view of many with that system. 

The friends of the inductive mode claim that the develop- 
ment is from within ; while instruction on the Syntlietic mode 
is from without. On the other hand it is contended that though 
the principles and the rules are from the pen of an another, the 
student, by proper menta! labor, may make them his own, and 
understand them as thoroughly as though he had invented them ; 
and with an immense saving of time. Every one must un- 
derstand that for each one to invent every science for himself, 
instead of availing himself of the accumulated wisdom of ages, 
is to require that man should spend bis lifetime in preparing to 
live. Ere we could pass the threshhold of a few every day 
studies, the business period of life would be upon us — and 
soon the "sere and yellow leaf." 

Some have thought that the Analytic system is best adapted 
to first study, and the Synthetic to review; for as the former is 
connected in a continued train of premises and inferences, it 
is scarcely practicable to refresh the memory afterwards by 
consulting a single point. On the other hand, the Synthetic 
mode admits of distinct, and to some extent, disconnected 
classification; so that any point may be. examined atpleasure. 
We have sometimes thought, indeed, that some Analytic 
authors delighted in presenting a tangled web completely 
interwoven from end to end. Such a system cannot be 
well adapted to the wants of youth of limited school opportu- 
nities, and tJiey form the mass of the youth of the country. 
They certainly require brief and clearly arranged practical 
treatises, adapted to their real wants, and such as they may 
consult with profit after leaving school. That such a system 
■would not be as well for all does not clearly appear; for it is 
undoubtedly the superficial or thorough mode of study, not 
the system, that makes a scholar superficial or profound. 

One objection to the Analytic system is the great length of 
time required to complete the study ; thus crowding out other 
things of greater value. Since English Grammar, Geography 
and t!ie principles of Natural Philosophy, have become every 
day studies. Arithmetic should not occupy the space it did 
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when, with the Reading and Writing, it formed the entire circle 
of school science: and since Algebia is so much simplified, 
many of the more intricate parts of Arithmetic are icndered 
of little account. Indeed the boy was not fer wrong when he 
concluded that some parts of Arithmetic were very much like 
the Irishman's horse, "Hard to catch, and worfli very little 
when caught." 

Were we to give our own opinion as to the best form of 
jiref.enting the subject of Arithmetic to such as expect to be 
en::;agcd in the practical pursuits of life, we would present 
it in the old Synthetic form, and in a shape as nearly adapted 
to the wants of life as practicable; and with thorough ex- 
l^lanation of all the principles involved ; but if for the youth 
of greater leisure, we might give the analytic and syutlietic 
combined ; but even then we would prefer to pass on early to 
the simpler portions of Algebra, as affording better modes of 
solution and greater exercise in developing a course of mental 
discipline. Many analytic solutions are but algebra stripped 
of its dress, and in a much more difficult form. For the pur- 
poses of life, the Synthetic cannot be profitably dispensed 
with ; and should be retained if either be omitted. 

We will now discuss briefly the formation of rules. It has 
been said that the arithmetical analyst solves particular exam- 
ples, and hence infers general principles ; how this is done 
may be understood when we come to the analytic solution of 
problems, Colbum gives the following as his genera! mode 
of analyzing : " In all cases, reason from many to one, or from 
a part to one ; and from one to many or a part, if several 
parts be given, always reason from them to one part; and 
then to many parts or the whole." 

Rules for die solution of problems, as we generally find 
them in synthetic arithmetics, are framed from the obvious 
properties of numbers, or from algebraic formulae ; and if hav- 
ing reference to geometrical quantities, the principles of geo- 
metry will be involved. 

As an instance of rules, based on obvious arithmetical prin- 
ciples, we may cite the reduction of compound quantities, 
as well as the rules of fractional quantities generally. For 
nothing can be more obvious than that, as twenty shillings 
make a pound, we should, in order to change pounds to shil- 
lings, " Multiply the number of pounds by 20 for the number 
of shillings." 

The rule for stating questions in the Rule of Proportion, or, 
as familiarly called, the Rule of Three, are based on princi- 
ples not so simple certainly as those referred to above, but still 
such as need no aid in investigation beyond common arithme- 
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tic. He who looks carefully into the subject, will see the 
reason of each step, without the aid of Algebra or Geometry. 

It is not necessary for us to spend time in the farther inves- 
tigation of Proportion, as that subject was fully treated of in 
our seventh lecture. Fellowship, Barter, Loss and Gain, In- 
terest and several other branches of this subject, are only an 
application of this principle to different business transactions, 
and involve no new scientific principle whatever. 

The rule for extracting the square root, was explained 
in our eighth lecture ; and in our ninth we gave a number of 
rules based on the relation of quantities, all of which we ex- 
plained as fally as we thought proper. They involve the rela- 
tion of geometrical quantities ; as do also the rales referred to 
in our thirteenth lecture. It would be impossible, for instance, 
to understand thoroughly, without some knowledge of Geom- 
etry, the following simple rule for finding the area of a cir- 
cle, when the diameter is given : " Square the diameter of the 
given circle, and multiply by .7854 for the area," 

Yet admitting that circles are to each other as the squares 
of their diameters, the reason is obvious enough. 

The Permutation and Combination of quantities, and the doc- 
trine of chances, depend on principles fully set forth in our six- 
teenth lecture ; and the peculiar modification of proportion, or 
rather the expedients resorted to sometimes in order to obtain a 
proportion, are set fortb in our fifteenth, under the head of 
Position; while Alligation is but an obvious application of the 
same general doctrine of proportion. There is nothing in all 
the foregoing but what a little attention will make plain ; but 
suppose the student were asked to frame a rule for solving 
such questions as the following : 

Sold a horse for $56, and gained as much per cent, as the 
liorse cost me. Required the cost. 

Here the doctrine of proportion fails, neither can you insti- 
tute a proportion between the errors, if numbers be supposed; 
and yet the following rule will solve the question ; 

" Multiply the selling price by 100, and add 2500 to the 
product ; of the sum extract the square root, and from the root 
subtract 50. The remainder will be the prime cost." 
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Proof- 


100 




Cost $40 







Per cent 40 


5600 







+2500 




Gain 16.00 
Cost 40 ' 


-v/SlOO^ 


=90 


, 


- 


-50 


SoW for $56 



Leaves $40 cost. 
Human ingenuity would perhaps fail to find a reason for the 
above rule, by the aid of common arithjr.etic merely, or to ex- 
plain the steps satisfactorily to a learner. It seems to be with- 
out reason, and yet it will solve all questions involving a similar 
principle. Take another instance; 

I sold a lot for $96, by which ray gain per cent, was equal 
to the original cost. Required the cost of the lot? 
196x100—9600 
2500 

v'12100=110 
— 50 

Cost §g60 

The above rule is formed by solving the question algebraic- 
ally, and then changing the formula into words ; thus — 
Let X represent cost ; and a the selling price. 



Mult, to clear fractions 100a: +a;== 100a 

By trans, a;^ -MOOa:^^ 100a 

Comp. sq. 3;^+100x+2500=IOOa-f2500 



By Evolution ^-|-50=v/100a+2500 

Hence a:==v'"lOOa-F2500— 50 

"Wliich changed to words gives the rule we have laid down. 
But to resort to algebra to frame a rule for each class of pro- 
blems, that they may be solved by arithmetic, is very much 
like applying to a tailor to cut a paper pattern for an old 
woman to cut your breeches by. 

In one mode of working Double Position, you are directed 
° 23 '^ 
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to multiply the errors and suppositions crosswise. This is 
based on an algebraic formula, given under the head of Posi- 
tion. 

Let a rule be framed for solving such questions as the fol- 
lowing :— 

A certain field is 15 rods wide, and how long we know not ; 
hut we know -that if 100 square rods were added to the side, 
the field would be square. How many acres does the field 
contain ? 

Let X represent the side of the field ; a the given width ; and 
c the proposed addition. 

Then by the question x^^=ax+c 

By trans, x^ — ax^^c 

Comp. sq. X' — os+Ja'^c+Ja' 

By evolution x — ^a^^i/c+la^ 

By trans. x^\/c+^a''-\-^a,the formula sought; which may 
be thus expressed in words : — " To the given addition add the 
square of half the \vidth, and extract the square root of the 
sum ; then add to the root one half the width, and the sum 
will be one side of the square," 

Solution. — Given addition 100 rods 
J the width squared 56.25 

^/ 156.25=12.5 
-1-7.5 

20 rods, one side of the 
square, and 20x20=400 rods=2^ acres. 

It is useless to extend these rules, as their number would 
know no limit. We wdl close the subject of rules, therefore, 
by giving the "Land Question" with a numeral rule, found in 
many books, 

1. A and B gave $600 for 300 acres of land, they paying 
equally. In dividing the land according to quali^, it was 
agreed that A pay 75 cents per acre more than B. EEow rcuch 
land did each receive, and what did he pay per acre? 

Ans. A got 122.S acres at $2.44.3-f B got 177.2 acres, 
and paid $1.69.3-F per acre. 

2- A, B and C each contributed $200 to a common stock, and 
went to the west to buy land. They bought 300 acres, nnd 
in dividing it equitably it was determined !hat A allow 75 
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cents per acre more for his land than B and C gave. How 
many acres did each receive, and at what price ? 

^ns. A paid $2.55.4+ per acre and got 78.3+ acres; 
the others paid $1.80.4+ and got 110.849 acres each. 

We give the foregoing questions because they are often al- 
luded to as not being solvable by coinnion arithmetic ; and 
certainly they are not directly so by Position, since they involve 
a quadratic equation ; but they may be by the subjoined pro- 
cess. In solving the second by this rule, we must consider the 
shares of B and C as one, its value being double that of A. 

Rule. From the whole amount paid for the land, take the 
value at the given ditference per acre ; and reserve the remain- 
der. Multiply the aforesaid value at the difference in price, by 
four times the whole amount paid by him who paid least per 
acre, and to the product add the square of the reserved remain- 
der : of the sum extract the square root, and to it add the re- 
served remainder. Divide the sum by twice the whole number 
of acres, and the quotient will be the price per acre paid by him 
who paid the least per acre. The quantity is then easily found. 

In either case there will be an interminable decimal, which 
cannot be expressed as a vulgar fraction, since it arises in 
extracting a root ; and the same is true when the questions are 
wrought by Algebra. They may however be approximated to 
any extent. 

To solve the second, we sa}' A paid $200, and the others 
$400. Then 300 acres at 75 cents=$225 ; and $600— $225 
=$375, reserved remainder. $400x4 =$1600x225 +375*= 
500625; and ^/500625==707.5+. 

Then 707.5+375-^(300x2)=$1.80.4 price per acre paid 
by B and C. Then adding 75 cents, we have $2.55.4 the 
price paid by A. Dividing this into the money paid by each 
respectively, will give his quantity. 

The first is solved in a similar manner. 

To explain the rule, we will let a represent the whole num- 
ber of acres bought ; b the whole number of dollars paid by 
both ; C what B paid ; d the number of dollars that A paid per 
acre more than E ; y the cost of B's land per acre, 

~= number of acres that B got 



+- =a, the whole number of acres bought. 

y+d 
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Multiplying the last equation by y to clear it of fractionsj 
by — cy 

And by y+d, and canceling cd+by=ay^-i-ady 
By trans. — ay' — ady+by^ — cd 

Ch. signs and dividing by a gives y^ — ( )y=^ — 

Comp. Sq. and Mul. both terms of — by 4a to make den's, 
alike, we have a 

J /b—ad\ (b — ad) ^ (5 — ad)^ 4acd (5 — ad)^+4acd 

^ ~\ a •'^"^ 4a^ ~" 4a- 4a* ~ 4aS 

And by Evolution, y^i_-p^y^^E^^±^^ 
By Trans. y= 



Or y=S- ["^{^ — ad)^+4cxad+h — ad") 
2a I J 



The above formula, changed to words, will be the language 
of the rale ; and by varying the notation and the mode of 
working out, no doubt a dozen different rules might be given. 
The price paid by him who paid most per acre, could be just 
as readily found. 

We are to distinguish between the above mode of forming 
rules, and the mere expression by letters and signs of rules al- 
ready found. Take as an example, the following : 

Let c represent the circumference of a circle ; d, diameter ; 
a, area : then the diameter being given to find the area, we 
have the following formula ; 

d»x.7854=a. Or, d' 

T-2T3a=a. 

The area given to find (he diameter. , a 

The following will now be readily understood. 
dx3.1416=c; Or, d 

■sTSaOB — C 

We shall now proceed to close our lecture by giving some 
remarks on Proofs, Contractions, Canceling, &c. 

Many persons are fond of proving the correctness of work, 
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and pupils are often instructed to do so, for the double pur- 
pose of giving them exercise in calculation and saving their 
teacher tlie trouble of reviewing their work. 

The operation of proving is generally effected by perform- 
ing a counter operation, as if we add to any amount a given 
sum, and from the result subtract the sum added, we shall 
certainly have the number we commenced with. Thus we 
prove subtraction by addition, for when to the less of two 
numbers we add their difference we obtain the greater; just 
as certainly as subtracting the difference from the greater 
would leave the less ; or taking the less from the greater would 
leave the difference. Multiplication and Division, like Ad- 
dition and Subtraction, are reverse operations, and are used 
to prove each other; for if we divide the product of two num- 
bers by one of the numbers the result will be the other; and 
if we multiply the quotient after division, by the divisor, the 
result will be the dividend. 

These operations, and counter operations are well adapted 
to make the powers and properties of numbers familiar. Re- 
duction Ascending and Reduction Descending are the reverse 
of each other, and hence each will prove the other ; for if 5 
miles changed to yards produce 8800 j then 8800 yards 
changed to miles should make 5. 

In the Rule of Three, every question may be reversed, and 
each term successively be made the required term: by which 
the operation is fully proved, on the principle to which we 
have alluded. 

Involution and Evolution are the reverse of each other, and 
of course prove each other on the same principle. If a given 
number be squared or cubed and the square or cube root of 
the result extracted, the given number will be reproduced. 

Most of the cases in Fractions are in pairs, one being the 
reverse of the other, and of course mutually proving each 
other, but it is not necessary to enter upon a detail of them. 

This principle of proving by reversing is susceptible of 
various applications, which the ingenious student cannot fail' 
to discover. The following is an example : 

There is a certain number which being divided by 7, the 

quotient resulting multiplied by 3, that product divided by 5, 

from the quotient 20 being subtracted, and 39 added to the 

remainder, the half sum shall make 35. What is the number ? 

Ans. 700. 

35x2— 30+20x5-r-3x7=700 Ans. 

Or more plainly 35x2=70 whole sum, from 70 take 30 
and add 20=60, and 60x5=300, and 300^3=^100 which 
X 7=700 Ms. 

23^B 
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Another general mode of testing the correctness of work is 
to produce the result by different modes, as calculating by tlie 
Rule of Three and by Practice, or Analysis; or by Vulgar 
Fractions and Decimal Fractions : and if the result be the 
same, we may fairly conclude that the work is correct. 

There are also special modes of proof of elementary opera- 
tions, as by casting out threes or nines, or by changing the 
order of tlie operation, as in a<Ming upwards and then down- 
wards. In Addition some prefer reviewing the work by per- 
forming the Addition downward, rather than repeating the 
ordinaiy operation. This is better, for if a mistake be inad- 
vertently made in any calculation, and the same routine be 
again followed, we are very liable to fall again into the same 
error. If, for instance, in running up a column of Addition you 
should say 84 and 8 are 93, you would be liable in going over 
the same again in the same way to slide insensibly into a simi- 
lar error; but by beginning at a different point this is avoided. 

This fact is one of the strongest objections to the plan of cut- 
ting off the upper line and adding it to the sum of the rest, and 
hence some cut off the lower line, by which the spell is broken. 
The most thoughtless cannot fail to see that adding a line to 
the sum of the rest, is the same as adding it in with the rest. 

The mode of proof by casting out the nines and threes was 
fully explained in a former chapter. 

A very excellent mode of avoiding error in adding long 
columns is to set down the result of each column on some 
waste spot, observing to place the numbers successively a 
place further to the left each time, as in putting down the pro- 
duct figures in multiplication ; and afterwards add up the 
amount. In this way if the operator lose his count, he is not 
compelled to go back to units, but only to the foot of the 
column on which he is operating. It is also true that the 
brisk accountant who thinks on what he is doing is less liable 
to err, than the dilatory one who allows his mind to wander. 
. Practice too will enable a person to read amounts without 
naming each figure, thus instead of saying 8 and 6 are 14, 
and 7 are 21 and 5 are 26, it is better to let the eye glide up 
the column, reading only 8, 14, 21, 26, &c., and still further, 
it is quite practicable to accustom one's self to group the 
figures in adding, and thus proceed very rapidly. Thus in 
adding the units' column, instead of adding a figure at 87 
a time we see at a glance that 4 and 2 are 6, and that 23 
6 and 3 are 8, then 6 and 8 are 14 ; we may then if 45 
. expert add constantly the sum of two or three figures at 62 
a time, and with practice this will be found highly ad- 24 
vantageous in long columns of figures ; or two or three — 
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columns may be added at a time, as the practised eye will 
see that 24 and 62 are 86, almost as readily as that 4 and 
2 are 6. 

Teachers will find the following mode of matching lines for 
beginners very convenient, as they can inspect them at a 
glance. 

Add 7654384 



3408698 
2345615 
1213713 

23408696 

In placing the above the lines are matched in pairs, the 
digits constantly making 9. In the above, the first and fourth, 
second and fifth are matched ; and the middle is the key line, 
the result being just like it, except the units' place, which is 
as many less than the units in the key line as there are pairs 
of lines ; and a similar number will occupy the extreme left. 
Though sometimes used as a puzzle, it is chiefly useful in 
teaching learners ; and as the location of the key line may be 
changed in each successive example, if necessary, the artifice 
could not be detected. The number of lines is necessarily 
odd. 

In Multiplication the cross, already explained, is the usual 
mode of proof, as dividing the product would be to pre-sup- 
pose a knowledge of Division before the pupil has reached it, 
unless he attempt to learn both at once. 

"Where the multiplier is not too large, and can be divided 
into two or more factors, there is a saving in adopting that 
mode, and it may be used as a proof of the common mode. 
If I seek to mulhply, say 7864 by 24, it requires in the usual 
way two product lines and finding their sum by addition, 
making a third operation ; hut if I multiply by 6 and that 
product by 4, or by 8 and 3, or 12 and 2, the business is dis- 
patched in two lines. But being able to multiply in a single 
line is still better. 

The same remarks apply in Division, and hence there is 
often economy of figures in dividing by factors of your divi- 
sor, and if a remainder occur only in your first division it is the 
true one ; but if in the second only then multiply such remain- 
der by the first divisor, or all if more than one, and if there 
was a remainder on the first division also, it must be added in 
and the sum will be the true remainder. 
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Dh-iile 73640 by 24— 
6)73640 

4)12273 and 2 over. 

3068 andl over. 1x6+2=8 the true remainder. 
Or— 4)73640 

6)18410 

3068 and 2 over, and 2x4=8 as before. 

Another mode of proving Division, is to divide the dividend 
by the quotient, and the result, will be the divisor ; the same 
remainder occurring in one case as in the other, but not of the 
same fractional value ; for as the dividend exceeds some mul- 
tiple of the divisor and quotient, just the amount of the re- 
mainder, that remainder will be the same without regard to 
which of the factors occupies the divisor's place, and as the 
divisors would differ, the value of the fraction formed by the 
remainder and divisor must differ. To make the dividend an 
exact multiple subtract tlie remainder from it. 

Another mode of proving Long Division is to add the re- 
mainder and the several products together as they stand in the 
work, and the result will equal the dividend. Thus — 
23)74653(3245 
69* 



46* * These lines are to be 


3246 


added up perpendicularly. 




105 


H6 


92* 


92 




46 


133 


69 


116* 


18 remainder. 



74653 

By comparing the numbers added in the sum wrought out, 
with the numbers in the common multiplication on the right 
hand, it will be seen that they are just the same only in re- 
versed order; an arrangement resulnng from the multiplica- 
tion commencing with the highest figure, viz, 3 thousanfi, and 
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proceeding towards the units' place; instead of commencing 
■with the units and proceeding towards thousands; an arrange- 
ment in nowise affecting the result. 

That it does not is easily seen by disposing the numbers 
and working them out, thus 

Multiply 7854 7854 

By 32 32 

23562 16708 

15708 S3562 

251328 251328 

This is shown, not because it is a better form, but to present 
ttie operation in a different light, and illustrate more fully the 
properties oi numbers. 

Multiply 4756 

By 182 

9512 



In this case the second product line may be conveniently 
found by multiplying the first by 4 ; but if there is an error 
in the first it will run into the second. A shorter mode would 
be to multiply the first product line by 9, which would give 
the product by 18 in one line ; and save work. Try it. 

As a large number of the problems solved in this book are 
solved by different modes, they furnish a great variety of 
modes oi^ proof. 

In calculations of measurement it is easy to vary (he mode 
and thus effect a proof; but here as in all other cases the ope- 
rator should cultivate a habit of correct calculation, for it is 
not desirable to travel far out of the way in common business, 
and it is doubtful whether it is not better to rely on care and 
correct habits to avoid error, than on any mode of detecting 
blunders after they are made. 

Perhaps too this would be as proper a time as any other to 
urge the importance of another good habit ; I mean that of 
making plain figures. Some persons accustom themselves to 
making mere scrawls, and important blunders are often the 
result. If letters be badly made you may judge from such as 
are known ; but if one figure be illegible, its value cannot be 
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inferred from the others. The vexation of the man who wrote 
for 2 or 3 monkeys, and had 203 sent him, was of far less 
importance tlian errors and disappointments sometimes resuU- 
ing from this inexcusable practice. 

Contractions, like modes of proof, serve to show the powers 
and properties of 'numbers, and to amuse and exercise the 
faculties of the student ; and in many instances they are prac- 
tically useful. But contractions should not be resorted to 
unless they are perfectly understood in theory and in mode of 
operation ; for as we have already remarked, like by-ways in 
a forest, they are convenient to him who knows the whole 
ground, but strangers do better to keep the high way. Per- 
sons who practise mental calculation to much extent, find ab- 
breviations very necessary, and generally adopt such as suit 
tfeeir convenience best. " Bringing down" ciphers in multipli- 
cation, and "Cutting off" in division, are very common ab- 
breviations. Some of the following may be practically conve- 
nient, and all of them may be worth the student's study, as a 
farther means of famOiarizing the subject to his mind. 

1. To multiply any number by 25, add two ciphers and 
divide by 4. 

Multiply 3969 by 25. Product 99225. 



99225 

This is in effect to multiply by 100 and take one fourth tbe 
product, which is the same as to multiply by 25, the fourth of 
a hundred. On the same principle add and divide by 2 to 
multiply by 6 ; or add 00 and divide by 8 to multiply by 
12|; or add 000 and divide by 8 to multiply by 125; or 
add 000 and divide by 3 to multiply by 333J ; the principle is 
nearly allied to that of Practice and needs no labored demon- 
stration. It may be applied in multiplying by any number 
that is an even part of 10, 100, 1000, &c., as 16|, 25, 33J, 
&c. On the same principle we may multiply by 75 by adding 
00 and multiplying by 3 and dividing by 4 ; 66f by adding 
00 and multiplying by 2 and dividing by 3; and we may 
apply the same principle to many other multipliers and divisors; 
for what applies to the former, applies also by reversal to the 
latter. So we may multiply by 75 by adding 00, dividing by 
4, and subtracting tie quotient. The same principle can be 
readily applied to other numbers, 

2. To multiply by 99, add 00 and subtract the given num- 
ber from the result. 
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Multiply 31416 by 99. 3141600 

31416 



Product 3110184 
As 99 times is 1 time less flian 100 times, and adding 00 is 
in effect multiplying by 100, one time the multiplicand is de- 
ducted, which leaves 99 times, as required. 

This principle is applicable -where any number of 9's is the 
multiplier; as many ciphers being added of course as there 
are nines. If the multiplier were 98 we would subtract twice 
the multiplicand; if 97 three times, and so on. 

3, To multiply by any number between 10 and 20 as 16 or 
18, multiply by the units' figure and set the product under the 
multiplicand, but put it one place to the right; then add the 
lines together. The reason is evident on looking at the calcu- 
lation. 

Multiply 3854 by 16. 
3854 
23124 

61664, J3ns. 

On the same principle if any number of ciphers intervene, 
as 106, 1006, 10006, &,c., set the product so many places far- 
ther to the right. 

Multiply 3854 by 1006. 
3854 
23124 



3877124, Jns. 



Cross Multiplication is a mode of Multiplying by large mul- 
tipliers in a single line; and by practice the operation may be 
performed with great expedition. It is necessary to begin with 
small numbers, say of two places, and carry the calf diligently, 
if you would carry the ox successfully. 

Here we multiply 5x2 and set down and carry 32 
as usual, then to what you carry, add 5X3 and 45 

4x2, which gives 24; set down 4, and carry2 to 

4x3, which gives 14. It is obvious that this is 1440 

just the usual mode, witli the intermediate work 

done in the head. 
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Here the first and second places are found 123 

as before, for the third add, 6x1, 4x3, 5x2, 456 

\yith the 2 you had to carry, making 30 ; set 

down and carry 3 ; tlien drop the units place 56088 

and multiply the hundreds and tens crosswise 

as you did the tens and units ; and you find 
tlie Uiousands figure ; then dropping both units and tens, mul- 
tiplythe4xl adding the 1 you carried, and you have 5, which 
completes the product. The sanae principle may be extended 
to any number of places ; but let each step be naade perfectly 
familiar before advancing to another. Begin with two places, 
then lake three, then four, but always practising some time on 
each number ; for any hesitation as you progress, will confuse 
you. 

4. To multiply by 21, 31, &e., to 91 in a single line, mul- 
tiply by the tens' figure and set llie product one place to the 
left underneath the multiplicand, then add. 
Multiply 3854 by 21. 
3854 
7708 

80934, Jins. 

If ciphers inter\'ene, as 201, 3001, &.C., multiply as before, 
but set the product as many additional places to the left as 
there are ciphers. 

Multiply 3854 by 6001. 
3854 
23124 



2316254, Ms. 



5. The following is a convenient mode of multiplying by 
any two figures, and is not difficult to apply. 
Multiply 3754 
By 27 

Product 101358 

I here multiply 27 by 4, setting down the first product 
figure, and carrying the others ; I then mnlliply by 6, and s' 



place of the multiplicand. 

6. In the Rule of Three, when the first term and either the 
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second or third are alike, (i. e. when a dividing and multiply- 
ing term are alike,) both may be rejected ; and if not alike 
they may be divided by any number that will measure both, 
and the resulting quotients may be used. This process is 
called canceling. 

If 12 yards of cloth cost $108, what will 35 yards cost? 
y'ds y'ds $ 

As la : 35 : : Egg 
1 9 9 



If 12 yards of cloth cost $108, what will 48 yards 
y'ds y'ds $ 

As Eg : ^ : : 108 



If 120 yards of cloth cost $490, what will 180 yards cost? 
y'ds. y'ds. $ 



2)1470 
$735, J3ns. 

In this sum one term is not the multiple of another, but 60 
will measure the first and second, and they will thus be pro- 
portionately reduced; for if 120 yards cost |180, 2 yards 
will cost $3, T. e. 120 bears the same ratio to 180 that 2 does 
to 3. But it is plain that it would not do to divide the 2d and 
3J, by which both the multiplying terms would be reduced, 
and of course the dividend which their product is, while the 
divisor would remain unaffected. If one is reduced, the other 
must be reduced in the same ratio. 

7. In reducing compound fractions, similar terms in the 
numerators and denominators may be canceled. 

Reduce | of ? of | of | of | to an equivalent simple fraction. 
Result ^, 
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We may proceed by canceling or striking out similar terms, 
and we will find only 2 remaining of the numerators, and 7 
of the denominators, tliese united form a fraction equivalent 
to the whole expression; for had we multiplied all the num- 
bers together that would have increased both terms propor- 
tionately, and the overgrown numbers would have shrunk to 
^ at last. 

The operation of canceling may sometimes, in the hands of 
an expert operator, be employed to advantage, but like other 
labor saving expedients and by-ways, it requires intimate 
familiarity with the subject ; and is not adapted to the com- 
mon purposes of life. Some have attempted to build up a 
system and call it a universal mode of solving all Arithmetical 
questions by one rule, on the Prussian Canceling System. 
Though occasionally well enough, as a labor saving expedi- 
ent, it is as a system, with numbers got up to show it oif, a 
perfect humbug; and well calculated to bring the whole 
matter into disrepute. Any one familiar with cross multipli- 
cation, canceling, &.C., and possessing an oily tongue, with a 
good amount of impudence, may astonish (if he does not 
beneiif) an audience. 

8. In order to obviate tedious multiplication of decimals, 
some adopt this mode : " Invert the figures of the multiplier, 
and place them so that the tenths may be under that order of 
decimals of the multiplicand to which it is proposed to limit 
the product ; tlien multiply each figure of the multiplier into 
the figures of the multiplicand, beginning at the figure im- 
mediately above it, and taking in the carriage from the right 
hand. Place the first figure of each partial product in the 
same column, and the amount of the whole will give the total 
product restricted to the number of certain places sought." 

Multiply 18.7568925 by 13.256825 hmiting the product to 
four certain decimal places. 

18.7568925 18.7568925 

528652.31 13.256825 



18756892 . 


937844626 


6627067 . . 


376137860 


376137 . . . 


1600651400 


93784.... 


1026413650 


11254 


937844625 


1500 


375137860 


37 


662706775 


9 


187668925 


248.65680 


248.6668414163126 
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Multiplied in full the product would be 248.6568414163125. 
The points are placed merely to show the figures not counted. 
By carrying one where the rejected figures exceed 5 the re- 
sult would be more nearly accurate ; but as it is rather curious 
than useful, it is not necessary to dwell upon it. Compare the 
work with the solution in full and the reason will be plain. A 
method very similar is used to shorten division of decimals, 
but an illustration of it is not worth the space it would occupy. 

9. Logarithms furnish a short mode of Multiplying, Divid- 
ing, Extracting Roots, Raising Powers, fitc; but their explana- 
tion here would be out of place ; unless tables of them could 
be furnished. 

10. To multiply a decimal or a mixed number by 10, 100, 
1000, &c,, remove the decimal point one, two or three places 
to the right ; and to divide by such numbers remove the point 
as many places to the left; and if there be not a sufficient 
number of places on the left, ciphers must be prefixed, 

11. To save trouble some persons add ciphers to the re- 
mainders and divide in extracting roots, as they would in com- 
mon division, but this is not accurate. See prop. 50. 

12. To multiply or divide by any composite number ; multi- 
ply, or divide, as the case may be, by the factors of the num- 
bers successively. 

This was sufficiently illustrated under the head of Proofs. 

The French mode of operating in Long Division has some 
advantage over ours. They place the divisor on the right of 
the dividend, as we do the quotient, and place the quotient 
underneath the divisor, by which the figures to be multiplied 
together are brought near each other. Thus — 
Divid. Divis. 



384 41 Quotient. 



For sake of brevity they fre- 
quently omit the product figures, 
setting down only the remain- 
ders, which they find as they 96 41" Jias. 
pass along. Thus — — 

This, however, applies to our mode as well as theirs. 
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The following mode of nmltiplymg by large multipliers in a 
single line, is both curious and useful. It is tlie same that is 
used by Peter M. Deshong, a calculator of some notoriety in 
the United Slates. 

Multiply 7865 by 432 in a single line. 

On a slip of paper, separate from that on which Ihe mul- 
tiplicand is written, place the multiplier in inverted order : thus, 
234 and close to the upper edge of the paper. Then bring 
the multiplier so that the 2 shall be directly under the 5, or 
units' place of the multiplicand : multiply tiiose figures, set 
down and carry 1. Slide the paper to tie leit one place, 
that 2 may be under 6, and 3 under 5 ; and to the 1 you car- 
ried add the products of the 2 by 6, and 3 by 5, making 28 — 
set down 8 and carry 2. Again move your paper one place to 
the left, and to the 2 you carried, add the several products of 
the multiplicand figures with ihe figures of the multiplier that 
are under thera, viz. 8x2, 6x3, 5x4, and the result will be 
56 ; set down 6 and carry 5. Slide again and you have 5 
(that you carried) -1-14-1-24+24^67. Thusproceed towards 
the left until the multiplier passes from under the multiplicand, 
each time adding what you carry, to the several products of 
the figures that stand one over the other, the result will be 
3397680, These additions will soon be performed at a glance, 
as the products are obvious without the JoTTnality of naming 
tlie factors. 

To understand these directions clearly, factors must be 
placed upon slips of paper, and the directions strictly complied 
with; by which the mode of operation and the reason will be 
better understood in ten minutes, than in three hours without 
them. When familiar with the slide, the operator may proceed 
without it, and perform operations astonishing to the uniniti- 
ated ; the largest numbers being multiplied together readily in 
a single line. 

The mode used by Mr. Deshong for dividing in a single line 
by a large divisor, is somewhat similar to the French mode, 
the product figures not being set down, but it is of no practical 
importance, and not worth the space its illustration would 
occupy. We shall allude to his Addition hereafter. His sub- 
traction is worthless; and the same is true of his giving the 
roots of even squares and cubes. 
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LECTURE XVIII. 



PROBLEMS PURELY ARITHMETICAL 

Having elucidated the general properties of numbers, and 
explained the modes of framing rules for lie solution of pro- 
blems, we shall now present for solution such problems as may 
seem best adapted to serve our purpose. In order to save 
space and to present the subject in a condensed form, the de- 
tails of division, multiplication, &c., are omitted ; the solutions 
being rather skeletons than otherwise ; but we presume they 
will be found intelligible to the attentive student. We might 
suggest to lie operator that he must not expect problems of 
intricacy to yield to a hasty glance, they require to be dwelt 
upon with the whole energies of Hie mind ; for it is in this 
way that the tangled mass, which at first view seemed without 
system or design, is made gradually to disentangle itself, and 
to become perfectly simple under the intense gaze of the mind. 
Solutions oiten seem very plain when once performed, even by 
another ; as the Spanish nobles thought it a very simple matter 
to make the egg stand on the end, after Columbus had shown 
them the mode. But the ambitious student will not be satisfied 
with following in the wake of another, he wd! make the egg 
stand on its end at his own bidding. 

Solving problems is a very useful exercise to give practical 
skill, but for this purpose they must be solved understandingly, 
for following arbitrary rules will no more develop the reasoning 
faculties of the human mind, than turning a mdl will give sight 
to a blind horse. You might as well expect to become an en- 
gineer by turning a grindstone ; or a musician by turning the 
crank of a hand organ. 

It is scarcely possible to give general rules tiiat would be of 
much service to the student ; though he will generally find an 
advantage, if his problem contains large numbers, and he can- 
not make them clear to his mind, in taking small numbers that 
can be borne in memory, until their relation becomes familiar. 
He may often too find advantage in taking something familiar, 
or of a practical ciiaractei', and involving the same principle 
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from which he may understand that which is less familiar. Or 
if coraphcated he m\y separate the parts ; but on no account 
let him fail to itnestia;ite the problem thoroughly. He should 
begin with problems that are simple, and gradually proceed to 
the more difficult , and hu may be a;reatly benefited, especially 
if he has no teicher, bj closely investigating solutions made 
by others. 

To furnish such an opportunity, we shall now proceed to pre- 
sent a variety of problems, with synthetical and analytical 
solutions. The student should not oiJy examine the solutions, 
but perform the work. 

1. If 6 yards of cloth cost $13.50, what will 75 yards cost.' 

By Analysis. If 5 yards cost $13.50, 1 yard will cost one 
fifth as much, and \ of $13.50 is $2.70. Then if 1 yard cost 
$2.70, 75 yards will cost 75 times $2.70=$202.50, the answer. 
The reason of the process is obvious. 

By Proportion. As 5 yds : 75 yds : : $13.50 : $202.50. 

It was shown when treating of Proportion, that where the 
rate is the same, one quantity will be proportionate to any other 
quantity, as the price of the one is to the price of the other. 
The reason for multiplying the 2d and 3d terms together, and 
dividing by the 1st, was also fully explained under the same 
head. 

Or we might explain the process by showing that as $13.50 
is the price of 5 yards, we obtain five times too much by mul- 
tiplying by 75, and hence we divide by 5 for the true amount. 

We may save labor by dividing the 1st term into the 2d or 
3d before multiplying, and then multiplying the quotient and 
the remaining term together. In the above case, after stating 
the question, divide 75 by 5, and the quotient, 15, multiplied 
into $13.50, will give the answer. A little thought will show 
that whether we multiply two numbers together and divide the 
product by a given divisor or divide either of the terms by the 
given divisor, before multiplying, the result will be the same. 
Furthermore to constitute a proportion, the 4th term must be 
as many times greater or less than the 3d, as Uie 2d is greater 
or less than the 1st; so that we have but to multiply or divide 
the 3d by the ratio of the 1st and 2d to find the 4th. 

If the division involves no fractions, the operation is .rather 
simplified than otherwise, by dividing before multiplying; but 
it" dividing leaves a fraction, the operation becomes more diffi- 
cult. It is for this reason indispensable to become intimate 
with fractional quantities at the very outset. Suppose that in 
the above case the price of 5 yards had been $13,57J, the 
operation would be as follows : 
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If 5 yards cost $13.57^, 1 yard will cost I of §13.57J= 
$2.71/5; t^sn if 1 y^^^ <=o^ $i2.71a%, 75 yards will cost 75 
times as much=;$203.58|. As remarked above, we may 
however divide by 5, and obtain 15 as a multiplier; for, as 75 
is 15 times as much as 5, the price of 75 must be 15 times as 
much as the price of 5. 

2. F, G and H freight a ship with 108 tuns of wine ; F's 
share was 48, G's 36, and H's 24 tims. A storm arising, the 
seamen threw 45 tuns overboard; how much sbould each mer- 
chant sustain of the loss ? 

By Analysis. F had 48 tuns of 108, or ^^s^li and having 
I of the stock he should sustain | of the loss. One ninth of 
45=5, hence |=4 times 5^20, what F lost. 

The same process with 36 and 24, the shares of G and H, 
will show that the former lost 15, and the latter 10. 

By Proportion. As 108 tuns {the whole freight) : 48 (F's 
share of freight) : : 45 (the whole loss) : 20, F's share of loss. 
And so of the others. 

3. Three graziers pay among them $120 for a grass lot, into 
which L put SO oxen, N 100, and C 120 ; how much should 
each person pay? 

By Analysis — 
L 80^/ift=j*s and ^5 of $120=$32, what L should pay. 
N 100=1%%=^ " ^ " = 40, " N " 
C 120=^^S=f " 6 " ^ 48, " C " 

300 Proof $120 whole cost. 

By Proportion. 80+100+120=300, tlie whole number 
grazed. Then, As 300 oxen, (the whole number grazed) : 80 
oxen, (what L owned) : : $120 (the whole cost) : $32 (what 
L must pay.) 

Were explanation necessary, we might say that by summing 
up the oxen we find there were 300 pastured ; of which L had 
80, or -3%=:-,'j of the whole number ; and as he had ^\ of the 
cattle, he must pay -fg of the cost of pasturage. The same 
reasoning applies to the others ; and it is equally obvious that 
the amount to be paid by each, should be proportionate to the 
oxen owned by each. 

4. L, N and C bought a lot of pasture at $50, info which 
L put 80 oxen for 3 months, N 100 for 2 months, and C 120 
for 1 month; what should each pay.' 
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By Analysis. L's 80 oxen for 3 mo.=240 for 1 mo. 
N's 100 " " 2 mo.=200 " 1 mo. 
C's 120 " " 1 mo.=120 " 1 mo. 

The whole will equal 560 " 1 mo. 

'fE^nBeS=4 and ? of $50^$21?, what L pays. 
'iU=-h " /It of 50= I7f, " N " 
1%1^-h " 14 of 50= lOf, " C " 

Proof $50 

By Proportion. Find, as before, how many months' pas- 
turage there will be ; then say, As 560 : 240 : : $50 : $21 1, 
L's share. The others are to be found in the same way. 

JVote. — The 2(1 and 3d questions belong to the class usually 
placed under the head of Single Fellowship ; the 4th belongs 
to Double Fellowship, or Fellowship with Time, as arranged in 
books on Arithmetic generally. 

5. If by a pole that's 10 feet long, 
A shade of 6 is made, 

What is the steeple's height in yards, 
That's 90 feet in shade.' 
By Analysis. If 6 feet shade is from 10 feet pole, 1 foot 

shade must be from — feet pole, and 90 feet shade from — 

900 ^ 6 

X90— — ^150 feet=50 yards, ^ns. 

By Proportion. As 6 ft. sh. : 90 ft. sh. : : 10 ft. pole : 
150 ft. steeple^50 yards. 

6. C owesD $100 doe in 6 months; $100 due in 9 months; 
and $700 due in 12 months; what would be an equitable time 
for the payment of the whole at once ? 



It is obvious that the interest on $100 for 6 months will be 
the same as the interest on |ll for 600 " 

And $100 for 9 months ^$1 " 900 " 

Furthermore, $700 for 12 months=$l " 8400 " 

Hence the whole ^$1 " 9900 " 

But if we have, as above S900, it will require only ^Jg part 
of the time that $1 would, and ^Jj; of 9900 months^^ll 
months, the equated time. 
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J3y the usual mode. 100 X 6= 600 
lOOX 9= 900 
700X12=8400 

900 )9900{11 months, ^ns. 

JVote. This belongs to the doctrine of Equations, or finding 
a single time at which a debt due at different times may be 
paid, without loss to either party. In other words, such a 
time that Hie debtor wUl gain as much by keeping some pay- 
ments after tiey are due, as he wdl lose by paying others 
before they are due. The nature of this rule and the objec- 
tions to this mode of calculation have been explained in the 
lecture on Interest, and the kindred rules. 

7. If 16 men finish a piece of work in 28J days, how long 
will it take 12 men to do the same work.'' 

By Analysis. If 16 men do the work in 28J days, 1 man 
will do it in 16 times 28J days=453J days; and 12 men will 
do the same in ^j the time,^37^ days. 

By Proportion. This «juestion is of the class whose terms 
are in Inverse Proportion, for it is obvious that fewer men will 
require more time. If the question had reference to the pay, 
then the amount would be directly proportionate to the num- 
ber, and so it would be if it were asked what amount of work 
they could do ; but the amount of work is here a fixed quan- 
tity, and 12 men are required to do as much as 16 had done ; 
they must therefore have more time. In the amount of work 
and the pay, the answer would be | of what 16 would give, 
for 12 is I of 16; but in time the answer will be one-third 
more, for 16 is \ more than 12. By the old mode of staling 
we would say, 

As 16 men : 28J days : : 12 men : Zl% days. 
And we would multiply the 1st and 2d terms together, and 
divide by the 3d, for tlie 4th term, or answer. By the gene- 
ral rule we would set 283, days in the 3d place, because the 
answer is days ; then because the answer must be greater 
tlian this, we would set 16 in the 2d place and 12 in the 1st ; 
thus, 

As 12 men ; 16 men : ; 28-1 days : 37| days. 
The numbers are here in Direct Proportion ; the 1st is to the 
2d, as the 3d to the 4th ; but in the former statement they are 
in Inverse or .Reciprocal Proportion, the 1st is to the 3d, as 
the 4th to the 2d. 

8. If 7 horses consume 2f tons of hay in 6 weeks, how 
many tons will 12 horses consume in 8 weeks .' 

By Analysis. If 7 horses consume 2| tons in 6 weeks, 1 
horse will consume 4 of 2J tons^^a to^s in 6 weeks ; and in 
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1 -week will consume J of l^=-^^\ ; and if 1 borse in 1 week 
eat tVs of a ton, 12 horses will eat 12 times ,yg=[||, and in 
8 weeks will eat 8 times lia'^'YBV'^^f tons, the Answer. 

By Proportion. This question offers 5 terms for the pur- 
pose of ascertaining a 6th. It is equivalent to two questions 
in the single rule of three, and hence such problems are 
classed under the head of the Double Rule of Three. 

To solve it by two statements of the single rule, we may 
first find what 12 horses would eat in 6 weeks ; thus, 
As 7 horses ; 12 horses : : 2f tons : 4| tons. 
Then knowing what 12 horses would eat in 6 weeks, it is easy 
to find what they would eat in 8 weeks ; thus. 

As 6 weeks : 8 weeks : : 4^ tons : 6f tons. Ans. 
To solve this by a single statement, we might arrange the 
numbers variously, but the following form may be as good as 

. „ f 7 horses 1 f 12 horses 1 „, ^ 

'"' is weeks I • I 8 weeks I ■ ' ^t tons. 



n 



^ tons. Ans. 

This is an exemplification of the doctrine of compound pro- 
portion. Seven horses are to 12 horses, as 2| tons, what 7 
will eat, are to what 12 will eat. And 6 weeks ace to 8 
weeks, as 2| tons, the food for 6 weeks, are to the food for 8 
weeks ; and being so proportioned separately, their products 
are proportionate. By multiplication it is resolved into^ 
As 42 : 96 : : 2f : 6|, the Answer. 

As questions of this sort are as readily solved, in all cases, 
by two statements of the single rule, as by a single statement 
of the double rule, it is unnecessary to do more tlian present a 
single additional problem. 

9. A man and his family, numbering 5 persons in ail, did 
usually drink 7| gallons of cider in a week ; how much will 
they drink in 22| weeks, when three persons more are added 
to the family .' 

By Analysis. If 5 persons drank 7| gallons in 1 week, 1 
person would drink | of 7|=1^| gallons; and if 1 person in 
1 week drink 1J| gallons, 1 person in 22J weeks will drink 
22J times \\l gallons:=ij^x ||='Jg^, and 8 persons (3 more 
than 5) will drink 8 times 'Jg^ gallons = '\V=280| gal- 
lons. Answer. 
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By Proportion — 

As 1 week : 22^ weeks : : It gal. : 175^ gal. 
Then, 

As 5 per. : 8 per. : t 175J gal. : 280| gal. Am. 

Or, 
. f 1 week 1 f 221 weeks 1 _, , „„-, , 

*' t6p«™4 '■ I 8 person,} • ' 'i S"'' ■ ^S"! g«'- 
Converting 7| into 7.8 in the above solutions will greatly 
simplify the calculation, by clearing it of vulgar fractions. It 
will be observed that in making the doubfe statement, the 
number of the same name as the answer is placed in the third 
place, and the others are arranged with reference to it, as in 
the single rule ; which places the two antecedents in the first 
place and the two consequents in the second ; and the same 
numbers thus ultimately become divisors and multipliers, as 
in the single statements. It is not necessary, perhaps, to con- 
sume space by explaining the old mode of shifting tiie in- 
verse terms, as the general rule is preferred by most persons, 
and that avoids the necessity of changing the terms. 

10. F 7 masons can buOd a house in 30 days, in what time 
can 11 masons build a similar one ? 

By Analysis. If 7 masons require 30 days, 1 mason will 
require 7 times=210 days; and 11 wUI require yV of 210 days 
=19,', days Ans 

By Pr^mrinn — 

As 11 masons Tmasons 30 da>s 19 ' da^s 
Some mty suppose that beciU'ie the general rule lor statmg 
dispenses with the old mode of multipljmg the 1st and 2d 
ttrms, ind dividing b} tlie 3d, the proportion does not still 
exist, but such a notion woull be entirely incorrect, for it 
exists m the very niture of things, and must continue to exiut, 
so long as increasing the operating means lessens the time 
neeessary to produce a given effect or is when surface is 
n-irrow, its length must be greater to produce i definite area, 
than when the surface is broid 

11 It 10 lbs of cheese ire equal m \alue to Tibs ot but 
ter, and 11 lbs. of butter to 2 bushels of corn ; and 11 bush- 
els of corn to S bushels of rye, and 4 bushels of rye to 1 cord 
of wood ; how many pounds of cheese are equal in value to 
10 cords of wood ? 

When the series runs through several antecedents and conse- 
quents, as in the above question, it is called by some Con- 
joined Proportion, by others die Chain Rule ; but all such 
problems might be wrought by the single rule of three, or by 
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analysis, should such a problem ever occur. For &e sake of 
brevity, however, we may adopt the following rule : "Place 
the numbers alternately, the antecedents at the left hand, and 
the consequents at the right, and let tlie last number stand on 
the left hand ; then multiply the left hand numbers continu- 
ally together for a dividend, and the right hand for a divisor; 
and the quotient will be the answer." 
Thus, 10 7 

11 2 

11 8 



112)48400 112 

432^ lbs. Answer. 

By Proportion — 

As 7lbs. : lllbs. : : 10 lbs. : 15|ibs. ch.=2 b. of corn. 
And, As 2 b. : 11 b. : : 15|lbs. : 86f lbs. ch.=8 b. of rye. 
And, As S b. : 4 b. : : 86| lbs. : 43/, lbs. ch.=-l cord w. 
And, As 1 c'd : 10 c'ds : : 43r»j lbs. : 432^ lbs. ch.^10 c. w. 
Here we see that the numbers which were multiplied together 
in the first operation to produce dividend and divisor, are in 
the latter operation made dividends and divisors separately ; 
and the reason of the first operation is made plain. The lat- 
ter needs no explanation. 

12. What number is Ihat, which being multiplied by 8, 
and the product divided by 6, tlie quotient will be 200 .' 

Problems of this kind are readily solved by reversing the 
proposed operation. If the unknown number must be multi- 
plied by 8 and divided by 6 to produce 200 ; then, as multi- 
plication and division are the reverse of each other, if 200 be 
multiplied by 6 and divided by 8, it will give the unknown or 
required number. Thus200x6-T-8^150. ^ns. Thisprocess 
is not strictly Analysis, but it is such solution as this class of 
questions admits of, and is often very convenient, as will more 
clearly appear hereafter. This question and several that fol- 
low, belong to Single Position ; but they may be all solved 
by other modes, without supposing any unknown number. 
The solutions by Position are generally omitted, as that sub- 
ject has been fully discussed. 

13. The third part of a number is 120; what is the whole 
of it. 
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Solution. If one third is 120, three thirds, or the whole of 
it, will be three times as mTich^=^360. 

14. To a certain number we add one fourth of iteelf, and 
it makes 150 ; required the number? 

Solution. The number and its fourth, equal five fourths, 
and if five fourths is 150, one fourth will be I of 150=30 ; 
and four fourths, or tlie number itself, is 4 times 30=120. 

15. In a certain orchard J of the trees bear cherries ; J 
bear apples; ^ bear peaches; J^ bear plums; and the rest, 
16 in number, bear pears. How many trees are in the 
orchard ? 

Solution. We may consider the whole orchard as a unit, 
as 1 orchard, from which 1 + 1+1 + j\^si, being subtracted, 
a^^^f's remain, which fey the qucstion=16, hence o»c fifteenth 
is 8, and lo fifteenths are the whole=15x8=120. Or, 
Having found as above that sn^^^^, say. 

As 8 (sixtieths) : 60 (sixtieths) : : 16 trees : 120 trees. 

16. A laborer contracted to receive 75 cents for every day 
he wrought, and to pay 25 cents board for every day he was 
idle. On settlement at the end of 60 days he received $30. 
How many days did he work, and how many was he idle? 

By Position — 

Suppose he wrought 40 days, then 40 X .75=$30.00 

He was idle then 20 days at .25= 5.00 

Received on our supposition $25.00 

But we know he received 30.00 

Error too little $5.00 

Suppose he wrought 50 days, then 50 X .75=$37.50 

Then he was idle 10 days at .25= 2.50 

Received on second supposition $35.00 

Actually received - - - 30.00 

Error too much $5.00 

5+5=10, difference of errors; and 50 — 40=10, difference 
in suppositions. 

As $10 (diff. of er.) : $10 (diff. of sup.) : : $5 (1st er.) ; $5 
(correction.) 

Then 40+5=^45, days he wrought ; and 60 — 45^^15, days 
idle. 45 days work=$33.75; 15 days idleness $3.75; and 
$33.75— $3.75=$30 Proof. 

By Analysis. It is obvious that had he wrought all Uie 

time he would have received 60x.75=$45. He forfeited his 

wages and 25 cents, making $1, every day he was idle ; and 

as he received but $30 instead of $45, he must have been idle 

25 
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15 days; and consequently wrought 60 — 15=45 days, as 
before. 

17. A young lady being asked her age, replied: 

" My age if multiplied by 3, 
Two-sevenths of that product tripled be ; 
The square root of § of that is 4, 
Now tell my age or never see me more." 

By Reversal. 4^x9^2-5-3x7-^2^3=28, Her Jge. 

Proof. 28x3x2^-7x3x2-^9 ^/=4. 

This question cannot be solved by Position, unless you omit 
the extraction of the root, and use 16 as the ^. 

18. What number multiphed by half itself wdl make 4^? 

Solution. If multiplying by half iiself produces 4^, multi- 
plying by itself, or in other words squaring, must produce 9. 
Hence 3, the square root of 9, is the number sought. 

19. The distance from Zanesville to Columbus is 53 miles. 
Suppose that a stage coach leaves Columbus at 6 in the morn- 
ing for Zanesville, running 5 miles per hour; and at 7 a light 
wagon leaves Zanesville for Columbu«, running 3 miles per 
hour: where and at what time will they meet ? 

The coach will be out an hour, and of course have advanced 
5 mdes, when the wagon starts. Then, 

As the sum of their travel per hour, (54-3=8,) 

Is to the whole distance to be travelled by both, (48 miles,) 

So is the distance per hour traveled by either, (say 5, when 

the coach travels,) 
To the whole distance which such one will travel, before 

they meet. 
This will give 30 miles, the distance traveled by the coach 
before they meet : which *-dI require 6 hours, or from 7 A. M. 
to 1 P. M. ; to which we may add 5 miles, traveled before 
the wagon starts. The wagon in the same fi hours will travel 
18 miles. They meet therefore, at 1 o'clock P. M. at the 18th 
milestone from Zanesville. 

20. The following occured some time ago in business, and 
is of a character that may occur again, A owed B $500, for 
which B was willing to wait a ytar longer, provided A would 
pay a part and the interest at 6 per cent, in advance on the 
remainder : A paid $200, and it is required to determine what 
part is to be credited on the principal, and what part will be 
required to pay the year's interest on the unpaid portion of Uie 
principal ? 

To know the amount to be credited we must deduct from 
$200, the inteiest for one year on the balance of debt remain- 
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ing. This remainder will consist of $300, with its interest for 
one year, and an infinite series of interest on the several addi- 
tions of interest ; in other words, of $300 principal and 6 per 
cent, on its own amount. 

If we add tlie interest on $100, which is $6, to $94, we 
shall have two numbers, $94 and $100, that bear Uie same 
ratio to each other as $300, and a sum that sliall have its in- 
terest added to $300. Hence, As $94 : $100 : : $300 : 
$319.I4|f , the sum for which the note is to be given. The 
interest on this sum, $19.14|^, being settled for in advance, 
the note bears no farther interest for a year. This sum being 
deducted from $200, leaves $180.85^^, to be credited on the 
note. 

Any other number may be as well ass\imed as $100, since 
it is oiJy to procure a proportion, by taking two numbers bear- 
ing the required ratio. 

We might find tlie amount by the summation of the infinite 
series of sums of interest accruing, thus : 

Interest on $300 - =18.00 
" $ 18 - = 1.08 

$ 1.08 = .0648 
" $ - .0648= .003SS8 

This series might be extended onward forever, but the above 
being summed up gives $19.148688; differing very little from 
the true result found above. 

To find the sum of such a series accurately, we must con- 
sider the l^t term as nothing, since it is to that it approxi- 
mates. The ratio as a multiplier in tliis ease is .06, or what 
is the same thing, 16^ as a divisor, the extremes are $18 and 
; and tlie rule in such cases is to divide the difference of the 
extremes by the ratio less 1, and the quotient increased by the 
greater term will be tlie sum of the series. 18 — 0-h(16| — 1) 
=1.14|f , and 18 being added gives $19.14^|, as before. 

Perhaps the present may be an appropriate time to make a 
few remarks on the doctrine of approximation. In the above 
series of interest on interest, it is obvious that at every step the 
accruing interest diminishes in the ratio of 100 to 6, or 16f to 
1, and though the amount would soon be inconceivably small, 
there would still be an accruing interest. In summing the 
series, however, we suppose that it really reaches the point to 
which it approximates, viz: 0, and we find the amount accord- 
ingly. We have a familiar instance of approximation in re- 
ducing vulgar fractions to decimal ones. In reducing one 
third to adecimal,thcfirstfigureis.3, which differs one thirtieth 
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from the triitfi ; the second is ,33, which differs one three 
hundredth, thus approaching ten times nearer at every step, 
without ever quite reaching the precise value of one third. In 
determining tlie ratio of the diameter of a circle to its circum- 
ference, this approximation has been carried so far, that ac- 
cording to the estimate of Mr. Grand in his Plane Trigonometry, 
" in a circle whose diameter is 100000000 times greater than 
that of the sun, the error would not amount to the hundred 
milHonth part of the breadth of a hair." 

Kindred with this is the position that two lines may approach 
each other forever without coming in contact. For if we 
imagine a line extended through half a given intervening 
space ; and then through half the remaining, and so on, through 
half of -each remainder, indefinitely, there will always be a 
portion remaining to be divided. So any part of the curve of 
a circle constantly approaches to a straight line, as tlie circle 
is enlarged ; but it can never become entirely straight. This 
may be illustrated by drawing two parallel lines near each 
other, and connecting tliem by straight lines drawn across ; 
then placing one foot of your dividers on the lower line at the 
left hand extremity, draw arcs from the upper end of each cross 
line to the lower line. At first the curve will depart entirely 
from the right line ; but as the radius increases they approxi- 
mate, and would finally bid defiance to the iinest instruments 
to show the difference ; but in truth they still differ,^)- one is 
curved and the other is not. 

"We might illustrate it by supposing a trough of indefinite 
length, and a slider placed as one end. If the trough be 
filled with fluid, and the slider moved in the direction of the 
indefinite extension, the fluid will follow, but theoretically 
the surface of the fluid could never coincide with the bottom 
of the trough. It is true that in practice tlie fluid would be- 
come BO attenuated that it would cease to flow ; but in theory 
the plane of its under side and surface could never coincide. 
Or imagine two lines to issue from a point, and to pass through 
holes in a board, standing at right angles to their direction. 
As the board recedes, the lines must approach, but can never 
coincide. The conic sectional curve, called an asymptote, is 
another instance. Problems are sometinie^fonndthat can be 
wrought only by ajjproximation. The standing decimals 
.7854, 3,1416, .5236, and many others, are but approxima- 

21. Divide 100 into two Euch parts, that one shall be five 
times as great as the other. 

Call the smaller number 1 part, then the larger must he 5 
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such parts, hence ho(li=6 parts ; and 100-^C=16§, Uie 
smaller number, and 16f X5=83J, tho larger. Or we may 
solve it by Position, 

22. A, B, C and D undertake to build a house. A, B, C, 
can build it in 20 da);s ; B, C, D, in 24 days ; C, D, A, in 30 
days ; and A, B, D, in 36 days. In how many days can all 
together build it, and in how many days will each do it sepa- 
rately? 

Suppose each company to work 36 days: 

Then will A, B, C build U=H such houses. 
And B, C, D " -U=H " " 
AndC, D,A " -|£=1J " 
And A, B, D " ^g=l " 

And the whole can build 5^ " " 

In order to effect this amount of work, it is obvious that 
each one works in 3 different companies for 36 days, and di- 
viding 5^ by 3 gives 1|, what all four would do in 36 days. 
Then, 1| what A, B, C, D do— 1^ what A, B, C do, leaves jig 
of a house in 36 days for D, or a wbole house in 1080 days. 

lB_i|^ what B, C, D do, leaves J for A, or a house in 108 
days. 

Ig — 11, what C, D, A do, leaves 4s fo"" B, or a house in 
56 j I days. 

Ig— 1, what A, B, D do, leaves | for C, or a house in 43J 
days. 

Then, As 1| houses : I house : : 36 days : 19^^ days, the 
time in which all will build ope house. 

At first view there would seem to be a difficulty in this de- 
scription of questions, for as A, B and D have all wrought in 
other combinations, before they work together, the amount 
each can do, appears to be fixed, and their amount of work 
when working together would appear inferable from what each 
had done before. It may be plainer to take a different ques- 
tion. 

23. A, B, C and D undertake to make 6000 rails for E. A, 
B, C, can make them in 10 days ; B, C, D in ?! days; C, 
D, A in 8 days ; and D, A, B in 8:} days. How many rails 
can each make per day ? 

.^ns. A 150 ; B 200 ; C 250 ; D 350. 
Now as the quantity each can make per day is fixed by the 
working of the first three combinations, how can we know 
without previous calculation what the last company can do, 
when they operate together.' By proceediisg as in problem 
22, we find that A can make 150, B 200, C 250, and D 350 
25^ 
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per day. Suppose that instead of saying that D, A, B can 
make the required number in 8^ days, which they will do il" 
they work as above stated ; we had said liey could make 
them in 6 days, which it is obvious they could not do without 
making more per day than when at work with their associates, 
according to the supposition already stated. In this case C 
must make a less number ; but tliough this supposition de- 
stroys altogether the proportion in which they had wrought, 
the new numbers will still answer the conditions of the ques- 
tion ; and we may so suppose the numbers as to make some 
of them even negative. Say tiiat A, B, C require 10 days ; 
B, C, D 6 ; C, D, A 8 ; ami D, A, B 5 ; then proceeding as 
before, we find that C is XQ% rails per day worse than nobody : 
whUe A makes 183J, B 433J, and D 683J. It is obvioiis 
that the work done by each may be greatly varied, and still 
the aggregate will be the same. The subject is worth a criti- 
cal examination. 

24. A father dying, left his son a fortune, ^ of which he 
spent in 8 months; -^ of the remainder lasted him 12 months 
longer, after which he had only $410. What did his fatiier 
bequeath him ? 

Whether those portions were spent in 8 months, 12 months, 
or 7 years, has nothing to do with the question. He spent J, 
and of course had ^ left, 4 of which ^=^2"g of tlie whole, he 
then spent. This added to J makes ^§=7, and the remain- 
ing f=|410: hence ^, or the whole, was worth $956§. 

25. Suppose 2000 soldiers had been supplied with bread 
sufficient to last them 12 weeks, allowing each man 14 ok. 
per day; but on examination they find 105 barrels, containing 
200 lbs. each, wholly spoiled ; what must be Ihe allowance 
to each man, that the remainder may last them the contem- 
plated time ? 

We might find what all would consume in the whole time, 
and from this deduct the whole loss, and then find what the 
remainder would be per day ; but it would be briefer to find 
the per diem deduction from the whole amount lost. 

Two modes, by Analysis, might be as follows : 

1st. If I man ate 14 oz. in a day, he would eat 7 times 
14=98 oz. in a week ; and if he ate 98 oz. in a week, he 
would eat 12x98=1176 oz. in 12 weeks ; and 2000 men 
would eat 2000x1176 oz,=2352000 oz. in 12 weeks 

105 barrels of 200 lbs. each=21000 lbs. dest o^ed ind 
21000X16=336000 oz., which deducted fron tie vhole 
quantity 2352000 oz. leaves 2016000 oz. to b o ed 
Then if 2000 men consume 2016000 oz. in 12 eeks 1 n 
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will consume ^"^'^"^,^''^=1008, oz.; and if 1 man < 

1008 oz. in 12 Weeks, he will consume '-J5*^84 oz. in 1 

week, and *,^=12 oz. in 1 day. Ans. 

By the 2d Mode. 105 barrels of 200 lbs.=21000 lbs. de- 
stroyed, and of course be deducted from the allowance; and 
if 2000 men lose 21000 lbs., one man will lose HjWJ'^V lbs. 
=^\' Xl6=168 oz., and if 1 man in 12 weeks or 84 days lose 
168 oz,, in 1 day he will lose ^b^=2 oz. to be deducted from 
their former allowance of 14 oz, which will leave 12, the 
Answer as before. 

By pToporHon, we may state as follows : 

. f 2000 soldiers : 1 soldier "I ^f.r,^cnn^t. ,a 

As-i ,„ , , , )■ : • 105x200 lbs. : 14 oz. 

I 12 weeks : 1 week j 
per week^2 oz. per day, as before. 

Or by two statements, 

As 2000 soldiers : 1 soldier : : 21000 lbs. whole loss : 
lOJ lbs. what each soldier loses in the whole time. 

Then, as 12 weeks : 1 week : : 10.5 Ib.s. : 14 oz. what 
each loses in a week ; and 14-^7=2, what he loses per day, 
as before. 

26. If I yard cost $f , what will /g of an Ell English cost ? 
By Analysis. If f y'd cost 4$ g will cost J of ^=-^i of a 

$, and I being 8 times as much as J, will cost 8 times as 
much,=5*.x8^=ss the price of 1 yard; but as an English 
Ell is J of a yard greater than a yard, so will the price be ^ 
greater, and ^ of ^g^|8 which added to |5=3^ the price of 
an E. Ell. Tben if 1 E. E. cost f g, j\ will cost ^\ of |?= 
sVsi and ^5 will cost 9 times as much, or Hs^iVs^sj^l' 
=85^ cents, Ans. 

By Proportion. | y'd=^^g<* qr. and -^g El!=5| qr. Then 
stating and inverting the terms of the divisor, we have, 

As 2^0 : ^f : : 5 : ^fgg^5=85| cents. The Ans. 

27. If my age were doubled, and the sum increased by S, 
the cube root of that number would be 4. What is my age ? 

By Reversal. 48=64, and 64— 8-^2=28. Ans. 

The following question we have seen in Sir Isaac Newton's 
Universal Arithmetic, published two hundred years ago. He 
was probably its author. 

27. If 12 oxen eat up 3J acres of grass in 4 weeks, and 21 
oxen eat up 10 acres in 9 weeks, how many oxen will eat up 
24 acres in IS weeks, the grass being at first equal on every 
acre and growing equally ? 
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We are to understand tliat the oxen eat equally, !)ut while 
they eat, the grass grows, and hence as the second lot of oxen 
fed 9 weeks, more oxen will he fed to tlie acre than when they 
fed but 4 weeks. It is to determine the comparative amount 
of this growth, that two sets of terms are necessary, and our 
first effort will be to ascertain the ratio of growth weekly to tlie 
quantity originally standing on the land. 

By Analysis. If 12 oxen eat 3J acres of grass and its 
growth for 4 weeks, in 4 weeks, 10 acres, being 3 times as 
much, would serve 36 oxen for the same time ; but if they he 
allowed 9 weeks to eat it in, without further growth of grass, 
only ^ of 36 oxen, which is 16, will be necessary. 16 is there- 
fore the number of oxen that will eat 10 acres of grass, wiili 
4 wee&s' growth, in 9 weeks. 

By the 2d condition of the question, we learn that 21 oxen 
were necessary to eat 10 acres of grass, with 9 weeks^ growth, 
in 9 weeks. It follows then that 21 — 16=5 oxen were fed 
for 9 weeks on the additional 5 weeks' growth, or 1 ox for 9 
weeks, on 1 week's growth, and 9 on 9 weeks' growth. But 
if 9 of the 21 oxen were fed on the growth, 12 must have fed 
on the grass originally standing on the ground ; and as 1 
week's growth fed 1 ox for 9 weeks, the weekly increase was 
=-[-2 the original quantity on the land. 

Then the original quantity on 3J- acres, being increased by 
growth j'j weekly for 4 weeks, will equal the original quantity 
on A% acres; and this is eaten by 12 oxen in 4 weeks; hence 
1 ox eats ^J of 4^ acres, or /j- of an acre in 1 week, and in 
18 weeks |J or ^ of an acre. 

The original quantity on 24 acres being increased by growth 
■j'j weekly for 18 weeks, will amount to the original quantity 
on 60 acres, then as 1 ox will eat % of an acre in 18 weeks, 
60-r-|=36, will be the number required. 

By Proportion. 

. f 12 oxen : 21 oxen 1 <,i t^i „ 

*'|4™ks -,9 weeks I • ' ^i "'"'' ' l^l acres. 

This quantity would sen-e 21 oxen 9 weeks, if tlie grass 
ceased to grow ailer the first 4 weeks, (the first lot being sup- 
posed to grow so long,) but the quantity actually required is 
by the question supposed to be 10 acres, instead of 13^, so 
that the growth on 10 acres in 5 weeks, is equal to the grass 
on 3J acres with 4 weeks' growth. 

™, f 10 acres : 21 acres'! „, ni 

Tt™ "{ 6 weeks : U weeks ^ ^ ^J acres : 21 acres, 

the growth on 24 acres in 14 weeks, compared as before ; then 
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21+24=45 acres, the number of acres equivalent to 24, that 
do not grow after the first 4 weeks. 

Lastly, As I ,|* ^"f " f' ^"^^ I : : 12 oxen : 36 cxen. J}ns. 
■" (18 weeks : 4 weeks J 

We might solve it also by Position, by assuming a quantity 
as the growth per acre, and thus finding the ratio of the weekly 
growth to the ori^ral quantity ; but the process wonld he 
longer than either of the above, and at the same time less sat- 
isfactory. Various modes by Analysis might be adopted, but 
it is believed that none are simpler than the above. 

28. A traveling at the rate of 11 miles per day, B at the 
rate of 8 miles, and C 5 miles, start to travel in the same direc- 
tion around a lake 60 miles in circumference. How soon will 
they all come together ? 

Solution. The two hands of a watch afford a familiar in- 
stance of this kind of chasing, and by increasing the number 
of hands we might bring up the whole subject. 

Suppose a clock face were furnished with two hands, one 
moving with twice the velocity of the other, and that they 
leave the 12 o'clock point together ; then the faster will reach 
12 again at the moment the slower reaches 6 ; and passing 
on will reach 12 a second time, at the moment the slower 
reaches there the first time. If the motions be as 3 to 
1, the faster will be at 12 when the slower is at 4; and 
moving on wilt pass the slower at 6, and reach 12 a second 
time when the slower is at 8 ; passing on again they will 
reach 12 together, the first time for the slower, and the 
third for the faster. So suppose they move as 6 to 1 ; the 
swifter will be at 12 when the slower is successively at 2, 4, 
6, 8, 10 and 12, and the points of transit may be readily de- 
termined by calculation. The faster gains 6 on the slower 
in running 6 ; and on starting on its second revolution it has 2 
hours to gain, hence 

As' 5 : 2 : : 6 : 2^ 

Tlie swifter then will overtake the slower in 2| hours' run; 
and we may tlius determine every point of transit. Or we 
may do the same by multiplying 2j successively by 2, 3, 4, 
&c., since the space to be passed over in overtaking will in- 
crease in that ratio. 

When the motion is as 2 to 3, 3 to 4, &c., there will not 
be a conjunction at every revolution of the slower, but at 2 of 
the one and 3 of the other, three of the one and 4 of the 
other, &c. 
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In the above problem the parties start together, and before 
A can overtake B, he must gain a whole revolution upon him, 
i. e. 60 miles, which he will do in 20 days, for he gains 3 miles 
per day. And in exactly the same time B overtakes C, for lie 
gained upon him 3 miles per day, ami hence they wiil al! be 
together at tlie end of 20 days; C having peiformed 1| revo- 
lutions, B 2| and A 3^. And if they continue they will meet 
next time at 3^ revolutions, 7J, lOJ, and the third heat wouk! 
bring them together at the starting point, after 5, 8 and 11 
revolutions respectively. 

If they travel respectively H, 8 and 6 miles, A wil! over- 
fake B in 20 days as before ; but B will not have overtaken 
C, for he gams but two miles per day upon him, and will 
therefore be 20 miles behind him, which will require 10 days 
further pursuit ; and when he overtakes him A will have 
travelled 10x11=^110 miles further, or one revolution and 50 
miles. They cannot come together untd the space traveled 
by the slowest is a multiple of tlie rate of the swiftest ; and 
the same number must be a multiple of the circuit, or else 
equally exceed some multiple of it. This is obvious. If then 
we take the differences and find them all alike, such common 
difference divided into the circuit traveled wlI! give us tlie 
number of days, or other periods of travel, in which all would 
come together ; and the greatest common measure of such 
diiferences, which when they are equal will be such difference 
itself, divided into the space traveled by each, will give the 
number of revolutions each must perform, before all will come 
together ; and this is independent of the length of the circuit. 
If the differences be not equal, but have a common measure ; 
stiil the periodical travel of each divided by such common 
measure will give the number of revolutions made by them 
respectively, and if the quotients be whole numbers they will 
meet at the starting point; otherwise the fraction will show 
how far from such point. 

If the differences are prime to each other, then the number 
of days or otlier periods of travel necessary will be just equal 
to the number of miles or other spaces in the circuit ; and in 
that case it can make no difference at what rates they travel, 
or whether together or in opposite directions, or whether tiiere 
be two or a "great multitude," if they travel integral miles 
they must come together at that time. For tiiey who have 
tiaveled 1, 2, 3, &.c., miles, will have made 1, 2, 3, &c., per- 
fect revolutions, and they must all then be together at the 
starting point ; but if any one travel a fractional space, as 2i, 
3i; &c. miles, then he will be a corresponding fiactional part 
of a revolution ahead of his fellows. If the length of a cir- 
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cuit be divided by the greatest common measure of the dif- 
ferences, the quotient will express the least time in which all 
will come together. The reason of these positions will be ob- 
vious on reflection, but may, perhaps, be made plainer by a 
few exanaples. 

29. The length of the circuit remaining at 60 miles, and 
the parties travelling 8, 6 and 4 miles, they will meet in 30 
days, for the common difference is two, and the first will over- 
take the second in 30 days, for he has 60 miles to gain, and 
he gains 2 miles per day: and in just the same time, and for 
the same reason, the second will overtake the third. 

30. Suppose they travel 15, 9 and 6, Hien 6 and 3 will be 
the respective gains, and 3 being their greatest common mea- 
sure, 60-^3—20 will be the number of days occupied in Uie 
pursuit. And 6, 9 and 15 divided by 3 will give 2, 3 and 5 
as the number of revolutions each will make, and they will 
meet as before, at the starting point. 

31. Suppose they travel 14, 8 and 5 miles, they will meet 
as before, at the end of 20 days, for 3 will be the greatest 
common measure of the gains; but it will not be at the start- 
ing point, for 5, 8 and 14-^3=lt, 2| and 4|; their point of 
meeting wiil therefore be % of the circuit beyond the starting 
point. 

32. Suppose they travel 13, 8 and 5 miles, then the differ- 
ence 3 and 5 have no common measure, and they cannot meet 
until the end of 60 days. 

33. Suppose they travel 13J, 8 and 5 miles, they cannot 
meet for 120 days, he who traveled 13J miles per day having 
made 13^ revolutions when the others have made 5 and 8 ; 
but in as much more time he will have gained the other half, 
when they will respectively have made 10, 16 and 27 revo- 
lutions. 

The usual mode is to find the time in which the first will 
overtake fie second, the second tlie third, and so on, and the 
least common multiple of such periods will be the first time 
of general meeting. 

Taking the foregoing distances, A 15, B 9, and C 6; A over- 
takes B in 10 days ; and B overtakes C in 20 days, and the 
least common multiple of 10 and 20 is 20, the time required. 
In that time B overtakes C once, and A overtakes B twice, 
hence all are together. The reason will be obvious on exami- 
nation ; a plainer mode however would seem to be to take the 
greatest common measure of the gains per day, or other period, 
and dividing the circuit by such measure will give the periods 
of time occupied in pursuit; and the spaces in each period (say 
miles per day) being divided by such common measures will 
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give the revolutions performed by each and fix the place of 
meeting. 

34. A going 10 miles per day, B 12, C 16, D 24, and E 
30, all commence on the first day of January, circumambulat- 
ing in the same direction, an island 56 miles in circumference, 
on what day of the month will all meet and where ? 

A loses on B per day 2 miles ~| 

C « It D t( " ft " f ^°'^- Measure 2. 

D " " E " " 6 " J 
56-i-2^28, the number of days necessary. Hence they 
meet January 28th. 



A lO-J-2: 

B 12^2: 

C 16-^2= 



iber of revolutions performed by the 

T) 24-=- 9—1 2 f several travelers in 28 days. 

E 30-^2=^15; 

Or E overtakes D in 56s-6= 9J days.^ Of these the 

D " C 56-5-8= 7 " (smallest com- 

C " B 56-7-4=14 " I mon multiple 

B " A 56-J-2--28 " J is 28. 

B overtakes A once in every 28 days ; C overtakes B twice 

or every 14 days ; D overtakes C 4 times, or every 7 days, and 

E overtakes D three limes, or once every 9^ days ; so that 

they are then all together, and must necessarily be whenever 

the number of days is a common multiple of the time of their 

several overtakings. 

35. A travels 5 miles per day, and C 10 miles per day in 
the same direction, and B 8 miles per day in an opposite di- 
rection, around a lake 80 miles in circumference. How soon 
wilt they all come together, and where ? 

A and C will meet every 16 days at the starting point, and 
B will be there every 10 days ; tliey will therefore meet at 
every common multiple of 16 and 10, Eighty is the least 
common multiple, hence at the end of 80 days is the first time 
that all will be together, 

36. A prisoner escaped from prison at 6 in the morning, 
and at 4 in the afternoon the sheriff started in pursuit, gaining 
upon the fugitive 3 miles per hour. At midnight the sheriff 
met an express traveling at the same rate with himself, who 
reported that he had met the prisoner 24 minutes before 10 
o'clock. In what time from commenrjing the pursuit will he 
overtake the fugitive ? And supposing every thing to be as 
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above, except that the sheriff gained 5 miles per hour, in what 
time would he overtake the fugitive ? 

When the sheriff met the express the fugitive was 2 hours 
24 minutes of the sheriff's trave! ahead, and when the sheriff 
reached the point where the express met the prisoner, which 
would be in 10 hours 24 minutes from the time he started, i. e. 
at 24 minutes past 2 o'clock in the morning, the fugitive would 
have made anotlier 2 hours 24 minutes, or would be 4 hours 
48 minutes of his own travel ahead. But he was at first 10 
hours ahead, so. that he has lost 5 hours 12 minutes in 10 
hours 24 minutes ; and 

As 5 h. 12 min. : 10 h. : : 10 h. 24 min. ; 20 h., the whole 
time of pursuit ; so that he overtook him at noon on the day 
aiter he commenced the pursuit. And strange as it may ap- 
pear, the time of pursuit would be the same let the rate of 
gain be what it might ; for the actual speed of both would be 
altered. That the gain makes no difference is obvious ; for 
the question is solved without reference to it. From the dif- 
ference of the rate the distance traveled is easily found, by 
Position or otherwise. 

37. A, B and C, in company, put in $5762: A's stock was 
in 5 months, B's 7 months, and C's 9 months ; and they 
gained $780, which was so divided that J of A's was I of B's, 
and I of B's was ^ of C's. But B absconded after receiving 
$2087. What did each gain or lose by B's misconduct ? 

Solution. If i of A's be I of B's, and I of B's be J of C's, 
then A's, B's and C's are to each other as 4, 5 and 3. And 
4+5+3=12, and 780-^12=65, which multiplied succes- 
sively by 4, 5 and 3, will give: 

A's share of the gain, $260 

B's " " 325 

C's " " 195 

And these divided by their montlis respectively, will give their 

several monthly gains, viz. 

A's, - - - $52 

B's, . - - 46^ 

C's, ... 211 

Which gains, as the g^ns were proportionate to the invest- 
ment, give us the ratio of the share of each to the whole 
stock. 

$52+$46|+21§=1203\, the sum of Ae monthly gains. 



As 120iV 


52 : 


: 6762 


*2494HJf, A' 


original stock 


As 120,»r 


464; 


:6762 


2227TVs^f, B' 


n n 


As 120,«, 


2I3 


: 5762 


I03<>j'ff„ C 


" " 
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Then, when B ran away, he was entitled to his original 
capital, $2227^Vf) and 7 months' profit, or $325, making in 
all $2552,V6*f) of which he had received $2087 ; consequent- 
ly A and C gained $465 1''/8^■, i>y liis rascality, and this should 
be divided between them in the ratio of their stocks. 

Dividing it in the ratio of their investments, or as 4 to 3, we 
have $266^a'V A's share of B's unclaimed portion, and 
$199||§7 C's share of the same. 

38. A father leaves a number of children, and a certain 
sum, which they are to divide amongst them as follows : — The 
first is to receive iJlOO and one-tenth of the remainder ; and 
after this the second to have $200 and one-tenth of the re- 
mainder ; and so on, each succeeding chdd is to receive $100 
more than the one immediately preceding, and then one-tenth 
part of that which still remains. At last it is found that all the 
children have received the same. What was the fortune left, 
and how many children were there ? 

Sdution. The several " tenths" must decrease by just the 
same amounts as the specific legacies respectively increase, 
which in liis case is 100 at each step. And if the tenths dif- 
fer 100, the whole will differ 1000, and the least remainder 
cannot be less than that sum. The several remainders after 
the specific legacies will then be found in "round" thousands. 
Furthermore, 100 is to be deducted before the first tenth is 
taken, 200 before the second, &c. The first tenth, therefore will 
be 200 short of a thousand, i, e. 800 ; and hence the undivided 
estate, after deducting the first $100, must be 800x 10^8000; 
and 8000 4-1 00=$S 100 the whole estate. Then 8100—100 
=8000, and 8000-f- 10=800, hence 100-1-800=900, the 
share of each, and 8100-^900=9, the number of children. 

39. A drover, having calves, sheep and hogs, was met by 
an inquisitive fellow, who inquired the number of animals in 
his drove. He replied that he might calculate for himself: 
that his whole drove cost him $400 ; that f_:of his drove were 
sheep, I of the residue were hogs, and the remainder calves ; 
and that if he could sell his sheep for $2^ per head, his hogs 
for 8i3J, and his calves for $5 a head, he should make $119 by 
the speculation. How many of each kind were there in the 
drove ? 

Solution. Assuming some number, we can, from the data, 
determine the ratio of each kind to the whole ; or we may just 
say there were — 

Of sheep j, leaving f for the other animals. Of hogs f of 
|='ifs> ^nd I — !J';=^jj=calves. 
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The comparative numbers of the several kinds were, sheep 
10, hogs 9, and calves 6. 

10 sheep, at |2.50=|25.00 
9 hogs, at $3.50=$31.50 
6 calves, at $5.00=$30.00 



to buy the above, $86.50 
But he calculated on $400+$119-=519. Hence we have 



As $86.50 
As $86.50 
As 186.50 



10 Sheep : 60 Sheep. 
9 Hogs : 54 Hogs. 
6 Calves : 36 Calves. 

Animals 150, Mns. 



40, A factory is divided into 32 shares, and owned equally 
by 8 persons. A, B, C, D, &c. A sells 3 of his shares to a 
ninth person, who thus becomes a member of the company, 
and B sells 2 of his shares to the company, who pay for them 
from the common stock. After this what proportion of the 
whole stock does A own ? 

Solution. There were originally 32 shares, and of course 
each share was -^^ part of the whole, but 2 of the shares be- 
ing bought in by the company, the whole will be divided into 
30 parts, and each share will be -j'j of the whole. A had 4 
shares but sold 3, he therefore had 1 share^j'g left. 

41. G received of H 760 lbs, of rough tallow to try out at 
60 cents per hundred pounds, clear, and was to fake his pay 
in rough tallow at 8 cents per lb. G returned 615 lbs, net, 
and H paid him the balance due to him in rough tallow. Al- 
lowing 18 per cent, for waste, what was the balance due G ? 

Solution. Eighteen per cent.^5g, which deducted from 
the rough tallow used, leaves 615 lbs. net, therefore 615 lbs. 
-4-4f=135 lbs. added to 615=750, the rough tallow from 
which the 615 lbs. were made ; and as 760 lbs. were put into 
his hands, there are 10 lbs. yet in his possession. 

il5x.6i 
100 
cents per 100 lbs. 

$3.69-!-8^^6^, the lbs. of rough tallow that would pay him. 
10 lbs. already in his hands, 

Leaves 36^ lbs. yet due H. 
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42. A wall was to be built 700 yards long in 29 days. 
Now aiter 12 men had been empiojed on it for 11 days, it 
was found that they had completed only 220 yards of the wall. 
It is required to determine Iiow many men must be added to 
the former, that the whole number may finish the wall in just 
the time proposed, at the same rate of working ? 

Solution. 12 men in 11 days will do 132 days work, and 
if 220 yards require 132 days work, 700 yards will require 
420 days work, or the remaining 480 yards will require 288 
days work, which must be done in 29 — 11^18 days. Hence 
288-^18—16 men to finish in the time required, and 16 — 12 
=4j the number to be added. 

43. Express 625 in a system of notation which shall have 
4 for its radix instead of 10. 

It has doubtless occurred to the student's nnind that we 
might adopt any other number instead of 10, as the radix of 
our scale of notation, and it is obvious that were such change 
made, tlie same numbers would no longer be expressed by the 
same combinations of characters, even though the distinguish- 
ing feature of our system, viz : — the value of figures depend- 
ing on their place, be retained. It is likewise clear that the 
characters representing numbers will vary in number accord- 
ingly as our radix varies. If 2 be the radix, then and 1 
will be the only characters; if 3, then 0, 1 and 2, and so on 
in the same manner. The names of the several places would 
also change and we should hear no more of tens, hundreds, 
§"c., for new terms of different import would have supplanted 
them, varying in signification according to the scale adopted. 
New characters would also be required if a radix greater than 
10 were assumed. 

These different scales are called Binary, Ternary, Quater- 
nary, Quinary, Senary, Septenary, Octary, Nonary, Denary, 
Undenary, Duodenary, &c., accordingly as 2, 3, 4, 5, 6,7,8, 
9, 10, 11, 12, &c., are used as radices. 

We may readily transfer any number from tlie common or 
Denary scale to another, by dividing the given number and 
the successive quotients by the base of the proposed system, 
and taking the several remainders in their reversed order. 
Thus, in the question above, we are required to express 625 
in the Quaternary scale, and it is done thus : 
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4)625 



Hence 625 will be 21301 in 
the Quaternary scale. 



0| + 2 

We might give a number of examples, but this 'will serve to 
ilhistrate our meaning, and the operation is quite simple. 
Numbers may be changed to the Denary scale by decomposing 
them and then adding the several parts. Thus the result in 
the preceding example may be decompo.sed as follows : 
(2X4^)+(1X4')+(3X4')+(0X4)+1=625 
To dian^e i frii tional expression, similar to our decimals, 
f om one scale to another, it is only necessary to multiply the 
e\pic-.'^ion b> the index of the new scale of notation, con- 
rei\mg the product to be set each time a pHce lower, just as 
i!i the ouhnarj rule given for changing decimals to duodeci- 
mals, or as it is sometimes expressed "finding the value of 
dtcimals " 

Many curious results arise from the peculiarities of the dif- 
ferent scales, but we have not space to investigate Hiem tho- 
roughly. A few facts may however be succinctly stated. 

If any prime number be assumed as a radix, every fraction 
when changed to a form corresponding to our decimals will 
circulate, as is evident from what has been shown in the lec- 
ture on Circulates, &c. The adoption of 10 as the base of the 
system is nearly universal, and the ten digits of the hands fur- 
nish a ready explanation of the fact, but 12 is a much better 
number, and it is to be regietted that it was not originally 
adopted, for it is divisible by 2, 3, 4 and 6, while 2 and 5 are 
the only factors of 10. With 12 as a radix ^, J, I, -J-, ^ and 
J would terminate when changed to duodecimals, while J, J, 
1 and ^ are the only fractions whose denominators are less than 
10 that will terminate when changed to decimals. Eighteen 
and Sixty have many divisors but they are too large, and in- 
clude too many piime numbers to be even as good radices as 
10. Sixty however was formerly used to a considerable extent. 
The division of the circle and time, in 60ths,is probably a ves- 
tige of tliis scale. 
° *36 
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The operation of extracting roots would of course be per- 
formed according to the scale in which the number is ex- 
pressed, but the idea tliat any number which is a Surd in our 
present system would be otherwise in a diiferent system is 
entirely groundless, as the rationality or surdity of numbers 
rests on other grounds than the mere scale of expression. 



LECTURE XIX. 



QUESTrONS OF AN AMUSING DESCRIPTION. 

The questions that will occupy our attention in the present 
brief lecture, will not generally be of a class difficult to solve, 
but rather of a light and amusing character. In some of them 
tlie reader may recognize old acquaintances in the shape of 
puzzles, often given as tests of ingenuity ; hut though not all 
of the dignified class, they involve scientific principles as well 
adapted to exercise the reasoning faculties as questions of a 
graver cast, and they will often be studied when difficult pro- 
blems would not be. 

"A little nonsense now and tlien, 
la relished by the b^t of men." 

1, A and B took each 30 pigs to market, A sold his at 3 for 
a dollar, B at 2 for a dollar, and together they received $25, 
A afterwards took 60 alone, which he sold as before at 5 for 
$2, and received but $24: what became of the other dollar.' 

This is rather a catch question, the insinuation that the first 
lot were sold at the rate of 5 for $2, being only true in part. 
They commence selling at that rate, but after making (en sales, 
A's pigs are exhausted, and they have received $20 ; B still 
has 10 which he sells at " 2 for a dollar" and of course re- 
ceives $5 ; whereas had he sold them at the rate of 5 for $2, 
he would have received but $4. Hence the difficulty is easily 
settled. 
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2. The longest side of a triangle is 100 rods ; and each of 
tlie other sides 50. Required the value of the grass at $5 per 
acre. Ans. $00. 

This also is a catch question, as a triangle cannot be formed 
unless any two of the lines are longer than the third. In this 
case, the base being laid down, and the two sides of 50 each, 
being laid down from opposite ends, they will fall upon the 
base and coincide with it. Imagine that you are attempting 
to form a triangle of three sticks, and that two of them are 
just as long as the third, and you will understand the matter. 

3. Three men met at a caravansary or inn in Persia ; and 
two of them brought their provision along with them, according 
to the custom of the country; but the third not having pro- 
vided any, proposed to the others that they should eat together, 
and he would pay the value of his proportion. This being 
agreed to, A produced 5 loaves, and B 3 loaves, all of which 
tlie travelers ate together, and C paid 8 pieces of money as 
the value of his share, with which the others were satisfied, but 
quarreled about the division of it. Upon this the matter was 
referred to the judge who decided impartially. — Wliat was his 
decision ? 

At iirst sight it would seem that the money should be divided 
according to the bread furnished ; but we must consider that 
as the 3 ate 8 loaves, each one ate 2| loaves of the bread he 
furnished. This from 5 would leave 2J loaves furnished the 
stranger by A ; and 3 — 2f^J furnished by B, hence 2^ to J 
=7 to 1, is the ratio in which the money is to be divided. 
If you imagine A and B to furnish and C to consume all, then 
the division will be according to amounts furnished. 

4. There was a well 30 feet deep, and at Uie bottom a frog 
anxious to get out. He got up 3 feet per day, but regularly 
fell back 2 feet at night. Required the number of days neces- 
sary to enable him to get out? 

The frog appears to have cleared one foot per day, and at 
the end of 27 days, he would be 27 feet up, or within 3 feet 
of the top, and the next day he would get out. He would 
therefore be 28 days getting out. 

5. Two men bet which would eat ^e greatest number of 
oysters, A ate ninety-nine, B ate a hundred and won. How 
many did B eat more than A ? Ans. One more. 

6. Three men, Henry, Richard and Robert, witli their 
wives, Hannah, Maev and Ann, going to a store to buy cloth, 
each of them purchases as many yards as he or she gives shil- 
lings per yard ; each man expends 63 sSiillings more than his 
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wife; also Henry buys 23 yards more than Maey, and 
Richard 11 yards more than Hannah. PJease to point out, 
from the data, the wife of each ; no fractions being admitted ? 

{Jins. Ann is Henhv's wife, and Mary is Richard's. 
Hannah is Robert's. 
Premising that " The product of the sum and difference of 
two numbers is equal to the difference of their squares," and 
from the question we iearn that the square of the yards bought 
by each wife is 63 less than the square of her husband's pur- 
chase, (for the price of the whole differs that much, and the 
yards and price per yard in shillings being equal, the price of 
the whole in shillings is ^ the square of the yards,) we know 
that 63 is also the product of the sum and difference of the 
number of yards bought by a man and his wife. And inas- 
much as the following table exhibits all the factors of 63, the 
sums and differences must be amongst them, the sums of course 
being the larger or left hand numbers. 
63x1^63 
21x3=63 
9x7-=63 
And the following table exhibits corresponding pairs of num- 
bers, whose squares differ 63, calculated from tiie above by 
adding \ the sum to half the difference and vice versa, and of 
course the several purchases must be amongst them, the men's 
being on the left, and their wives' the corresponding numbers 
on the right, 

32 and 31 for 32^— 31*=63 

12 and 9 for 12*— 93=63 

8 and 1 for 8^— 1^=63 

By examination we find that 32 and 9 differ 23, and infer 

that Henry's purchase was 32 and Mary's 9; and as 12 and 

1 differ 11, we infer that 12 was Richard's purchase and 1 

was Hannah's, and as only two remain, we infer that they 

were Robert's and Ann's, and that Robert bought 8 yards 

and Ann 31 . 

Hence Henry (32) and Ann (31) were man and wife, 
And Richard (12) and Mary (9) were do. 
And Robert (8) and Hannah (1) were do. 
7. A blacksmith had a stone weight weighing 40 lbs., a 
mason coming into the shop, hammer hi hand, struck it and 
broke it into 4 pieces : there, says the smith, yon have ruined 
my weight. No, says the mason, I have made it better, for 
whereas you could before weigh but 40 lbs. with it, now you 
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can weigh every pound from 1 to 40. Required tlic size of 
the pieces ? 

Ans. 1, 3, 9, 27; for in any geometrical series proceeding 
in a triple ratio, each term is 1 more than twice the sum of all 
the preceding, and the above series might proceed to any ex- 
tent. In using the weights, they must be put in one or both 
scales as maybe necessary: as to weigh 2, put 1 in one scale, 
and 3 in the other. 

8. A blackleg passing through a town in Ohio, bought a 
hat for $8 and gave in payment a $50 bill. The hatter called 
on a merchant near by, who changed the note for him, and 
the blackleg having received his $42 change went his way. 
The next day the merchant discovered the note to be a coun- 
terfeit, and called upon the hatter, who was compelled forth- 
with to borrow $50 of another friend to redeem it with ; but 
on turning to search for the blackleg he had left town, so that 
the note was useless on the hatter's hands. The question is, 
what did he lose — was it $50 besides the hat, or was it $50 
including the hat.' 

This question is generally given with names and circum- 
stances as a real transaction, and if the company knows such 
persons so much the better, as it serves to witlidraw attention 
from the question ; and in almost every case the first impres- 
sion is, that the hatter lost $50 besides the hat, though it is 
evident he was paid for the hat, and had he kept the $8 he 
needed only to have borrowed $42 additional to redeem the 
note. 

9. A person remarked that when he counted over his basket 
of nuts two by two, three by three, four by fonr, five by iive, 
or six by six, there was one remaining ; but when he counted 
them by sevens there was no remainder. How many had 
he.' 

The least common multiple of 2, 3, 4, 5 and 6 being 60, 
it is evident, that if 61 were divisible by 7, it would answer 
the conditions of the question. This not being the case, how- 
ever, let 60x2-1-1, 60X3-M, 60x4-M, &c., be tried succes- 
sively, and it will be found that 301=60x5+1, is divisible 
by 7 ; and consequently this number answers the conditions 
of the question. If to this we add 420, the least common 
multiple of 2, 3, 4, 5, 6 and 7, the sum 721 will be another 
answer ; and by adding perpetually 420, we may find as many 
answers as we please. 
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10. Suppose the 9 digits to be placed in a 8 3 4 
quadrangular foini : I demand in what order 159 
they must stand, that any three figures in a 

right line may make just 15 ? 6 7 2 

This is one variety of Mascopulius' Magic Squares, of 
which much has been said by some writers, and which at one 
time received much attention, and general modes were sought 
for constructing them. They are infinite in their variety, but 
are of no practical use. Some amount to one number, and 
some another. 

11. A gentleman making his address in alady's family wbo 
had five daughters, she toid him that their father had made a 
will, which imported that the first four of the girls' fortunes 
were, together, to make $50000 ; Uie last four, $66000 ; the 
last three -with the first, $60000 ; the first three with the last, 
$56000 ; and the first two with the last two, $64000, which, 
if he would unravel, and make it appear what each was to 
have, as he appeared to have a partiality for Harriet, her 
third daughter, he should be welcome to her : Pray, what was 
Miss Harriet's fortune ? 

A+B-^^C+D =50000 "I Then, 296000-^4 the number 
B+C+D+E=66000 of repetitions =74000 the sum 
A +C+D+E=60000 I of their fortunes. 
A+B+C +E=56000 \ Then, 
A+B +D+E==64000 A+B+C+D+E=::74000 

And 

296000j A+B +D+E=64000 

Mns. Harriet's fortune =$10000 

12. A gentleman rented a farm, and contracted to give to 
his landlord f of the produce ; butprior to the time of dividing 
the corn, the tenant used 45 bushels. When the general di- 
vision was made, it was proposed to give to the landlord 18 
bushels from Ihe heap, in lieu of his share of the 45 bushels 
which the tenant had used, and then to begin and divide the 
remainder as though none had been used : Would this method 
Lave been correct ? 

The landlord would lose 7^ bushels by such an arrange- 
ment, as Ihe rent would endtle him to § of the 18. The ten- 
ant should give him 18 bushels from his own share after the 
division is completed, otherwise the landlord would receive 
but S of the first 63 bushels. 
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13. A and B bought 200 sheep for $400, each paying $200. 
A pays $1,75 per head, B $2,25. How many sheep did each 
receive for his $200 ? 

Tins question is absurd, since 200 sheep will not cost $400 
at those lates A would have 200-^1.75=114|, and B 200 
-i-2.25=88|, making 203gJ sheep. A version of tlie " Land 
Question," containing in absurdity similar to the above, is 
sometimes met with This question might be made fair by 
supposing B's sheep to be worth 50 cents per head more than 
A's; ami then it could be wrought as question 69 is wrought. 
On that supposition A would receive nearly 112.35 sheep at 
!gl.78+ per head ; and B nearly 87.71 at $2.28+ per head. 

A question involving a similar absurdity is sometimes given 
about building 100 rods of stone wall for $100. It also may 
be made fair. 

14. How may 100 be expressed with four nines ? 

Am. 99 g. 

15. A, B, C and D chartered a schooner and loaded it with 
"JVoHons;" of the stock A owned a third, B a fourth, C a fifth, 
and D a sixth; and received in return 60 hogsheads of molas- 
ses, which the captain delivered according to the respective 
interests of the stockholders, and found he had 3 hogsheads 
left. How was it .-' 

The fallacy consists in supposing that these several frac- 
tional shares will form a stock. They amount to only |3 ; 
hence if A received ^=20; BJ^IS; C J=12; and D ^^10, 
tiiere would be 3 hogsheads left. The absurdity would be 
more obvious if we supposed but two owners, A and B, and 
that tie former owned one-half, and the latter one-fourth ; and 
yet the same principle is involved. 

16 Two merry companions are to have equal shares of "^ 
gallons of wine which i in a vesiei containing exactly 8 
galbns Now to dnide it equally between them, they have 
onl) two other empty vessels, one of 5 gallons (he other of 
3 The question i'!, how they si all divide the wine equally 
between them by the help of these three vessels ' 

Fill the 3 and pour it into the five — then fill it again an t 
from it hil up the 5 which will lea^e one gallon m the 3 gal 
Ion keg — empt> the 5 into the eight, and pour the me f om 
tiie 3 into the 5 — fill the 3 again and empty it into tl e 5— 
Then there wdl be 4 gallons in the 5 gallon keg and the same 
left in the 8 

17. A countryman having a Fox, a Goose, and a Peck ot 
Com, came to a river, where it so happened that he could 
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carry but one over at a time. Now as no two were to be left 
together that might <iestroy each other, he was at his wit's 
end, for says he " Though the com can't eat the goose, nor 
tlie goose eat the fox ; yet the fox can eat the goose, and thfe 
goose eat the corn. How shall he carry them over, that they 
shall not destroy each other ? 

Let him first take over the Goose, leaving the Fox and 
Corn; then let him take over the Fox and bring the Goose 
back ; then take over the Corn ; and lastly take over the Goose 
again. 

18, Three jealous husbands. A, B and C, with their wives, 
being ready to pass by night over a river, find at the water 
side a boat which can carry but two at a time, and for want 
of a waterman they are compelled to row themselves over the 
river at several times. The question is how those six persons 
shall pass, two at a time, so that none of the three wives may 
be found in the company of one or two men, unless her hus- 
band be piesent.' 

This may be effected in two or three ways ; the following 
may be as good as any : Let A and wife go over — let A re- 
turn—let B's and C's wives go over — A's wife returns — B and 
C go over — B and wife return, A and B go over — C's wife 
returns, and A's and B'a wives go over— then C comes back 
for his wife. Simple as this question may appear, it is found 
in the works of Alcuin, who flourished a thousand years ago. 
Hundreds of years before the art of printing was invented. 

19. A canal boat weighing, with its cargo, 15 tons, has to 
pass an aqueduct of doubtful strength, the water is 4 feet 
deep, and the aqueduct 15 feet wide, and a waste weir adja- 
cent to it prevents any rise in the water from the motion of the 
boat. How much will the pressure upon the aqueduct be in- 
creased by the boat passing over it. ^ns. Not Any. 

It is an established principle that a body iloating upon a 
fluid displaces its weight of the fluid ; and if the boat dis- 
placed a weight of water equal to its own weight, the pres- 
sure upon the aqueduct was not increased. To make the posi- 
tion more obvious, if the boat were placed in the aqueduct and 
the water permitted to freeze solid, and the boat then lifted 
out, the weight of the water necessary to fill the cavity in the 
ice, would just equal the weight of the boat and cargo. If the 
weight of the body exceeds the weight of its bulk of fluid 
it will sink ; for which reason bodies will sink in spirit that 
will float in water ; or will sink in pure water that will 
float in lye or brine. Every housewife knows how to try the 
strength of lye or brine with a new egg, which will be borne 
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upon the surface in proportion to the strength of the fluid. 
The reason is that the bulk of water is not increased by hav- 
ing a solid dissolved in it ; the particles of the solid being 
dirided enter in between the particles of water, and thus 
make the water specifically heavier, until it becomes heavier 
bulk for bulk, than the egg, when the egg must swim. "When 
it is a mechanical mixture, the bulk is increased. 

20. From 1 mile, subtract 7 fiirlongs, 39 rods, 5 yards, 1 
foot, 5 inches. 

Mile Fur. Rods. Y'ds. Ft. In. 
From 10 

Take 7 39 5 1 5 



1 



In this problem, instead of borrowing 1 foot, we borrow J 

a foot^=6 inches, from which we take 5 inches, and 1 remains; 

we then carry J to 1, and borrowing ^ a yard=^lj feet, we 

have IJ from 1J=^0, and afterwards proceed as usual. 

21. Mile Fur. Rods. Y'ds. Ft. 

From 55 00 

Take 13 7 39 5 2 



40 7 39 5 1 



In this we subtract the foot as usual, and carry 1 to the 
yards, making 6, which cannot be taken from 5J, the yards in 
1 rod ; we therefore take from 11, the yards in 2 rods, and so 
proceed, borrowing 2 instead of 1. 

Problems 20 and 21 are designed to show that we do not 
always borrow a unit, but more or less as circumstances may 
require. We prefer however, to consider the numbers added 
to the minuend and subtrahend, not as numbers borrowed and 
paid back, for that seems rather a commonplace idea, but as 
equal quantities added to each term, by which their inequality 
is not changed. 

22. Jacob was by contract to serve Laban for his two 
daughters 14 years; when he had accomplished 10 years, 10 
months, 10 weeks, 10 days, 10 hours, 10 minutes, how long 
had he yet to serve .'' 

Y'rs. M. W. D. H. M. 
From 14 
Take 10 10 10 10 10 10 

2 11 3 13 50 
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Here it was necessary to borrow 2 weeks, and th'.a 3 
months, and then 2 years, but this was easier than to have 
reduced the numbers to their proper amounts, by which Ihe 
subtrahend would have become 12 yrs., mo., 3 w., 3 d., 
10 h., 10 m. 

Miles. Fur. Poles. Yds. Ft. 

23. 6) 97 7 39 4 2 



16 


2 


26 


3 1,'. 
6 


97 


7 


39 


4i 0} 



The gist of this is that the proof line will not correspond 
with the multiplicand in numbers, though it does in value, 
for 4J yards and i a foot added— 4 yards, 2 feet. This dif- 
ficulty IS liable to occur whenever the ratio of value between 
the denominations is not a whole number. 

24, What three figures, multiplied by 4, will make precise- 
ly 5? Mns. IJ, or 1.25. 

25. Required to subtract 45 ftom 45, and leave 45 as a 
remainder .' 

Solution. 9 -f-8+ 7-1-6 +5 +4-1- 3 +24- 1=45 

l+2+3+4-l-5-^6-^-7-^8-l-9=45 

. 8-|-6-f4-|-H-9-|-7-F5-l-3-f-2=45 



26. From 6 take 9 ; from 9 take 10 ; 
From 40 take 50, and 6 will remain ! 
Solution. SIX IX XL 

IX X L 



X 



27. Place 10 cents in a row upon a tabic, thus, 1, 2, 3, 4, 
6, 6, 7, 8, 9, 10; then taking up one of the series, place it 
upon some oliier : but with this condition, that you pass over 
just two cents. Repeat this till there are no single cents left. 

Solution. Place 4 on 1, 7 on 3, 5 on 9, 2 on 6, and 8 on 10, 

28. How may 13 trees be planted, so that there may be 12 
rows, and 3 trees in each row ? 

Solution. Draw a hexagon, and plant a tree at the centre, 
at the middle of each side, and at each angle. A diagram 
will make this plain. 

29. A tailor offered his customer $5 per yard for all the 
cloth left of his pattern ; and the coat being made, the latter 
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asked what was left. The tailor answered, " If you had got 
J of a yard square more, you would have had J of a square 
yard left ; and if you had got J of a square yard less, you 
would have had |- of a yard square too little. How much 
cloth was left ? Ans. None. 

30. A ropemaker has a ball of thread, and wishes to make 
a rope with 31 threads, neither more nor less, and would like 
to have it 100 feet long ; but upon forming his strands, finds 
he lacks just one thread ; how much must he reduce the length 
to gain the thread ? 

Solution. 100x30=3000 feet, the length of his tliread ; 
and 3000-H31=963^i, the length it will make of 31 strands. 

31. Two-thirds of 6 are 9 ; one half of 12 is 7— 
The half of 5 is 4, and 6 are half of 11. 

Solution. Two-thirds of SIX are IX=9 ; the upper half of 
XII is VII=7 ; the half of FIVE is IV^4 ; and the upper 
ha!fofXIisVI=6. 

32. Two men owned a mahogany board of superior beauty, 
20 feet long and two feet broad at one end, but running to a 
point at the other. Now they desire to divide the board equal- 
ly, and yet so that the share of each shall be of the same shape 
as the above : how can they do it ? 

Ans. They had better rip it flatwise. 

33. A, B and C start to travel 3 miles, and have a pair of 
shoes to carry. The shoes are to be carried by different per- 
sons, and their several distances are to be equal. How can 
they arrange it ? 

Solution. Let A carry his shoe a mile, then give it to B, 
who may carry it through. Let C carry his two miles, and 
give it to A, who may carry it through. Each will then have 
carried his shoe 2 miles. 

We will now add a few, and leave them to exercise the stu- 
dent's ingenuity. 

1. Divide 45 degrees 10 miles 7 furlongs 37 poles 5 yards 
1 foot 3 inches and 2 barleycorns by 4, and prove by multi- 
plication. 

2. Place the 9 digits in two different ways, so that in one 
case they may count 17, and in the other 31. 

3. Two boys, wishing to amuse themselves by playing at 
snatch-apple, took a string 4 feet long, and tied it to a hook 
in the ceiling of a room 7 feet high, and attached an apple to 
the other end of the string. Now I desire to know the dis- 
tance they must stand from each other, in order that the apple^ 
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when put in motion, may touch each of their mouths ; they be- 
ing just 4 J feet from the floor ? 

^m. 6.2448 feet. A neat diagram might be made by the 
student for illustration. 

4. I have a box that is 12 inches square, for which I wish 
to make a lid of a board which is IGinches long,and.9 inches 
broad, and to have but one joint. How can I do it.^ 

5. Three personsboughtakegof beer, containing ISquarts: 
How can they divide it equally by means of a 10, an 8, and 
a 4 quart measure ? 

6. What number multiplied by 57 will produce just what 
134 multiplied by 71 will do ? 

7. Seven out of 21 bottles being full of wine, 7 half full, 
and 7 empty, it is required to distribute them amongst 3 per- 
sons, so that each shall have the same quantity of wine, and 
the same number of bottles. 

8. A gentleman owning a section of land, (which is just 
one mile square,) bequeatlied to his wife the north-east quarter, 
and directed that the remainder be given in iarms of precisely 
the same shape and size to his four sons. Required the shape 
and size of each ,' 

9. Supposing there are more persons in the world than any 
one of them has hairs on his head, it then follows as a neces- 
sary consequence, that some two of them at least, must have 
exactly the same number of hairs on their heads, to a hair : 
required the proof. 

10. Three persons bought a quantity of sugar, weighing 51 
pounds, which they wish to divide equally amongst them, but 
having only a 4 and a 7 pound weight, it is required to find 
how this can be done? 

11. Place 17 sticks of equal length so as to form 6 equal 
squares, then remove 5 sticks and leave 3 perfect squares. 
How is it done } 

12. Let 23463 be multiplied by 12431 pyrami die ally, aa 
was once the form used. 

23463 
12431 
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13. Ten times 8 is the same as 8 times 10 ; is 10^ times 8 
the same as 8^ times 10. If not, why ? 

14. If a man 6 feet in height travel round the earth', how 
much farther must his head travel, than his feet ? 

15. A fly lighting upon a coach wheel, midway between 
the hub and tire, is observed to remain while the coach is run- 
ning. Required the figure described by the fly, and whether 
it moves all Ihe time with equal velocity ? 

16. If electricity travels with the velocity of light, and if 
the cry of Fire be raised at Philadelphia at 5 minutes past 12 
on Sunday morning, at what hour and on what day of the 
week will the announcement reach St, Louis, by telegraph, 
allowing the difference of longitude to be 14 deg. 38 minutes. 

17. Reverse the above, and allow the cry to be raised 5 
minutes before 12 on Saturday night, at St. Louis, when will 
it reach Philadelphia. 

18. A traveler went westward round the world in one 
week, starting on Sunday morning, and found he had one day 
too few in his reckoning. Which day was it that he lost ? 
Another started and went eastward round in a week, and 
found he had eight days in his reckoning — of what day had 
he a duplicate ? 

19. A left Zanesville on Saturday at noon, and kept pace 
westward with the sun, returning to Zanesville the next day 
at noon. Now suppose our division of time into weeks to be 
used all round the earth, and our traveler to inquire the day 
of the week every ten minutes, where would he first be told, 
" It is Sunday ?" And as he leaves at noon, and keeps pace 
with the sun, it was noon with him all the time, and he saw 
neither morning nor evening — and yet Saturday changed to 
Sunday. How could this be ? 

JVole. The above are fair questions, involving no absurdity, 
and susceptible of satisfactory solutions. Though not exactly 
arithmetical, we trust they will be found fraught with amuse- 
ment and instruction. 

20. A traveler having gained the north pole on the 21st of 
December, on which day it was new moon, took his stand to 
watch the phenomena of the heavens. When would the moon, 
rise to hira — and what would be its apparent motion ? When 
would day break, allowing it to do so when the sun is 18° 
below the horizon ? In what direction would he first see the 
light? When and in what direction would the sun rise — and 
what would be its apparent motion, throughout its stay above 
the horizon ? How would day disappear ? No allowance 
being made for refraction. Let the same questions be answer- 
ed in regard to a person placed at the Arctic Circle — the tropic 
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of Cancer and the Equator. What would be the appearance 
of the earth and its shadow, to an eye placed at a remote 
point in the hue of the earth's axis extended indefinitely ? 

21 . The following numbers are often printed on cards and 
used for telling ages, as high as 63, numbers thought of, &c. 
We insert them that the principle may be mveatigated. To 
use them, let each be handed successively to the person, and 
if the age or number thought of, be upon it, it is so stated ; 
then add together the first numbers on all such cards, and the 
sum will be the number sought. 



15 
17 



33 

36 



18 
19 



34 
35 



37 



46 

47 



63 
54 



56 
57 
58 
69 



59 
60 



32 


48 


33 


49 


34 


60 



If the age be found on the 1st, 3d and 5tb, then it will be 
1+4+16=21. 



..Google 



SOLUTIONS OF PROBLEMS. 



LECTURE XX. 



SOLUTION OF PROBLEMS, IN WHICH ARITHMETIC IS 
COMBINED WITH GEOMETRY, THE PRINCIPLES OP 
NATURAL PHILOSOPHY, &c. 



1, Ascending bodies are retarded in the same ratio in 
which descending bodies are accelerated ; therefore, if a ball 
discliarged from a gun, return to the earth in 12 seconds, how 
high did it ascend? Am. 576 Feet. 

According to the usual theory, the ball was 6 seconds in its 
ascent, and as many in its descent ; and as it was retarded in 
its ascent in the same ratio in wliich it was accelerated in its 
descent, it must have had the same velocity in passing 
any given point in its descent, as in ascending at the same 
point. This we might illustrate by the annexed cut, 
in which the points of descent at the end of each 
second, are marked by the figures 1, 2, 3, &c. In 
ascending it would pass from 6 to 5 in the first 
second; from 5 to 4 in the second, &c. And as the 
velocity, were it not for atmospheric resistance, would 
be the same in the ascent and descent at the same 
point, its power to penetrate any substance would 
be the same, and it would be as dangerous to en- 
counter a ball coming down as going up. The ef- 
fect, however, of atmospheric resistance on the de- 
scending ball would be great, and would increase 
with the increase of velocity, as is true of all solid 
bodies moving in fluids. The comparative resist- 
ance would depend too on the size of the ball, since 
the larger the ball, the less will be the reastance in 
proportion to the weight ; the resistance being pro- 
portionate to the surface acted upon, and hence in- 
creasing as the square of the diameter, while the 
weight would increase as the cube. In a vacuum a c 
ball, and a rifle ball would descend with equal rapidity, but 
in a fluid, the lai^er ball would descend most rapidly, and the 
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difference would increase with the increased density of the fluid. 
In water it would be greater than in air ; and in quicksilver stiU 
greater than in either. Particles of water are made to float in 
Sie atmosphere, partly by their minute division, on the princi- 
ple we have suggested. The question may be solved by mul- 
tiplying the time in seconds by 4, and squaring the product 
for the answer in feet. 

2, Suppose an opening to be made from any point on the 
earth's surface, directly through the earth's centre to the op- 
posite side, and a cannon ball to be dropped into the abyss. 
Required to know where the ball would come to a state of 
rest ? 

The ball would, in passing from the surface of the earth 
to the centre, acquire a great degree of velocity, being con- 
stantly attracted more powerfully by the greater quantity of 
matter before it, than by the less through which it had pas- 
sed ; and the momentum thus acquired would be sufficient 
to carry it through to the opposite surface ; by which time it 
would be exhausted and the ball would fall back. Passing 
the centre to the opposite surface just as it had done before, 
it would again renew its course as at its first setting out, thus 
eoiifinuing to oscillate from one side of the earth to the other 
forever. After passing the centre in each vibration, its motion 
would be retarded by the greater quantity of attraction tending 
to draw it back, than would exist to carry it forward, the for- 
ward attraction diminishing to nothing at the surface ; when 
the opposite attraction would exert its greatest force. But if 
the influence of atmospheric resistance be considered, the ball 
at each \-ibration would fall a little short of the point it had 
before reached, and would at last come to a state of rest at 
the centre, as a common pendulum without sufficient main- 
taining power, is found to do at a perpendicular. Another 
question might arise, which we shall merely offer for con- 
sideration. 

The earth being in motion, every tiling connected with it 
partakes of that motion, and has a centrifugal force tending 
to throw it forward at a tangent to the circle in which it moves ; 
this force is greatest at the surface, because the circle of its 
revolution is there greatest, and this ball partaking of that 
force, when detached from its connexion with the earth and 
dropped into the imaginary abyss, must carry this influence 
with it. Could it tlien touch the centre of the globe, and 
could it fall in a straight line.' It certainly could not, if the 
theory be correct, that bodies fall in the line of an ellipse, hav- 
ing the earOi's centre in one of the foci. 
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3. A B C is a triangle, the side A C 
being 50 rods, C B 20 rods, and 
the perpendicular C D 15 rods. Re- 
quired the diameter of its circumscribing 
circle ? 

As 15 : 50 : : 20 : 66f the diameter required. 
This solution is based on Hie following position : " In every 
triangle the rectangle of any two sides is equal to the rectangle 
of the perpendicular, let fall from the angle included by such 
sides, and the diameter of the circumscribing circle." 

4. The area of a grass plat is 36 square poles, and the sides 
are as 4 to 1. What is their length ? 

As 4 : 1 : : 36 : 9, sq're of sho'r side. 1 „ / 3 sbo'r side. 

As 1 : 4 : : 36 : 144, " of lo'r side. / \ 12 lo'r side. 

6. The sum of the sides of a grass plat is 15, their differ- 
ence is 9 ; required their sides .' 

15-!-2=7J and 7^+4^ (=J (he difference) =12, the 
longer side ; and 7| — ij=3, the shorter side. 

6. The difference in the sides of a grass plat is 9, and of 
their squares 135 ; required the sides? 

Ans. 12 and 3. 

7. The surface of a ball measures 3.1416 square feet; and 
Ae ball contains .5236 of a solid foot ; required the solidity of 
another ball having four times the surface .' 

The surface being 4 times the area of a great circle of the 
ball, the area of the circle most be 3.1416-i-4^.7854; and re- 
versing the mode of finding the area from knowing the diame- 
ter, we find the diameter to be 1: thus, .7854-i- .7864=1, and 
v'l=l ; then as lie supposed ball is to have 4 times the sur- 
face, it must have v'4=2 times the diameter. Hence the 
diameter will be 2 feet. 

Proof. 2x3.1416=6.2832, circumference of la^er ball, 
and this X2^12.5664 surface, which is 4 times the surface 
of the first. 

8. Suppose a ball, 9 feet in diameter, to be dressed down 
to a cube ; what would be its size ? 

It is evident that the diagonal of the cube will be the diame- 
ter of the ball, and that this diagonal is the hypotenuse of a 
right angled triangle, the base of which is the diagonal of the 
base of 3ie cube, and the peipendicular the height of the cube. 
And furthermore, the diagonal of the base is the hypotenuse 
of a right angled triangle, of which the two equal sides of" the 
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base are tlie legs. The square of the latter hypotenuse is the 
sum of the squares of the length of two sides of the cube; and 
the square of the hypotenuse which forms the diagonal of the 
cube iis t|je square of the hypotenuse just described, added to 
the square of the height of the cube ; it is therefore made up 
of the squares of three equal sides of the cube. This will be 
obvious on examining a cube. 

If therefore, we square the diameter, 9, and divide by 3, 
we have 27, the square of the length of one of the equal sides 
of the cube ; the square root of which is 5.09+, the length 
required. 

9. How large a globe may be turned out of a cube 9 feet 
square ? 

It is obvious that the globe would be formed by turning the 
corners off the cube, and that the diameter would be equal to 
the length of a side of the cube : i. e. 9 feet. 

10. How large a square beam may be formed of a log 24 
inches in diameter? Arts. 16.9+ineh, sq. 

This depends on a principle similar to the foregoing ; the 
diameter of tbe log being the hypotenuse of a triangle, the 
legs of which are sides of the beam. Hence we have but to 
square 24, and extract the square root of one-half the sum, for 
the measure of a side, 

11. How many acres are contained in a square field, the 
diagonal of which is 20 perches longer than either of its sides ,' 

Ans. 14 acres, 2 roods, 11.34 poles. 
We may assume a square of any size, and find the excess 
of the diagonal ; then institute the proportion, As the excess 
thus found. Is to the given excess ; So is the side of the as- 
sumed diameter to the square of the true diameter. 

12. A had a circular meadow, and agreed that B should 
have the privilege of grazing his three horses at $2 per acre, 
as follows : He was to drive 3 stakes in the ground, at such 
distances asunder that when the horses were attached several- 
ly to them by ropes, they might graze over the greatest possi- 
ble quantity of ground in the circle, without encroaching on 
each other's premises. After the grazing was over it was 
found that just one acre of grass remained untouched at tlie 
centre of the meadow. It is required to give the distance 
asunder of the three stations — to find the length of the ropes 
used to confine the horses — the quantity of land in the meadow 
— and the amount paid by B for what his horses grazed over. 

Assume some radius, say 40 rods, for the smaller circles. 
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"and determining the area of one of them, J of such area will 
be the space included in either sector whose centre is at an 
angle of the triangle ABC, and its area embraced within it, 
for since the triangle is obviously equilateral, either angle will 
measure 60°, or one-sixth the circumference of Ae circle. 
Tripling the area of such sector will give the area of the tri- 
angle, except the curvilineal space at the centre : then, as the 
whole area of the triangle is easily found, we have but to take 
the area of the three sectors from the area of the triangle, and 
we have the area of the curvilineal space, which in the mea- 
dow measures just one acre. Then as the area of such space 
in the assumed figure is to one acre, so is the square of the as- 
sumed side to the square of the true side. 

Thus, 40x2=80 diameter, and 80=^ X. 7854=5026.56, the 
area of either small circle ; and 5026.56-5-6=837.76, the area 
of the sector falling within the triangle. 

Then, as A B is twice 40=80, 80* — iO^=4800, and 
v'4800=69.282, the perpendicular of the equilateral triangle ; 
from which the area is found, 69.282x40=2771.28. From this 
deduct 837.76x3=2513.28, the area of the 3 sectors em- 
braced in the triangle, and we have 258 rods, the area of tlie 
central space. 

Then, As 258 rods : 160 rods, or 1 acre r : 40^ : 992.248, 
the square root of which is 31.5, very nearly, being the proper 
radius of the smaller circles, and consequently "the length of 
the ropes used to confine the horses," twice which, or 63, be- 
ing " the distance asunder of the stations," and the length of 
either side of the triangle ABC. 

The area of the 3 circles of 31.5 I 

rods radius, grazed over, as found j 

by the ordinary rule, will be 58 ' 

acres, 1 rood, 31.7 poles, amount- j 

ing, at $2 per acre, to fll6.89|. , 




The perpendicular of the central j 
triangle is the square root of 63' 
— 31.5^=54.56, and as the dis- 
tance irom either angle to the cen- 
tre of a circle circumscribing an I 
equilateral triangle, is just two-lhirds of the perpendicular let 
fell fi-om such angle to the opposite side, -the distance from A 
to the centre is two-thirds of 54.56 rods, which is 36.37 rods, 
to which the radius 31.5 being added, we have 67.87, the 
radius of die great circle ; - from which its area, 90 acres, 1 
rood, 31.26 poles, is readily found. 
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13. In turning a one horse chaise ia a ring, it was observed 
that the outer wheel made two turns, while the inner wheel 
made but one ; the wheels were both 4 feet high, and suppos- 
ing them tixed at 5 feet asunder on the axle, what was the 
circumference of the (jack described by the outer wheel ? 

It is obvious that having the height of the wheel is of no 
importance, the gist of the question being to find two con- 
centric circles, that being 5 feet asunder, the outer shall be 
twice the inner. As the circumferences of circles are to each 
other simply as their diameters, the diameter of the smaller 
circle must be half the greater, which by the question is 10 
feet greater than the less; hence the less is 10 feet in diameter; 
and the greater 20 in diameter, or 62.832 in circumference, 

14. What is the weight of a hollow spherical iron shell, 5 
inches in diameter, the thickness of the metal being one inch ; 
and a cubic inch of iron weighing Jjl^ of a pound ? 

5* X ,5236^65.45, solidity of shell, including cavity, 
3' X. 5236= 14. 1372, " of cavity. 



51.3128, " of metal. 
51.3128x^^=14-2649584 pounds, weight of metal. 

15. Suppose the earth to contain 4,000,000,000,000,000,- 
000,000 cubic feet, and each foot to weigh 100 lbs., and that 
the earth was suspended on a lever, its centre being 6,000 
miles from the prop or fulcrum ; how far must a man be placed 
on the opposite side of the fulcrum, that with a force of 200 
lbs., he may hold the earth in equilibrium .' 

The supposed weight of the earth being multiplied by its 
distasce froai the fiilcmm and divided by the power the man 
Clin exert, will give 12,000,000,000,000,000,000,000,000, as 
tbe distance in miles of the man from the fulcrum, necessary 
to pniduce aa equilibrium. From this we may see what a 
parfisct "abstraction" was the boast of Archimedes, "Give 
me » fulcrum for my lever, tuid I will move the world," for 
bad he adopted the above data, and had he left his fulcrum for 
hb ^tioa at the hoar Adam was placed in the garden of £den, 
and traveled day and night, with the velocity of a ray of light, 
12 miiiioDS of miles per minute, he would still be thousands of 
thousands, of years from his journey's end. Of such num- 
bers the human mind, can form no conception. 

16. A, B and C bought a grindstone 3 feet in diameter for 
$5; C paid $1.25; B $1.75; and A $2,00. Bequired the 
thickness each must grind down, G owning the central part. 
No allowance to be made Tot the eye ? 
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36={liameter of stone ; Then, as $5 : |!l.25 : : 36* : 324, 
tlie y/ of which is 18, the diameter of C's share. 

Then C $1.25+B $1.75=$3. As $5 : |3 : : 36* : : 777?, 
the y/ being 27.88+the diameter of C's and B's together; 
from which taking C's, 18, leaves 9.88, and the half of this is 
4.94, the thickness B must grind down. 

Then 36—27.88-5-2=4.06 mches, A's share. 

17. In a pair of scales, it is found that a pig of lead 
weighs 90 lbs. in one scale and 40 in the other, required the 
true weight, and the cause of the difference -^ 

The cause of the discrepancy is that the arms of the beam, 
(i, e, the distance from the pivot or fulcrum to the points 
where the scales are suspended,) are not of equal length; by 
which any weight at the longer will evidently counterpoise a 
greater one at the shorter. Neither the weight indicated when 
the lead is at the longer or shorter end can be the true one, 
the former being as many times less than the true weight as 
the latter is greater ; hence the true vieight is a mean between 
the weights indicated. And it is a geometrical mean, being 
produced by multiplying the less extreme or dividing the 
greater ; and not by adding or subtracting equa) differences. 
Hence the true weight is v" (90x40)=60 lbs; which is IJ 
times 40, as 90 is 1| times 60. The arms must then be so di- 
vided that 60 lbs., the true weight of the lead will, when placed 
at the short end, balance 90 lbs. at the longer; and 60 : 90 : : 
1 : 1^ or 2 to 3, hence the arms of the beam must be as 2 to 
3, which will make the virtual velocities of the lead and weight 
equal; 60x3=90x2 ; or 40X3=60x2. 

This case must be distinguished from balancing 40 lbs. true 
weight, and 90 lbs. true weight, at the same time ; for then 
the arms must be in the same ratio ; that the virtual velocities 
may be the same. 

Beams are sometimes defective in this way, and the defect 
is concealed by making the scales of unequal weight ; but the 
defect is at once seen by weighing the same thing in both 
scales ; or by putting at the same time two weights known to 
be equal, in opposite scales. The fraudulent might use such 
scales to buy and sell with : placing the body to be weighed 
in one scale or the other according to their interest. 

If in buying, half the number of pounds to be weighed, be 
weighed in one scale, and the other half afterwards in the other, 
the purchaser will get more than his proper weight. Say that 
the beam shall be so divided that one point of suspension shall 
be 11 inches and the other 12 inches from the centre of motion. 
Putting the pound weight in the scale at the long end Ij'j lbs. 
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will be counterpoised' at the shorter ; and putting the pound 
weight into the shorter IJ lb, will be balanced at the longer ; 
add these together and the result will be 2^1^ lbs. This may 
at first sight seem unaccountable, but it needs only a little at- 
tention to make it plain. 

The beam should be so constructed that its centre of gravity 
may be immediately under the axis or centre of motion ; for 
if ijie centre of gravity were itself the centre of motion, the 
beam would rest in any position, and would not tend to diat 
horizontal position indispensable in a balance; whUe if the cen- 
tre of gravity were above the centre of motion, the beam would 
constantly tend to upset, and indeed to turn under the axis. 
The centre of gravity when properly placed being below the 
centre of motion, the beam constantly tends to assume a hori- 
zontal position. 

A line being drawn from the centre of gra^^ty to the centre 
of motion and another from one point of suspension to the 
oHier, the latter line should be cut at right angles by the former 
and also into two precisely equal parts. If a line connecting 
the points of suspension do not conform to these conditions, 
the points must be altered until it does. If the centre of gravity 
be too far below the line of suspension, the instrument will not 
be suiScientiy delicate, and hence will not weigh with nice ac- 
curacy, while on the other hand if not far enough the instru- 
ment will be unsteady. 

18. Two men carry a hog weighing 200 pounds, upon a 
pole, the ends resting upon their shoulders ; bow much will 
each sustain if the pole be 6 feet long, and the hog hangs 6 
inches from the middle of the pole ? 

In this case one man will be 2| feet, and the other 3J from 
the burden. Then as 6, the whole length : 2J, one of the ends 
: : 200 lbs. whole weight : 83J lbs. which he that is farthest 
from the weight must carry. And as 6 ft. : 3J : : 200 : 1161 
lbs. that the other must carry. 

[f the persons are of equal height, it will make no difference 
whether the weight be suspended loosely from the pole, or be 
firmly attached to it. But if they be not so, and the centre of 
gravity be not in the Hne that supports the burden, it will make 
a material difference whether the centre is firmly placed above 
or below the pole, or whether the burden hangs loose, so as 
constantly to retain a vertical position. 

Two men carrying a weight upon a pole are an instance of 
the second order of levers, and the stress upon each is in- 
yersely as his distance from the weight. If A and B with a 
lever of 5 feet, carry a burden of 300 lbs. suspended 3 feet 
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from A and 2 feet from B, A will sustain 120 lbs., and B ISO 
lbs.; and in making the calculation we may consider B as a 
fulcrum to A, and A as a fulcrum to B. But this is supposing 
the pole to be carried in a horizontal position, which is the 
simplest form. If one man be taller than the other, so as to 
raise one end of the pole, the proportion of their burdens will 
be c' 





Suppose A B to represent a I 
piece of scantling the centre of I 
gravity of which is in the line [ 
A B, then the fulcrums at the | 
ends will sustain equal pressure, 
however they may differ in ele- 
vation. But if a block be laid on the scantling, by which the 
centre of gravity shall be raised to C, then the perpendicular 
to the horizon, let fall from C, will strike the line at D, and A 
will sustain more than half the weight, in proportion as D B, 
exceeds A D. If on the other hand an addition be made to 
the lower side so as to throw the centre of gravity from the 
plane of the line to the point C, 
so that a perpendicular to the I 
horizon shall cut the line at D, | 
then B will sustain greater 
pressure, in proportion, as A D I 
exceeds D B. If in these two I 
cases A and B were persoiis carrying burdens, the effect on 
each is easily seen. Where a weight hangs loosely as sup- 
posed in the preceding question tlie case is different. 

The manner in which horses draw at a double tree is an- 
other instance of the application of this principle. If three 
horses of equal strength are to draw abreast at a plough, the 
triple tree at which they draw will be attached to the plough 
with the clevis at ^ its length from one end, and the longer 
end will be given to the single horse, while the two horses 
will draw at the double tree at the opposite end. If these 
are to draw equally, the tree will be equally divided. If it 
be desired that the single horse shall draw less than J give 
him "more end," but if more, give him less. The same 
principle applies in dividing the double tree. I recollect 
when a boy, hearing a man instruct a blacksmith who was 
ironing a double tree for him, to put the clip a little nearer the 
off horse, for he was not so strong as the near horse, and he 
wished him to have the advantage of being nearest the load!! 
Dobbin perhaps owed his master gratitude for his good will. 
but the less he had of his scientific favors, the better for him. 
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In this case, each horse would be a fulcrum to the other, 
while the weight or draught would be between ; just as 
would be the case of two persons carrying a burden upon 
a pole. 

19, If a man weighing 160 lbs. rest on the end of a lever 
10 feet long, what weight will he balance on the other end, 
supposing the prop to be one foot from the weight? 

Ans. 1440 lbs. 

According to the question, the man was 9 feet from the ful- 
crum, and the weight 1 foot; hence the man being nine limes 
as far from the fulcrum, will balance 9 times his weight, and 
9x160 lbs.=1440 lbs. 

I regret that our limits will not admit, as was originally de- 
signed, a full illustration of the principles of mechanics, we 
must content ourselves therefore with a few principles, and re- 
fer the student to treatises writteri expressly upon that science, 
A thorough investigation of the subject cannot be too strongly 
recommended. 

If I wish to raise 4 weights of 100 lbs. each, to a height of 
3 feet, I may take them one at a time and raise them to the 
point I desire, and in doing so, I carry the weight 100 pounds, 
through a space of 12 feet. But suppose I resort to machinery 
instead of applying my strength to the weights themselves. I 
may unite the weights into one and by using a lever in which the 
gain is as 4 to 1, 1 may raise the whole to the required height by 
using the same strengtii I did before to lift one ; but when I am 
done, it will be found that I have exercised this power through 
the full space of 12 feet. If I resort to the Pully or the Wheel 
and Axle, or any other of the six mechanical powers, I shall find 
that though I have raised all at once, I have traveled in the 
exercise of my strength over 4 feet for every foot the weight 
was raised. The position is correct, that to gain Power, you 
must lose Timt ; to gain Time you must sacrifice Power. Take 
In your hand a stick of any length, as a two feet measure for 
instance, and laying it across some sharp edge as a fulcrum at 12 
inches, and attempt to raise a weight with it. Here you will 
find the arms of your lever equal — your power and the weight 
pass through the same space — and consequently nothing is 
gained : but shift your lever to the 6 inch mark, and with one 
pound you will raise 3, but you will find that for every inch 
you raise the weight, your hand will pass through 3 inches. 
If you balance two balls of unequal weight connected with a 
wire, across a sharp edge and put them in motion, and then 
multiply each ball by the space passed through, in any given 
time, the products will be equal. Say for instance 
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A and B are two WSS^^^K/tf^^^^^^^^^^^^^^M 
balls, B weighing ^M^^^E^^^^^^^^^^^^B^^H 

ibs., connected by a wire which sustains their centre of grav- 
ity at C, which from the proportion of the weights is neces- 
sarily 3 times as far from B as from A, Now if the rod and 
balls be caused to move upon or around C as a centre, tlie pro- 
duct of A multiplied by the distance passed through in any 
given time, will be equal to the product of B multiplied by its 
distance in the same lime, for it will be found that B being J 
the weight of A, and consequently resting 3 times as far from 
the centre of motion, will move through 3 inches while A 
moves through one inch. This is called the doctrine of vir- 
tual velocities. If tiie machinery be so disposed that 50 Ibs. of 
strength wiii raise the 400 lbs., the principle still holds true, for 
now the power, that when exercising a force of 100 lbs. moved 
through 12 feet, to accomplish its task, must move through 24 
feet. Let us see, 50x24=1200 and 400x3=1200: the pow- 
er multiplied by its distance from the centre is equal to the 
weight multiplied by its distance — their virtual velocities are 
tlierefore equal. 

20. Suppose a railroad to have an ascent of 5 feet per mile, 
what power exerted parallel to the road will hold to its place 
a train of cars weighing 10 Ohio tons? 

mile ft. tons lbs. 

As 1 : 5 : : 10 : 18|> Ans. 

If the plane were perfectly horizontal, it is certain that a 
body placed upon it, though without any friction or adhesive- 
ness, would rest wherever placed ; but elevate one end of the 
plane and the body would slide or roll off. To prevent this, 
force must be exerted in the direction of the elevated end ; and 
while thus situated, two forces would be exerted to sustain the 
body, viz.: the plane underneath, and the force that prevents it 
from sliding. As tlic plane would be more and more elevated, 
less weight constantly would rest on the plane and more would 
fall upon the sustaining power, until reaching a vertical posi- 
tion, the plane would then be entirely relieved, and the sus- 
taining power would support the whole burden. 

If the sustaining power be exercised in a direction parallel 
to tlie plane, the advantage gained will be as the length of the 
plane exceeds the height of the plane, but if the force be ex- 
erted parallel to the base, the advantage gained will be as the 
length of Uie base exceeds the height of the plane. Let A B 
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=8 feet, B C 6 feet, and I 
A C will then be 10 feet. 
If tien the ball W weigh I 
100 lbs., and it be kept I 
in its position by the cord [ 
represented as passing the I 
wheel at C, by which the I 
power is exerted parallel with the plane, the length of tiie plane 
will be to its height as 10 to 6, the ball W will be to the power 
P in the same ratio. Hence as 10^(length of plane) : 6 (its 
height) : : 100 lbs. : 60 lbs. the power necessary to prevent the 
ball from rolling or sliding down. But if instead of exerting 
this power in a direction parallel to the plane, it were exerted 
in a direction parallel to the base, then it is evident that it 
would draw partially against the plane and would be less ef- 
fective — it would then only gain in proportion as the length of 
the base A B of the plane is to its height B C. 

It is clear in the above case that the whole weight 100 lbs. 
is supported, and tliat if 60 lbs. be sustained by the cord, 40 
lbs. will be supported by the plane : furthermore put them in 
motion and the doctrine of virtual velocities applies strictly, for 
60x10:^600 and 100x6=600. Let a weight be suspended 
by a cord, it may then be moved to and fro by a very small 
force, and as it moves in a curve, the centre of gravity will be 
raised at every oscillation. This is on the principle of the in- 
clined plane, and as there is no friction, a very great weight 
may thus be moved by a very small power. 

As to the principle of the Pulley, it may be necessarj- to ex- 
amine it more closely, since many writers on the subject refer 
it to the principle of the Lever, and give a false rule for finding 
the power of tiie Pulley. 

Suppose it be desired to raise a stone weighing 200 pounds, 
from the ground to a scaffold 20 feet high, and that we can 
exert a power of only one man, and he can lift but 100 pounds. 
We might, as we have seen, use a lever of the first or second 
order, and by property adjusting the fulcrum be able to raise 
the stone ; but then any length of lever that one man could 
manage would raise the stone but a few inches before the ope- 
rator must renew his "purchase;" and to be compelled thus 
to block up the stone and the fulcrum some 8 or 10 times in 
the required height, and to erect scaffolding at the same time 
for the operator, would be excessively tedious and expensive. 
To obviate this we might attach a cord to the stone and use a 
windlass or wheel and axle, by which the lever would become 
perpetual, and thus the weight could be raised; and if the 
weight were too great for tiie power without making the wind- 
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lass too small for slrength, or the 
winch too long for the convenience 
of the operator, the following form 
could be adopted, by which any 
required mechanical advantage 
could be gained without weaken- 
ing the axis or increasing the 
length of the handle. As the por- 
tions of the axis approach in size 
the power increases, for at each 
revolution of the axis the power | 
will rise or fall through a space 
equal to the difference in their cir- 
cumferences. 

But there is another mode that might be adopted. We iii%ht 
attach a rope and the person taking his stand on the scaffold 
could draw up tiie stone i/" he cotdd lift 200 lbs.; but as his 
strength is limited to 100 pounds he cannot succeed. If there 
were two persons each capable of lifting 100 lbs. they could 
attach two ropes and thus raise the stone, but here again a 
difficulty occurs, there is but one person If however, we can 
substitute one rope and so adjust it that by shortening one end, 
we shorten the other also at the same time, one man may 
manage the business, provided he can fasten one end to some- 
thing capabfe of sustaining 100 pounds. Suppose then a ring 
be placed in the stone, and having attached one end of the 
rope to the scaffold above, we pass the rope through the ring 
and carry the otlier end up by which the man can draw ; the 
rope will slide through the ring and each part or half of it will 
bear half the burden. It is then evident that the man by his 
strength can sustain his half, and by drawing it up, the stone 
will be raised to the height required. But it is not necessary 
that the man shaU stand upon the scaffold, he may attach a 
ring above the scaffold and passing the rope through it, he may 
take his stand on the ground and by drawing the rope down- 
ward the weight will be raised ; the weight will still rest on 
but two ropes, but the ring above will enable the operator to 
change the direction of his power, by which he may work to 
better advantage. It is true that the stiffness of any rope that 
could be used, and its roughness, would cause a waste of 
power, but that is a matter for future consideration and does 
not affect at all the principles which we desire to explain. If 
we could divide the weight amongst a hundred cords, each cord 
would sustain but two pounds, or a hundredth of the whole 
weight ; and though they were all connected so that the move- 
ment of one would affect the whole, 2 lbs. suspended to the 
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last rojie would keep all in equilibrium. This is the principle 
of the pulley, and will be found to run through all its various 
combinations ; tiiough they are more numerous than those of 
any other simple power. But in this too we find the principle 
of virtual velocities, for (he man raising the 200 lbs. weight 
with a power of 100 lbs. must shorten the end of the rope at 
which he works two feet for every foot the weight is raised ; 
for each portion of the rope that bears the burden must be 
shortened one foot. And if the weight were suspended as sug- 
gested, on a hundred cords, every one of them must be short- 
ened a foot before the weight can he raised a foot, and conse- 
quently the power must pass through a hundred feet to raise 
the weight one foot or 2000 feet to raise the weight 20 feet. 
Let us see whether their virtual velocities will be equal : 2000 
x2=4000 and 20x200=4000, just as we found in the Lever 
and in the Wheel and Axle. 

In order to cause the rope to pass through the rings with as 
litde friction as possible, it is customary to pass it over small 
wheels ; but the wheel is used only to overcome the defects 
arising from the stiffness and roughness of the rope, and is not 
necessary at all to the principle of the machine. Whether the 
rope passes over wheels or fixed axles, the principle is tlie 
same. Some, however, contend that the principle consists in the 
wheel itself, and hence the wheel is often termed a pulley. 

There are many forms of rigging 
pulleys, but the most common is re- 
presented in figure 1, though some 
blocks have more and some less than 
three sheaves. By studying any sinj 
wheel it will be evident that its en 
or horizontal diameter is a lever of 
the second order, the fulcrum being 
tlie point of contact with the fixed 
part of the rope, the power is the 
movable part of the rope, and the 
weight rests on the pivot at the 
centre. Such a wheel would afford 
a mechanical advantage as 2 to 1, 
since the power is twice as far from 
the fulcrum as the weight is, and the power of a number of 
them would be equal to twice their number ; the correspond- 
ing fixed pulleys in the upper block having no mechanical 
power, but only changing the direction of the power applied. 
As there are three wheels in the lower block of Fig. 1, and 
each gains as 2 to 1, the whole will gain as 6 to 1. On this 
view of the subject, as the wheel owes its efficiency to the 
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lever principle, may conclude that the pulley does also ; and 
give the general rule to iind the power of a system, " Multiply 
the power by twice the number of wheels in the moveable 
block, for the weight it will balance." 

But in Fig. 2, there are only two moveable wheels, and il 
should by this rule gain only as 4 to 1, but it will be found on 
trial to gain as 5 to 1 ; though there are only two wheels in 
the lower block, and consequently the same number of levers, 
and if that were the principle the power should be just as 4 
to 1. It may be said that there are still three in the upper 
sheave, but Uiat need not be so, for the " fall" may be carried 
upward by a power above, and the upper wheel thus be 
'dispensed with ; but whether there be two or three in the 
fixed block is of no importance, since they only change Hie 
direction of the power, witbout affording any mechanical 
ad an a<fe 

If hen the lever principle will not apply in alt cases, let us 
see what will. The rule that will apply in all cases is to mul- 
t ply the power by the number of cords that support the 
we gf t In Fig. 1, this is 6, in Fig. 2, it is 6. And this rule 
appl es equally as well if the rope pass over wheels, slide on 
axles, or be fastened to the weight at detached points. It is 
applicable in all cases, and is based on reason. To gain in 
an odd ratio, as 1 to 3, 1 to 5, 1 to 7, &c,, the rope must 
be fastened to the lower block, as in Fig. 2, while to gain as 
1 to 2, 1 to 4, 1 to 6, &c., let it be fastened above. In the 
latter case doubling the lower wheels will do, but not in the 
former. 

Various other forms exist, but the same principle, under 
proper modifications, applies throughout ; and the intelligent 
observer may readily estimate the power of any combination. 

If power be not gained by these mechanical agents, what 
advantage then results.'' may well be asked. We answer, 
much in many ways. 

The laborer may carry small burdens one at a time, but the 
weighty timber cannot be hewed piecemeal that it may 
be transported with ease ; nor could the rocks that built the 
Egyptian pyramids have been raised to their destined places 
in the wall by the unassisted hands of man. The sailor rigs 
his pulley, and with ease manages his sails and rigging, or 
the unaided builder places his heavy materials in their ap- 
propriate places. In all this he does not create, power, nei- 
ther does he annihilate gravity, but he so arranges the matter 
as to divide the burden amongst several agents, that he may 
be able to manage a division of it himself. If he uses a Le- 
ver, he throws so much of the burden on the fulcrum as will 
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enable him to manage the remainder himself; if he adopts the 
Pulley, he increases the number of sustaining cords until he can 
with the strength at his command, control one of them ; and 
if he uses the Inclined Plane, he reduces the inclination and 
throws burden on the plane, until he can sustain the remainder. 
So with the Wheel and Axle, the Screw, and the Wedge, the 
artifice, if we may so express it, is the same. It enables the 
operator to divide the resistance to be overcome, without di- 
viding the body itself. A correct knowledge of these princi- 
ples enables the workman to combine these powers to suit his 
purposes; for cranes and all other mechanical contrivances 
are but combinations of these simple elements. They are the 
A B C of mechanism, and the student cannot be too familiar 
with them. 

21. The reservoir of the Zanesville water works is 170 feet 
above the forcing pump by which it is supplied with water 
from the river, and the length of the ascending pipe through 
which the water is driven is 2400 feet, the ascending pipe 
being 10 inches in diameter in the clear. Required the pres- 
sure on each square inch of the catch valve at the pump when 
the machinery is not in motion, supposing a cubical foot of 
water to weigh 62J lbs. Jlns. 731^1 lbs. 

Fluids press according to their depth, without regard to the 
shape or size of the vessel, if it be but large enough not to be 
influenced by capillary attraction. In this case the absolute 
weight of a column of water whose cross section is a square 
inch, and height 170 feet, is the measure of its pressure ; but 
this strain upon the ascending pipe will necessarily be increased 
in putting the water in motion, according to the violence or 
velocity of the stroke, though the elasticity of the air in the 
air chest, will aid greatly to break the force of the stroke 
in its tendency to burst the pipe. The difference between 
the pressure and weight of water is made most obvious by 
inserting a small long tube into a close vessel, when the 
vessel and tube being filled witli water or other fluid, the pres- 
sure will be as great upon each part of the vessel as though 
the tube were as large in diameter as the vessel. The pressure 
upon the base of a vessel, diminishing in size upward, is just 
as great as if it increased in size, and consequently capacity. 
The power of the Hydraulic Press is owing to this principle ; 
and we sometimes see large rocks upturned by the operation 
of the same law. We have a familiar instance, and a striking 
one, of the force of atmospheric pressure in boring a gimlet 
hole into a vessel to give air when drawing off from the spile. 
Fluids press in all directions. If a cubical box were filled 
with water, the sides and bottom would of course be of equal 



..Google 



SOLUTIONS OP PROBLEMS. 335 

area, and the pressure against each side would be just half 
what it is upon the bottom, for it is as great sidewise at the 
bottom as downwards, and it would diminish to nothing at the 
surface. Hence the amount of pressure in such a vessel 
would be three times the absolute weight of fluid contained. 
The downward pressure would be just the weight, and the 
sides twice the weight. But suppose such vessel be closed 
over, and a small tube inserted, then a few pints more of 
water might increase the pressure a hundred fold. In the 
problem above, the distance from the power house to the re- 
servoir is of no importance, unless the machinery is to he put 
in motion, when the friction will be increased by the distance, 
as well as by any unevenness upon the inner surface of the 
pipe, and it is equally indifferent whether the pipe is 10 inches 
or 10 feet in diameter ; so far as the pressure on a square inch 
is concerned. 

22. A farmer having a hank of wheat to measure, finds him- 
self wiihout a vessel to measure it in. He accordingly made 
him a box 15 inches square, hut could not tell precisely the 
depth necessary that it might contain just a bushel. Please 
assist him. 

The capacity of a standard bushel is 2150.4 cubic inches, 
and this divided by 15xl5:=225 will give 9.55 inches as the 
depdi. In this way the depth may be found to any size or 
shaped bottom. By extracting the cube root of 2150.4, the 
depth will be found of a box completely cubical, or equal on 
all sides. On the same principle garners, cribs, &c., may be 
made to contain any quantity that may be desired. The side 
of a cubical box that will hold a bushel is a trifle over 12.9 
inches in length. 

23. It is often suggested from the pulpit and elsewhere, that 
enough persons have lived and died in the world to cover its 
whole surface with bodies; and even two or three strata deep. 
Is this probable ,' 

Say the earth has existed 6000 years, the population always 
having been 800,000,000, and the average life of man 30 years ; 
this being the utmost that could be claimed. Allow then the 
State of Virginia to contain 70,000 square miles, and each grave 
to occupy a space of 6 feet by 2 ; the territory of the State would 
contain 162,624,000,000; while Ihe mighty army of the dead 
would number only^ 160,000,000,000 ; leaving 2,624,000,000 
graves yet unoccupied. How wide of truth then is the position 
often set forth so positively ! 

24. From two different sized orifices of a reservoir the water 
luns with unequal velocities. We know that the orifices are 
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in size as 5 to 13, and the velocities of the fluids are as 8 to 7; 
■we know further, that in a certain time tl*ere issued from the 
one 561 cubic feet more than there did from the other. How 
much water then, did each orifice discharge in this space of 
time? 

SolutioT). The first is ^ the size of the second ; but the 
velocity of the fluid is as 8 to 7 or ?, hence taking size and 
velocity both into consideration, the discharge of the first will 
be y^j of |^=s? of the second. The difference between the two 
then will be 1 — ^i=g', which, by the question, is equal to 
561 cubic feet. Hence 

As 51 : 91 : : 661 : 1001, the amount discharged by the 
second, and 1001 — 561=440, what the first discharged. 

25. A person possesses a wagon, with a mechanical con- 
trivance by which the difference of the number of revolutions 
of the wheels on a journey may be determined. It is known 
that each of the fore wheels is 5J, and each of the hind wheels 
7| feet in circumference. Now when in a journey the fore 
wheel has made 2000 revolutions more than the hind one ; how 
great was the distance traveled. 

Solution. Hind wheel 7J ; fore wheel 5^ ; difference 1| feet, 
which the hind wheel gains on the fore wheel at each revolu- 
tion. 5J-Hl|=2^, the revolutions of the hind wheel while it 
gains a revolution upon the fore wheels; 2^X2000=5600 
revolutions; and 5600x7J=39900 feet. 

26. Three poles, each 50 feet long, were erected on a plain 
so that the upper ends met, and the lower ends were 60 feet 
apart. What length of rope was required to reach from their 
point of meeting to the ground ? 

Solution. The feet of the poles being connected by lines, an 
equi lateral triangle wiil be formed, and directly over the centre 
of such triangle will be the point of suspension of the rope, 
so that knowing.the length of the i 
pole having its foot at A, and its I 
apex directly over D to be 50 feet, 
we have but to determine A D. 
We then have the base and hypote- 
nuse to determine the perpendicu- 
lar, which will be the length of | 
rope sought. 

It is a general principle, that " If from any point within an 
equi lateral triangle, perpendiculars be let fall upon the several 
sides, the sum of such perpendiculars will be equal to the per- 
pendicular let fall from either angle upon the opposite side." 
The perpendicular let fall to the middle of the opposite side 
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■will be 1/60^—30^=51.96+ feet, and as the perpendiculars 
are equal 51. 96 -J- 3=17.32 the length of any of the m as D E , 
and AE^51.96— I7.32=34.64=AD. Then v/To-— 34.64^ 
=36.05 feet. ^ns. 

27. A landed man two daughters had, 

And both were ven- fair: 
To each he gave a piece of land, 

One round — the other sijuare. 
At forty dollars the acre just, 
Each piece its value had, 
The dollars that encompassed each 

For each exactly paid. 
If 'cross a dollar be an inch 

And just a half inch more, 
Which did the better portion have 
That had the rountl or square ? 

^ns. The Square by $239308.18.56. 
Solution. Each dollar paid for the fortieth of an acre, the 
question then resolves itself into this : How large must a 

■j "^-^ I '^ /■ be, that each inch and a half of the periphery 

may just enclose ^^ of an acre ? 

1st. The Square. Suppose each side 40 rods, then tlie 
area will be 10 acres^=400 fortieths of an acre. 40 rodsx4 
=160 rods=21120 widths of a dollar to enclose. 21120^- 
400=52.8 ratio. 52.8x21120^1115136 fortieUis enclosed. 
(52.8)''X400=1115136 dollars to enclose the square, each 
dollar enclosing ^'g of an acre. 

2d, The Circle. Suppose diameter of circle to be 40 rods. 
Then the circumference will be 125.664 rod s=l 6587. 64S 
times the diameter of a dollar ; and the area will be 314.16 
fortiedis of an acre ; 16587.648-i- 314.1 6=52.8, ratio. 

Then314.16x52.8*=875827.8144; and 16587.648x52.- 
8=875827.8144, the dollars that will enclose each jV of an 
acre in a circle. 

Her share who had the Square $1115136. 
" " " " " Circle 875827.8144 



Difference in fortunes, $239308.1856 



28. How long will it require to travel at 5 miles per hour 
across an area of 256000 acres, so laid out that the longest 
distance across shall be the shortest possible to contain the 
given area ? ^^ 
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Solution, The circle will be the figure whose " longest dis- 
tance across shall be the shortest possible," and 256000 acres 
=40960000 rods, which reversing the common rule for find- 
ing the area of a circle when the diameter is given, we divide 
by .7854 and extract the square root of the quotient, which 
gives 7221.618 rod s= 22 .5 675 5 62+ miles, and this divided 
by 5 gives 4 hours 30.8 minutes, the time required. 

29. There is a triangular meadow 100 rods in length up 
on each side, and it is desired to fasten a horse by a rope to 
be attached to a post at one comer ; required the length of 
rope necessary to enable the horse to graze over just half the 
area of the meadow. 

Let ABC represent the meadow, and I 
the horse to be fastened at A. Then will I 
the area of the meadow be found thus — | 
s/ 100^— 50^=80.6+ the perpendicu- 
lar DB 86,6^-2=43.3, and 43.3x100- 
=4330 rods, the area of A B C. As 
the angle at A is 60° or ^ of a circle, 
we must find the radius of a circle con- 
taining -X 6=12990 square rods, 

which we may do by reversing the ordinary rule for finding 
the area of a circle thus — 

^-;=^^-^ 2=64,3025 rods, tlie radius or length of rope re- 
quired, and consequently =Ae or Af, 

30. A gentleman had a circular fish pond, 100 yards in 
diameter, and from a rock in the centre I started my dog in 
pursuit of a duck that was swimming round the outskirt of 
the pond. The dog and duck swam with equal speed, the 
dog keeping constantly between my eye and the duck, or in 
other words swam constanUy directly towards the duck. Re- 
(juired the distance the dog must swim before he reaches the 
duck ; and the figure he wUI describe. Also required die 
figure described if the dog swims only half as fast as the duck ; 
and if he swims twice as fast ; and in either case the time 
necessary to reach the duck. Space requires that we leave 
the solution. 
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LECTURE XXI. 



UNSOLVED PROBLEMS. 

That the ingenious student may liave sometliing to exer- 
cise his ingenuity, and that he may learn to make the egg 
stand on end without the aid of some modem Columbus, we 
sliall now present him with a choice collection of unsolved 
problems, all of which have been carefully examined, and the 
answers tested. They need no algebra ; but admit of neat 
arithmetical solutions. 

1. A cannon ball six inches in diameter is to be melted 
and cast into balls 2 inches in diameter ; allowing no wastage 
of metal, required the number it will make ? Ans. 27. 

2. If 27 men can do a piece of work in 14 days, working 
10 hours in a day, how many hours a day must 24 boys work, 
in order to complete the same in 45 days; the work of a boy 
being half that of a man ? . Jlns. 7 hours. 

3. Two boys, A and B, on opjiosite sides of a pond, which 
is 536 yards in circumference, set off simultaneously to go 
round it in the same direction. A walks 22 yards in 15 
seconds, and B 68 yards in 45 seconds : how oi^en will B 
circumambulate the pond before he overtakes A ? 

Jlns. 17 times, 

4. Required to find three equidifFerent numbers, such that 
the least shall be to the greatest as 5 to 9, and the sura of the 
three, 63. Jlns. 15, 21, 27. 

5. What time between 4 and 5 o'clock, are the honf and 
minute hands of a watch together.' 

Ans. At 21i\ rain, past 4. 

6. What is the least number, which being divided by 6, 7, 
8, 9, 10, and 12, shall always leave a remainder of 5 ? ' 

Ans. 2525. 

7. At what time between 12 and 1 o'clock, do the hour and 
minute hands of a common clock or watch, point in directions 
directly opposite? Mns. 32i\ rain, past 12. 
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8. A steamboat having on board 150 barrels of sugar, pays 
for toll on the Muskingum river, the value of 2 barrels wanting 
$6 ; and another containing 240 barrels, pays at the same rate, 
the value of 2 barrels and $18 besides ; what is the value of 
the sugar per barrel ? ^ns. $23. 

9. A son having asked his father's age, the father replied : 
"Your age is 12 years; to which if five eighths of both our 
ages be added, the sum will be equal to mine." What was 
the father's age ? ^ns. 52 years. 

10. A, B and C formed a joint stock of $1064; A's stock 
continues in trade 5 months, B's 8 montlis, and C's 12 
months ; A's share of the gain is $114, B's $133.20, and C's 
1165. What was the stock of each? (A's $456. 

Ms. ■{ B's $333. 
t C's $275. 

11. A and B set out for the same place in the same direc- 
tion. A travels uniformly 18 miles per day, and after 9 days 
turns and goes back as far as B has traveled in those 9 days ; 
he then turns agam, and pursuing his journey, overtakes B 22J 
days from the time they first set out. It is required to find the 
rate at which B uniformly traveled ? 

Jlns. 10 miles per day. 

12. What number is that which being increased by its half, 
its third, and 18 more, will be doubled. .ins. 108. 

13. What number •multiplied by 15 will produce f ? 

Mns. j'j. 

14. What number multiplied by 57, wiil produce just what 
134 multiplied by 71 will do ? ^ns. 166^^. 

15. Required to lay out a lot of land in form of a long 
square, or parallelogram, containing 3 acres, 2 roods, 29 poles, 
that shall take just 100 rods of wall to enclose, or fence 
it round, what shall the length and breadth of the lot be? 

.^ns. 31 by 19. 

16. A, B and C can do a piece of work in 6 days ; B, C 
and D in 7 days ; A, C and D in 8 days; A, B and D in 9 
days; in what time can all do the work toge^er? 

^ns. 5J|g days, 

17. If a heavy sphere, whose diameter Is 4 inches, be drop- 
ped into a conical glass full of water, whose diameter is 5 
inches, and altitude 6 inches. How much water will run over? 

Ms. 26.2721536 inches. 

18. A bale of cotton weighing 1667 lbs. is given to a manu- 
facturer to be spun. The manufacturer is to be paid 13 cents 
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per lb. for what yam he makes, and is to make 14 oz. of yam 
to each pound of cotton. He is to keep so much cotton out of 
the bale as will, at 10 cents per lb. pay him for spinning the 
remainder on tbe above terms. How many pounds must he 
keep ? _ ^ns. SST-j-Vi- lbs. 

19. Nine gentlemen met at an inn, and were so pleased 
with each other, that they agreed to tarry so long with each 
other as they and their host could be seated differently at din- 
ner. Pray how long would such a frohc have lasted ? 

^ns. 3628800 days. 

20. I agreed with a tinker whose name was Doolittle, 
To make for my wife a fiat bottomed kettle — 
Twelve inches exactly the depth of the same, 

And twenty-five gallons of beer to conjain — 
The number of inches across on the top. 
Was twice at the bottom when new at the shop ; 
How many inches across must the bottom then be, 
Likewise the top pray show unto me ? 

j^ns. At top 35.8096-l-and at bottom 17.9048+ 

21. A man can dig a piece of ground in 5 days, his son 
can do the same in 7 days ; in what time can they both do it 
together? ^ns. QJJ days. 

The simplest mode is to add together J and j, the fractional 
parts each will do in a day, and their sum will be J?, the frac- 
tional part of the work both will do in a day. Then, As l^ : 
Is : : f : 2\ly Ans, Hence we see the reason of the arbitrary 
rule sometimes given for this class of questions, " Divide the 
product of the numbers by their sum," and wc may also see 
the reason of the rule given where there are three or more 
agents, operating unequally, " Divide the product of the three 
given times by the sum of the products of each two taken 
separately." Adding the fractional parts is the. plainest mode, 
but not the shortest. 

22. A can produce a certain effect in 3 hours, B in 4 hours, 
and C in 5 hours ; in what time can the three together produce 
the same effect ? Ans. 1 h. 16|f minutes. 

23. Of Sweet wine at $1| per gallon; Port, at $2|; and 
Madeira at $3^ ; how much can be purchased for $214^, ex- 
pending -\ of the money on each ? 

Jins. Sweet, 44i^j gall.. Port, 31^ gall, and Madeira 20/g. 

24. If A, B and C could pave a street in 18 days ; B, C 
and D in 20 days ; C, D and A in 24 days ; and D, A and 
B in 27 days ; in what time would it be done by all of them 
together, and by each of them singly.' An^. By all in 16,^3 



..Google 



343 UNSOLVED PROBLEMS. 

days ; by A in 87|^ days ; by B in 50| days ; by C in 
417'g days and by D in 170]§ days. 

25 A servant draws off one gallon each day for 20 days, 
from a cask containing 10 gallons of rum, each time supply- 
ing the deficiency by a gallon of wgjer; and then, fo escape 
detection, he again draws off 20 gallons, supplying the defi- 
ciency each time by a gallon of rum. It is required to deter- 
mine how much water still remains in the cask ? 

jins. 1.06779577 gallon, or rather more than a gallon 
and half a pint. 

26. A merchant every year gains 50 per cent, on his capital, 
of which he spends $300 per annum in house and other ex- 
penses, and at the end of 4 years he finds himself possessed 
of a capital 4 times as great as what he had at commencing 
business. Find his original capital without using the rule of 
Position. ^ns. $2294/,. 

27. It is required to find a sum of money, of which, in the 
space of 4 years, the true discount, at simple interest, is $5 
more at the rate of 6 than of 4 per cent, per annum. 

Ms. $89.90. 
2S. A man leaves to his eldest child one fourth of his pro- 
perty ; to his second, one fourth of the remainder, and $350 
besides ; to his third one fourth of the remainder and $975 ; f 
his youngest one fourth the remainder and $1400 ; and what 
still remains he bequeaths to his wife, whose share is found to 
be one fifth of the whole. Hence it is required to find the 
value of the whole property. Ms. $20,000. 

29. A man travels from his own house to Wheeling in 4 
days, and home again in 5 days, traveling each day, during 
t!ie whole journey, one mile less than he did the preceding. 
How far does he live from Wheeling ? ^ns- 90 miles. 

30. The men employed in a factory work 12 hours, tlte 
women 9 hours, and the boys 8 hours, each day ; for laboring 
the same number of hours, each man receives a half more than 
each woman, and each woman a third more than each boy: 
the entire sum paid to all (he women each day is double of the 
sura paid to all the boys ; and for every five dollars earned by 
all the women each day, twelve dollars are earned by all the 
men. Hence it is required to find the number of each class 
employed, the entire number being 59. 

Ms. 24 men, 20 women, and 15 boys. 

31. One third of a quantity of flour being sold to gain a 
certain rate per cent., one fourth to gain twice as much per 
cent., and the remainder to gain three times as much per cent: 
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it is required to determine tlie gain per cent, on each part, the 
gain upon the whole being 20 per cent. 

Ans. The gains per cent, are 9|, 19|, and 28*. 

32. The less of two bales of cloth is bought at the rate of 
twice as many pence pet yard as it contains yards, and costs 
.£31 2 more than tiie greater, which contains 4 yards for 
every 3 in the less, and is bought at the rate of as many pence 
per yard as it contains yards. How many yards are contained 
in each ? 

Ans. 244 yards in the greater, and 183 in the less. 

33. A man owes a debt due in four equal instalments, at the 
end of 4, 9, 12 and 20 months respectively ; and he finds that 
discount being allowed at 5 per cent, $750 will pay the debt. 
How much did he owe ? Ans. $784,74+ 

34. If a merchant commence trade with a capital of |5000, 
and gain so much, that, after paying all expenses, his capital, 
each year, is increased by a tenth part of itself wanting $100, 
how much will he be worth at the end of 20 years ? 

Am. $27910 very nearly. 

35. Two men, A and B, are on a straight road, on the op- 
posite sides of a gate, and distant from it 308 yai^s and 277 
yards respectively, and travel each towards the original station 
of the other. How long must they walk till their distances 
from the gate will be equal, B traveling 2 yards, and A 2^ 
yards, per-second ? "* 

Ans. 1 minute, 33 seconds, or 2 minutes, 15 seconds. 

36. Every thing being supposed to be as in the preceding 
question, at what time will each be at the same distance from 
the original station of the other, as the other is from his ,' 

Am. In 4J minutes after starting. 

37. If an acting partner in a mercantile concern contribute 
$1000 to the original joint stock of the company, and annually 
increase this sum by $150 saved from his salary; to how much 
will his share amount at the end of 11 years, on the supposi- 
tion, that, after all expenses are paid, there is a clear gain of 
10 per cent, per annum on the entire capital ? 

Ans. $5632.791 + 

38. Two partners, Petek and John bought goods to the 
amount of $1000; in the purchase of which, Peter paid more 
than John, and John paid — I know not how much. They 
then sold their goods for ready money, and thereby gained at 
the rate of 200 per cent, on the prime cost ; they divided the 
gain between them in proportion to the purchase money that 
each paid in buying the goods ; and Peteh says to John, My 
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part of ihe gain is really a haiidsotne sum of money ; I wjsh 
I had as many such sums as your part contains dollars, I 
should then have $960000. I demand each man's particular 
stock in purchasing the goods. 

^ns. Peter paid $600, and John paid $400. 

39. A young man was required as the condition of obtain- 
ing his devoted, that he should obtain a number of apples, 
half of which and half an apple more he should give to the 
father ; half the remainder and half an apple more to the mo- 
ther ; half the remainder and half an , apple more to the 
daughter; and retain half the remainder and half an apple 
more for himself. None of the apples are to be cut. Requir- 
ed the smallest number that will answer his purpose ? 

Jins. 15. 

40. Not long ago says a person, a barrel of wheat was by 
$1, and the barrel of rye 75 cents cheaper than now; then 
the price of the wheat was double that of the rye, their present 
prices are as 20 to 11. What is the price of each ? 

Ans. "Wheat $5, rye $2f . 

41. A owns 720, B 336, and C 1736 rods of land. They 
agree to divide it into equal house lots, fixing on the greatest 
number of rods for a lot, that will allow each owner to lay out 
all his land. How many rods must there be in a lot .■' 

Ans. 8. 

42. The sum of A's and B's ages is 60, and if you divide 
A's age by B's the quotient will he 3. Required the age of 
each ? Ans. A's age 45, B's 15. 

43. A and B start at opposite points, to skate to the other's 
starting point : distance 8 miles. A, by having the advantage 
(hence B the disadvantage) of a uniform wind, performs his 
task 2J times the quickest, and 48 minutes the soonest. Re- 
quired the time that each is skating, and the force of the wind 
per minute.' Ans. A's time 32 rain. B's 1 h. 20 m. 

Force of wind per minute 396 ft. 

44. A young man being asked his age, answered that if the 
age of his father, which was 44, were added to twice his own, 
the sum would be four times his own age. Required his age .' 

Ans. 22 years. 

45. How many hills of corn may be planted on a square 
acre, allowing them to stand 4 feet apart, and 2 feet on every 
side from the enclosing lines ? Ans. 2704. 

46. The sum of four numbers is 360, and (hey are propor- 
tionate as 3, 4, 5, 6 ; what are they ? 

Ans. 60, 80, 100 and 120. 



..Google 



UNSOLVED PROBLEMS. 345 

47. A water-tub that holds 147 gallons, has a pipe that 
brings ID 14 gallons in 9 minutes, and a tap that discharges 
40 gallons in 31 minutes; now supposing these both to be 
left open by mistake at 2 o'clock, and a servant at 5, finding 
the water running, shuts the tap, only, and is solicitous to 
know in what time the tub will he filled after the discovery of 
the accident. What is the reply ? 

Ans. 1 hour 3 min. 48 jj-^ seconds. 

48. What number is that which being multiplied by 6, the 
product increased by 18, and the sum divided by 9 the quo- 
tient shall be 20 } Am. 27. 

49. A person went to 4 taverns in succession ; upon enter- 
ing each of which, he borrowed as much money as he carried 
to it ; and upon leaving them be paid the landlords one dollar 
each; which done, he iinds himself without money. What 
sum of money did he cany to the first tavern ? 

Ans. 93f cents. 

50. A, B and C are employed to do a piece of work for 
$26,45 cents : A and B togetlier are supposed to do f of the 
work ; A and C, f^ ; B and C, i% ; or in these proportions, 
and are paid accordingly. What is each man's share of tlie 
money ? Ans. A $11,50, B $5,75, C $9,20. 

51. A man had four sons, whose ages differed from each 
other 4 years, and the youngest was half as old as the oldest ; 
required the age of each. Ans. 12, 16, 20 and 24. 

52. B's age is IJ tie age of A, and C's 2-i\ the age of 
both ; and the sum of their ages is 93. What is the age of 
each ? Ans. A 12 years, B 18, C 63. 

53. On a certain day, 20 farmers, 30 merchants, 24 law- 
yers, and 24 tailors, spent at a dinner $64, which was divided 
among them in such a manner that 4 farmers paid as much 
as 5 merchants; 10 merchants paid as much as 16 lawyers; 
and 8 lawyers as much as 12 tailors ; how much money did 
each class! pay.' 

Ans. Farmers $20, Merchants $24, Lawyers $12, 
Tailors $8. 

54. A dealer in the article drew from a barrel of whiskey 
of 32 gallons, 5 gallons and replaced it with 5 gallons of 
■water; and thinking it would bear a little more water, he re- 
peated the operation, thus drawing and replacing five times. 
How much whiskey was then in the barrel, and how much 
water? a,„^ f Whiskey, ISfo^gVA gallons. 

•^"*' \ Water, 18 iWbA's gallons 

55. A, B and C have among them $135. A's+B's are lo 
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B's+C's as 5 to 7, and C's— B's is to C's+B's as 1 to 7. 
How many had eich > J.ns. A 30, B 45, C 60. 

56. B delners to C $1200, to be invested in trade for one 
year, on con hlion tliat if C added $500 to it, and gave his 
time as manager, he should have g of the gain ; What was 
C's time valued at in capital? Ans. $300. 

57. The sides! of two square pieces of ground are as 3 to 
5, and the sum of their superficial contents is 30600 square 
feet. What is the length of a side of each piece ? 

Ans. 90 and 150 feet. 
58- G and H buy 48 acres of land at $12 per acre, of 
which H is to have a piece containing 12 acres, which G and 
H thint to be \ better than 12 of die 36 that G is to have, the 
rest of G's being of the average value of $12. How much 
should each pay? Ans. G $164|, H $4114. 

59. A, B, C, and D caught in their net 522 fishes of which 
A w^s to have a certain number ; E was to have 12 more 
than A, C 7 less than B, and D as many as A and C. Re- 
quired the share of each. 

' :. A 100, B 112, C 105, » 205. 

60. In the annexed ■ 
figure, suppose the ball I 
B to weigh 20 lbs. and I 
the distance thence to C, where the rod is supported, to be 
2 feet ; and from the point of support to the bal! A, 6 feet. 
How much must A weigh to balance B. Ans. 6| lbs. 

61. A and B have apples. A said to B, if I had 2 apples 
more, I should have twice and half as many as you. B said 
to A, if I had 4 apples more I should have half as many as 
you. Required the number of apples that each had? 

Ans. A 48, E 20. 

62. A bought flour for cash, and sold it to Bat an advance. 
B sold it to C at 10 per cent, advance, and C, on selling it to 
D, gained $71,28, equal to 12 per cent, profit; which was 4 
per cent, more than A made, though he bought it at $5 per 
barrel. Required B's gain, how much C received, and the 
number of barrels in the lot? 

^ / B gained $54, C received |665,28; and there were 
•^"*- \ 100 barrels in the lot. 

63. If the annexed lever, of the 
1st order be 6 feet long, and the ful- 
crum is 6 inches from the end to 
which the weight of 66 lbs. is attach- 
ed; how much power must be ex- 
erted to balance the weight? 
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64. A, B, C, and D, found a purse of sliilHngs and each 
of them took a nuraber at a venture, afterwards by comparing 
them together iliey found that if A took 25 from B, !iis number 
would be equal to what B had left, and if B took 30 from C, 
his number would be three times what C had left, and if C 
took 40 from D, his number would be doable what D had 
left, and if D took 50 from A, his number would be 3 times as 
much as A had left, and 5 shillings over. What number had 
each? ^ns. A 100, B 150, C 90, D 105. 

65. The lever, of tlie 2d order in I 
the annexed diagram is 6 feet, and I 
the weight 66 lbs. suspended 6 I 
inches from the fulcrum; required I 
the power necessary to hold the I 
weight in equilibnim. 

.dns. 5| lbs. 

66. A merchant puts a capital of $5500 out at interest 
at 4 per cent, and 4| years afterwards, another sum of $8000 
at 5 per cent. If he leaves these two capitals constantly 
at simple interest, in how many years will he have drawn 
the same interest from both.'' 

Wms. In 10 years from the time of the first loan. 

67. There are two numbers whose sum is to their difference . 
as 8 to 1 ; and the difference of whose squares is 128. What 
are the numbers ? jins. 18 and 14. 

68. A and B have the same income : A saves | of his, but 
B, by spending $30 per annum more than A, at the end of 8 
years finds himself $40 in debt ; what is their income, and 
what does each spend yearly? 

„ (Income $200 per annum; and A spends 
\ $175, and B $205 per annum. 

69. A general disposing his army into a square, found he 
bad 231 over and above ; but increasing each side with one 
soldier, he wanted 44 to fill up the square. Of how many men 
did his army consist? ,^ns. 19000 men. 

70. A said to B and C, give me ^ of your money and I 
shall have $100 ; B said to A and C, give me ^ of yours, 
and I shall have $100 ; C said to A and B, give me J of 
yours, and I shall have $100. Determine how much money 
each man had, without using Position. 

Ms. A had $29j'', ; B $64[? ; C $76 ,«,. 
7J, If a globe 6 inches in diameter weighs 25 lbs., what is 
the weight of anotlier of the like metal whose diameter is 3 
inches? Ms. 3.125 lbs. 
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72. A cheese being weighed for me in one scale of a ba- 
lance weighed 1 6 lbs., but suspecting its accuracy I transferred 
it to the opposite scale and it weighed but 9 lbs. Required 
its true weight, ^ns. 12 lbs. 

73. A, in a scuffle, seized on § of a parcel of marbles ; B 
caught I of them out of his hands, and C laid hold on -f^^ more ; 
D rati off with f of what A had left, and the rest E afterwards 
secured slily for himself. Then A and C jointly fell upon B, 
who, in the conflict, let fall J he had, which were equally 
picked up by D and E ; B then kicked down C's hat, of the 
contents of which A got J, B ^, D ^, and C and E equal 
shares of what was left of that stock. D then struck | of what 
A and B last acquired, out of their hands ; they with difficulty 
recovered ^ of it in equal shares again, but the other three 
carried off" ^ apiece of the same. Upon this, they called a 
truce, and agreed that the | left by A at first should be equally 
divided among them. How many marbles at least, after this 
distribution, had each of the competitors? 



Ans. 



/ A must have had at least 2863 ; B 6335 ; 
2438 ; D 10294 ; and E 4950. 




74. A block and tackle are arranged 
as in the annexed cut, and the power 
is equal to 100 pounds. How many 
pounds will it suspend at W, in Fig. 1, 
and how many in Fig. 2. I 

^fls flnFig. 1,600 lbs. 
•^"*- \ In Fig. 2, 500 lbs. 

75. A had 50 dollars more than B, ] 
and the sum of the squares of Ihe ' 
shares of both was 12500, How many ' 
dollars had each i" i 

Ms. A 100, B 50. 

76. Desiring to warm a vessel gradually, I placed it 10 feet 
from the fire, but it is too cool ; what amount of heat will it 
receive if I place it within 5 feet of the fire .' 

^ns. 4 times as much. 

77. Two ships depart from the same place, one sails due 
north at the rate of 6 miles per hour, the other due east, 8 
miles per hour. How far will they be apart at the end of one 
hour? How far in 2 hours? &c. 

Jins. 10 miles in I hour, 20 in 2 hours, &c. 

78. One hundred eggs being placed on the ground in a 
straight line, at the distance of a yard from each other, how 



..Google 



UNSOLVED PROBLEMS. 349 

far will a person travel who shall bring them one by one to a 
basket, which is placed one yard from the first egg? 

jins. 10100 yards, or 5|| miles. 

79. A and B have between them, a number of guineas, 
which are to be so divided that the sum of their squares shall 
be 208, and the difference of their squares 80. Supposing A'a 
the greater number, how many has he more than E ? 

Jns. 4. 

80. A certain gentleman at the time of marriage agreed to 
give his wife § of his estate, if at the time of his death he left 
only a daughter, and if he left only a son, she should have J 
of his property; but, as it happened, he left a son and a 
daughter, by which the widow tost in equity $2400 more than 
if there had been only a daughter. What would have been 
his wife's dowry if he had left only a son .' ^ns. $2100. 

81. A is older than B, their ages added make 60, and the 
sum of tlieir squares make 1300. Required the age of each? 

^ns. A 30, B 20. 

82. Suppose tJie annexed lever, of the I 
3d order, to be 6 feet long, the fiilcrum 
at one end, the weight 66 lbs. at the I 
other, and the power 6 inches from the I 
fulcrum. Required the power that will I 
hold the weight balanced. 1 

Jlns. 792 lbs. 
■ 83. From Columbus to A's tavern is a certain number of 
miles, thence to B's tavern is a certain other number, and just 
half way from Columbus to B's tavern is C's tavern. The 
square of the distance in miles from Columbus to A's, added 
to the square of the distance thence to B's is 80, and the 
square of the distance from Columbus to C's is 36. Required 
the distance from A's tavern to C's ? ^ns. 2 miles. 

84. A bullet is dropped from the top of a building, and 
found Jo reach the ground in If seconds. Required the 
height ? ^7ts. 49 feet. 

- 85. In the annexed plane, 
suppose the base A B 80, 
the perpendicular B c 60, 
the plane A c 100, and the 
weight 66 lbs. ; what power 
exerted parallel with the I 
plane will hold the weight to its place, and what exerted par- 
allel with the base A B ? 

Jlns. Parallel with the plane 39.6 lbs. ; with the base 49 J lbs. 
30 
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86. Required the pressure upon the fulcrum in each of the 
questions 63, 65, 82 ? 

^^^ f In 63, 72 lbs., in 65, 61f lbs., 

\ In 82, the upward pressure is 726. 

87. A, B and C are to share $100,000 in the proportion of 
i, ^, and I respectii'ely ; but C's part being lost by his death, 
it is required to divide the whole sura properly, between tiie 
other two? Mns. A's part is $57l42f, and B's $42857^. 

88. Suppose a pole standing on a horizontal plane to be 75 
feet in height. At what height from the ground must it be 
cut off, that the top of it may fall on a point 55 feet from the 
bottom of the pole ; the end, where it was cut off, resting on 
the upright part ? ^ns. 17J feet from tlie ground. 

This question may be made much more difficult by suppo- 
sing the pole to stand on the side of a hill, and that the top 
shall strike tlie ground at some distance, say 20 feet down the 
hdl from the foot of the pole ; while a line drawn parallel with 
the horizon from the foot of the pole, and intersecting the part 
broken off, shall be a given length, say 15 feet. You may 
then suppose it to fall up the hill, and that a horizontal line 
from the point of section to the side of the hill shall measure a 
giveii distance; or suppose a horizontal line drawn if practica- 
ble, from the point of contact wth the hill to the stump. The 
object in either case being to find the point where die pole 
must be cut or broken oif. 

89. The annexed cut represents 
a windlass, the circumference of the 
larger part being 24 inches, and of 
the smaller 20 inches, and the cir- 
cumference of the circle described by 
the power is 8 feet. The cord con- 
stantly winds off the smaller part, 
and upon the larger. See page. 331. 
What weight, with such a machine, 
will a power of 30 lbs. hold balanced? 

Ans. 720 lbs. 

90. There is a line of paling to be constructed over a suc- 
cession of hills and intervening planes, as follows : The line 
forms the hypotenuse of a right angled triangle, the legs of 
which are 60 and 80 rods ; the legs being measured over level 
ground, and consequently the hypotenuse being a straight 
line ; but upon it a succession of little hills put in as follows : 
the first 10 rods are level, then a hill puts in that covers the 
next 10 rods, and causes the line to rise over it in a semicircle; 
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then another plane and another hili of similar extent, and 
so on successively to the end of the hne. The palings are 3 
inches wide, and the space between each is just equal to the 
width of a paling. Required the length of the two lines of 
rails, to which the palings are to be nailed, allowing the dis- 
tance upon the surface of the ground as measured over the 
hills, to be the length of one ; and the number of palings ne- 
cessary for the whole, supposing them to be applied continu- 
ously whetlier liiey fall on rails or posts ? 

a J Railings a trifle over 257 rods ; 
'^ \ And it will require 3300 palings. 

91. A boy hired with a farmer for 12 weeks, on condition 
that he should receive $12 and a coat. At the end of 7 weeks 
the parties separated, when it was found that the boy was 
entitled to $5, and the coat. What was the value of the 
coat? Jins. $4.80. 

92. What number is that which being divided into 4 or 5 
equal parts, the product of all the parts in either case will be . 
the same.^ Jins. 12 aVs- 

93. In giving directions for making a chaise, the length of 
the shafts between the axletree and backhand, being settled 
at 9 feet, a dispute arose whereabouts on the sbails the centre 
of the body should be fixed. The chaise maker advised to 
place it 30 inches before the axletree; odiers supposed 20 
inches would be a sufficient incumbrance for the'horse. Now, 
supposing two passengers to weigh 3 cwt., and the body of 
the chaise \ cwt. more, what will the beast in both these 
cases bear, more than his harness? 

Ms. 116| lbs., and 775 lbs. 

94. Suppose the annexed cut to rep- 
resent a wheel and axle for raising 
goods. The diameter of the axis, on 
which the cord winds, is a foot and a 
half, and of the wheel upon which the 
power operates, 9 feet. What power 
at the rope that goes over the wheel 
will suspend 600 Ihs. at the rope that g 

95. A butcher bought a certain number of oxen, and paid 
17665; and if the cost per ox, in dollars, were added to the 
number of oxen bought, the sum would be 386. What num- 
ber did he buy and at what price? 

Ms. 365 oxen, at $21 each. 

96. What will be the diameter of a globe, wheii tlie sqnare 
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inches upon the surface are just equal to the cubic inches Id 
the globe? Ans. 6 inches. 

97. Suppose there be a round column of equal size tlirough- 
out, being one foot in diameter and 20 feet liigii, and a bean 
vine entwines itself around it just 12 times at equal distances, 
in passing from the foot to the top. How long will the vine be? 

Ans. 42.6756. 

98. Five men undertake to cany a piece of scantling, 30 
feet long, of equal size and density Uiroughout, one takes post 
at the hind end, and the others with a long handspike, place 
themselves so far from the fore end, that all shall carry equally. 
How far were they from the man who carried alone? 

Ans. 18f feet. 

99. Five men undertake to carry a piece of scantling, 30 
feet long, of equal size and density throughout; A takes post 
at the hind" end, B and C with a handspike at the fore end; 
where must D and E place themselves with their handspike 
that all may carry equally? Ans. 7J feet from A. 

100. Determine the size of three wine casks from the fol- 
lowing conditions. When the first empty cask is filled from 
the second full cask, there remains in the second only | of the 
wine; if the second empty cask is filled from the third full 
one, then there remains in the third only \ of the wine; but 
if we wish to fill the third empty cask from the first full one 
there will not" be enough by 50 gallons. What did each one 
hold? Ans. 1st 70, 2d 90, 3d 120 gallons. 

101. A capitalist derives from the sum he has at interest a 
yearly income of $2940. Four fifths of it hear 4 per cent, 
and J five per cent. How much money has he out at interest? 

Ans. $70,000. 

102. A servant received from his master $40 wages yearly, 
and a suit of livery. After he had served five months he 
asked for his discharge and received for this time the livery 
and $6^ in money. How much did the livery cost? 

Ans. $18. 

103. A merchant increases his capital yearly by 20 per 
cent, but takes from it annually $1000 for the support of him- 
self and family. After he had carried on his business in this 
manner for three years he finds after deducting the usual sum 
of $1000 that his capital has increased $200 more then | of 
the original sum. What was his original capital? 

Ans. $30,000. 

104. On an approaching war, three towns A, B and C are 
to furnish their complements of 594 men; the division is to be 
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made in proportion to the population. Now the population 
of A is to that of B as 3 to 5; whilst the population of B is 
to that of C as 8 to 7. How many men must cacli town 
furnish? ^ns. A 144, B 240, C 210. 

105. A (log pursues a hare. Before the dog started the hare 
and made 50 leaps, and this is the distance between them at 
first. The hare takes 6 leaps to the dog's 5 ; but 9 of the 
hare's leaps are equal to 7 of the dog's. How many leaps 
can the hare take before the dog overtakes her.'' Ans. 700. 

106. A spendthrift lends his fortune at 4 per cent, interest. 
After he had let it remain 2 years, he took out the fourth part 
of the amount and allowed the remainder to stand 7 months. 
At the expiration of this lime he took once more the fourth part 
of the remainder, and allowed the capital thus diminished to 
stand 13 months, when he demanded his remaining fortune. 
In the space of 44 months he had drawn no less than $6291.- 
96 J of interest money. What was bis fortune at first ? 

Ans. $50,000. 

107. A person has two large pieces of iron, whose weight 
is required. It is known tliat § of the first piece weighs 96 
lbs. less than J of the other piece ; and that -f of the second 
piece weighs exactly as much as g of the first. How much 
did each piece weigh ? Ans. 720 and 512 lbs. 

108. Five brothers in the space of 9 months-squandered a 
capital of $4800, togelier with the interest of it for the whole 
time. At the same rate of expenditure two other persons 
squandered |3320, with interest in 16 months. The rate of 
interest was in botb instances the same. How much did each 
spend monthly ? ^ns. $110|. 

109. Three brothers, A, B and C, held among them fl760 
in different amounts, which they agreed to divide equally. The 
first gave one half of his in equal shares to the otbers ; Ibe 
second gave one third of the amount he then bad to the other 
two; and the third gave $160 to each of the others. They 
then found that each held a third of the whole sum. What 
had each at iirst ? ^ns. A $533J, B $480, C $746|. 

110. What numbers are those that when added make 25, 
and when you halve one and double the other, the results are 
equal ? ^ns. 20 and 5. 

111. If 7 gallons of Madeira wine cost as much as 9 gal- 
lons of Port, and 9 gallons of Port as much as 12 gallons of 
Sherry, and the price of three gallons of these, taking one of 
each kind, is $8.50, what is each worth per gallon? 

Ms. Madeira $3.60, Port $2.80, and Sherry $2.10. 
30* 
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112. A merchant bought several yards of silk for $30, out 
of which he resen-ed 10 yards, and sold the remainder for $28, 
gaining one sixth as many cents on a yard as one yard cost 
him. How many yards did he buy, and at what price ? 

^?ns. 50 yards at 60 cents. 

113. A and B jointly have a fortune of $9800. A invests 
a sixth part of his property in business, and B the fifth part of 
his, when it appears that each has an equal sum remaining. 
How much had each at first .' Mns. A $4800, B $5000. 

114. A has 10 acres of pasture, B 8 acres, and C 3 acres, 
into which they agree to put an equal number of cattle to 
graze, and C agrees to pay A and C $24. How much should 
each receive on final adjustment.'' 

^ns. A receives $18, and B $6. 

115. A constable is pursuing a thief at a uniform speed, 
but finds on inquiry that the thief is going a mile and a half 
per hour faster than he is ; he therefore doubles his speed 
after the first four hours, and takes the thief at the end of 6J 
hours from his setting out. The thief had a start of one hour 
and never varied his speed. How far did they travel, and 
what was the rate of each .-' 

^ns. Distance 71| miles, and the constable first traveled 
8i miles per hour; while the thief traveled 9| miles. 

116. Beforffthe Mormons left Nauvoo for California, they 
boasted that their line of march would be 24 miles long ; and 
that a printing establishment should go with the front to issue 
the orders of the prophets daily for the whole line. Now sup- 
pose they advance 24 miles every 12 hours, how many miles 
must the herald travel to gain the rear, he traveling two miles 
to the company's one, and each starting at the same time. 
And then how much must he increase his speed, so as to re- 
gain his place at the head of the column by the hour of en- 
camping ? And how many miles must he travel daily ? 

Ans. He will meet the rear 8 miles from their starting; 
and must return at the rate of 5 miles per hour 
and must travel 56 miles per day. 

117. A, B, C can build a house in 20 days, B, C, D in 24 
days, C, D, A in 30 days and A, B, D in 36 days. Suppose 
they all commence the job together, but that after 10 days A 
cut his foot and ceased working ; two days afterwards B was 
compelled to leave, and at the end of tlie third week, (18th 
day) C was compeUed to leave ; in what time would D finish 
the job ? Ans. In 284 days. 

118. A's house is a certain number of miles from Zanes- 
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\-iile, and B's is a certain other number, and just half way 
from Zanesville to B's house is C'a, The square of the dis- 
tance in miles from Zanesville to A's added to the square of 
the distance from A's to B's is 90, and the difference between 
the square of the distance from A's to C's, and the square of 
the distance from C's to B's is equal to the product of the dis- 
tance A's is from Zanesville, multiplied by the distance B's 
is from A's. What are their distances from Zanesville ? 

Ms. A 3, B 12, C 6. 
120. A, B and C start on a journey of 40 miles. A can 
travel only one mile an hour, B two miles, but C has a horse 
and buggy, and can travel 8 miles; and as they desire to 
reach their journeys end in the shortest possible time, C takes 
up A and carries him so far, that going back and taking up 
B, they all reach their journey's end together. Required tiie 
distance each will travel alone, and the whole time consumed 
in performing the journey. 

Ms. A traveled 6|f miles alone, B 13f ?, C 20|2, and 
the whole journey occupied 10^ hours. 



LECTURE XXII. 



ABITHMErrrCAL PRODIGIES, &c 

Having completed our course of investigation into the phi- 
losophy of numbers, we shall devote the present lecture to an 
investigation of the human mind as adapted to the study of 
this science. In making this announcement, however, we 
desire not to excite anticipations that are not to be realized ; 
for we have neither space nor inclination to enter into a dis- 
cussion of the vexed questions of metaphysicians, as to whe- 
ther the mind is material or immaterial; and how far the 
external configuration of the head is indicative of the powers 
of the mind within. It is sufficient for our purpose to advance 
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the fact, that the powers of the human mind, various in all 
tilings, seem in tliis peculiarly unequal, for while the mass of 
our race require the aid of long continued education to train 
the mind to the perception of numerical relations, and some 
seem incapable of reaching a high degree of proficiency, others 
possess a power, even in imtauglit childhood, that cannot be 
reached by the ablest mathematicians. 

Some have supposed that mathematical skill, with which 
they identify the cases referred to, implies a high development 
of Qie reasoning faculties ; but though the exercise of the mind 
in the study of mathematical science, has been always admitted 
to be an excellent mode of discipline, it by no means follows 
as a legitimate consequence, that the possession of extraordi- 
nary perceptive faculties in regard to the powers and relations 
of numbers, or of quantities, implies extraordinary reasoning 
faculties. An astonishing degree of perceptive power, in 
regard to numbers, has been found indeed to exist in minds 
but slightly removed from downright idiocy : a fact that would 
seem unaccountable, if the elementary combination of numbers 
required the aid of the reasoning powers. 

A most striking instance of mental imbecility, combined 
with a high degree of power in regard to numbers, was brought 
to light in 1844, in the person of a negro slave, named Cap, 
the property of Mr. P. M'Lemore, of Madison county, Ala- 
bama. We cannot present this case more clearly than by 
giving the following somewhat extensive exti-act from a letter, 
dated October 26th, 1844, written by the Rev. John M. Han- 
ner, and subsequently confirmed by Hie same gentleman, in a 
letter written in reply to one fi-om us. 

"On the 8th of June, 1844, (he Rev. John C. Burruss, Mr. 
T. Brandon and myself went to see him and were amazed. 
From himself and Mr. M'Lemore, we learned that he has no 
idea of a God. When asked, " Who made you ?" he answered 
*' Nobody." He has never been but a few times half a mile 
from the place of his birth. He has not mind enough to do 
the ordinary work of a slave ; eats and sleeps in the same 
house with Hie white folks, having his own table and bed. He 
will not ask for any thing, nor touch food, however hungry, 
unless it be offered to him. He was never known to commence 
a conversation with any one, nor continue one, farther than 
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■ low and tardily. He has never been known to utter a 
falsehood or to steal, and is but httle subject to anger. He 
will not strike, even a dog, but when vexed by his sister, he 
will take hold of her arm as if to break it with his hands. 
He cannot be persuaded to taste intoxicating liquors ; and 
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manifests no partiality for females. Tliere is notliing remark- 
able in tlie configuration of Lis head or in his countenance, 
save that his eye is uncommonly convex, and continually roll- 
ing about with a wild and glaring expression. His laugh and 
movements are perfectly idiotic. He does not know a letter 
or figure. Withal he is in one respect the most extraordinary 
human being I ever saw. Almost the only manifestation of 
mind is in relation to J^umhers. His power over numbers is 
at once extraordinarj- and incredible. Take any two numbers 
under 100, and he will give their products at once, as readily 
as a school boy would give the product of 12 times 12. He 
multiplies thousands, adds, subtracts and divides, with the 
same certainty, though with greater mental labor. He has, 
however, no idea of numbers above the period of millions. 

With pencil and paper we made the following calculations, 
and asked him the questions; thus — 

How much is 99 times 99? He answered immediately 
9,801. How much is 74 times 86^. He answered 6401. 
How many nines in 2000? He answered, 222 nines and 2 
over. How many fifteens in 3355? He answered, 223 
fifteens and 10 over. How many twenty-threes in 4000? 
He answered, 173 twenty -threes, and 21 over. How much 
is 321 times 789? He answered after a short pause, 253,269. 
If you take 21 from 85, how many will be left ? He answered, 
64. How much is 7 times 9, 22 and 14? He answered, 99. 
How much is 17 times 17 and 16? He said, 305. If you 
had given one dollar and a half for a chicken and a half, how 
much would you have to give for two chickens? He said, 
Two Dollars, If a stake three feet long, standing upright, 
makes a shadow of five feet; ho-w high will a pole be that 
makes a shadow of thirty feet? At this he put his hand to 
his chin, drew himself up, and gave a silly laugh. His mas- 
ter said he did not understand such questions as that. 

We then asked him. How much is 3333 times 5555? In 
this instance, as in some of the others, he looked serious, 
began to twist about in his chair, to pick his clothes and fin- 
ger nails, to look at his hands, put the points of his thumbs 
to his teeth, move his lips a little ; and then he seemed to 
think a little, when his countenance gave signs of mental 
agony, and thus these symptoms continued. 

His master told him to walk about and rest himself. He 
went into the yard, and appeared to be alternately elated with 
rapture, and depressed with gloom. He would run, jump up, 
throw his arms into the air above his head; then stand still, 
and then drag his foot over the weeds, look up and down; in 
a word he made all sorts of crazy motions. When we rose 
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from the dining table, we found him on the piazza, sitting 
perfectly composed. He then stated when aslted, the amount 
to be 18,514,815. 

We could get no clue to the mental process by which he 
ascertained such results. When asked how he did it, his 
unvarying answer was, "I studies it up." But what cio you 
do first and what next? lie merely drawled out "I studies it 
up." He did not count his fingers, nor any thing external, 
nor did he .seem to count at all ; and yet he combined thou- 
sands and millions, and played with their combinations, just 
as others would with units. All the instruction he ever 
received was from his master, who taught him to count 100, 
and would amuse himself by asking simple questions, such as 
the twenties, or the fives, in a hundred." 

Mr. Manner saw him a few days afteru-ards, and found he 
perfectly recollected the numbers that had been given him on 
the former occasion; as well as his own answers. 

We have since conversed with persons who have seen the 
above negro, and find Mr. Hanner's account fully confirmed. 
We might give numerous other answers equally wonderful for 
one of so little intellect, but we desire not to consume too 
ranch space; though we wish to give such description as 
will enable the mental philosopher to understand the case. In 
body. Cap weighs nearly 200 pounds, and all agree as to his 
idiocy. A person who saw him in 1845 says, " Though only 
19, he has the appearance of being 30. He does not know 
a letter or figure, or any other representative of numbers or 
ideas. He speaks to ' no one, except when spoken to. His 
forehead is low, and covered with hair, within an inch and a 
half above his eyebrows. But the volume from temple to tem- 
ple is great beyond comparison. I noticed that even numbers 
were more easily solved by him than odd ones, but could find 
no clue to his mode of solution. Such is ihe Alabama 
Negro, the wonderful being of ove idea!" Had Mr. Hanner 
been a phrenologist the shape of the forehead would not have 
passed unnoticed. 

Though other instances of mental imbecility in such calcu- 
lators, have been found, the above seems 1o be far the most 
remarkable. There was a white man, living near Metuchin 
in New Jersey, some years ago ; for whom a guardian to take 
care of his property was necessary, though himself the wonder 
of his acquaintance, for his powers of calculation. We 
have been unable to learn the particulars with sntficient 
accuracy for pubhcation. Fowler, in his Practical Phreno- 
logy, speaks of meeting with a case in 1837, at Fairhaven, 
Massachusetfs, in which the calculating power was combined 
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with a great degree of imbecility; but we have been unable 
to learn reliable particulars. 

The state of Vermont has furnished two of the most re- 
markable cases on record; Zerah Colbum, and Truman H. 
Safford. The former died at the age of 35, the latter is now 
at Cambridge, Massachusetts, receiving the full benefit of a 
collegiate education. As these cases differ from each other 
as well as from those we have before alluded to, we shall give 
a pretty full account of botli; and we hope the reader will 
bear in mind the points of resemblance and difference. 

Zesah Colburn, was bom at Cabot, in the state of Ver- 
mont, September 1, 1804 ; and it is said in his memoirs that 
of'the seven brothers and sisters who formed the family, he 
was regarded in infancy as the dullest in intellect. The first 
exposition of the peculiar powers of his mind in combining 
numbers, was in August, 1810, when he was about a month 
under six years of age. "While his father was at work at a 
joiner's bench, Zerah was playing amongst the chips, when 
his father was surprised to hear him saying to himself, "5 
times 7 are 35, 6 times 8 are 48," &C., evidently amusing 
himself by the process of calculation. He had then been at 
the district school about six weeks, and his father supposed he 
might have caught these expressions there ; but on examina- 
tion he found him perfect in the numbers of the common mul- 
tiplication table, and on proposing other numbers he was found 
equally accurate. He inquired the product of 97 by 13, when 
Zekaii promptly answered 1261. News of his wonderful 
powers soon spread through the neighborhood, and many 
called upon him to satisfy their reasonable incredulity, who 
going away more than satisfied, spread the tale of wonder, 
witli additions of what they had themselves seen. The ac- 
count soon found its way into the public papers, and was 
spread throughout Europe and America. The boy was taken 
to the seat of government of his native state, where his powers 
were more fully tried. 

Questions in multiplication of two or three places of figures, 
were answered with much greater rapidity than they could be 
solved on paper. Questions involving an application of this 
rule, as in Reduction, Rule of Three, and Practice, seemed to 
be perfectly adapted to his mind. The Extraction of the 
Roots of exact Squares and Cubes was done with very iittie 
effort; and what has been considered by the Mathematicians 
of Europe, an operation for which no rule existed, viz ; find- 
ing the factors of numbers, was performed by him ; and in the 
course of time, he was able to point out his method of obtain- 
ing them. Questions in Addition, Subtraction, and Division, 
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were (lone with less facility, on account of the more compli- 
cated and continued effort of the memory. In regard fo the 
higher branches of Arithmetic, he had no rules peculiar to him- 
self ; but if the common process was pointed out as laid down 
in the books, he could carry on this process very readily in his 
head. 

That such calculations should be made by the power of 
mind alone, even in a person of mature age, and who had dis- 
ciplined himself by opportunity and study, would be surpri- 
sing, because tar exceeding the common attainments of man- 
kind ; — that they should be made by a child six years old, 
unable to read, and ignorant of the name or properties of one 
figure traced on paper, without any previous effort to train him 
to such a task, will not diminish the surprise. 

The project of educating him thoroughly was very early sug- 
gested, and many propositions were made to his father who 
traveled with the boy, but though anxious to effect the same 
object, he seems (o have been of an unhappy, suspicious dis- 
position, always fearful of being defrauded or imposed upon ; 
and hence though he traveled with his son through the United 
States and Europe, and many efforts were made in both coun- 
tries to aid him, he succeeded but partially in effecting his 
object ; indeed it would have been infinitely better for the son, 
had he been alone, for the waywardness of the father kept botli 
poor, and prevented the friends of science from effecting their 
wishes in the profound education of the youth. Mr. Colbuhn 
and son embarked for England, April 3, 1812, and took up 
their residence in London, where Zerah was visited by thou- 
sands, among whom were many of the first men of the king- 
dom. Some who saw him engaged in calculation, speak of 
his agitation, comparing it to St. Vitus' dance. The following 
extract from his Memoir, page 37, may show the kind of exer- 
cise to which his mind was subjected : 

"Among other questions, the Duke of York asked the num- 
ber of seconds in the time elapsed since the commencement 
of the Christian Era, 1813 years, 7 months, 27 days. The 
answer was correctly given: 67,234,384,000. At a meeting 
of his friends which was held for the purpose of concerting the 
best method of promoting the interest of the child by an edu- 
cation suited to his turn of mind, he undertook and succeeded 
in raising the number 8 to the sixteenth power, and gave the 
answer correctly in the last result, viz; 281,474,976,710,656. 
He was then tried as to other numbers, consisting of one 
figure, all of which he raised as high as the tenth power, with 
so much facility and despatch that the person appointed to take 
down the results was obliged to enjoin him not to be too rapid. 
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With respect to numbers consisting of two figures, he would 
raise some of them to the sixth, seventh and eighth power, but 
not always with equal facility : for the larger the products be- 
came, the more difficult he found it to proceed. He was asked 
the square root of 106,929, and before the number could be 
written down, be immediately answered 327. He was then 
requested to name the cube root of 268,336,125, and with 
equal facility and promptness he replied 626. 

Various other questions of a similar nature respecting the 
roots and powers of very high numbers, were proposed by 
several of the gentlemen present; to all of which satisfactory 
answers were given. One of the party requested him to name 
the factors which produced the number 247,483, which he did 
by mentioning 941 and 263, which indeed are the only two 
factors that will produce it. Another of them proposed 171,- 
395, and he naraed the following factors as the only ones, viz : 

5X34279, 7x24485, 59x2905, 83x2065, 35x4897, 
295x581, 413x415. 

He was then asked to give the iactors of 36,083, but he im- 
mediately replied that it had none ; which in fact was the case, 
as 36,083 is a prime number." 

" It had been asserted and maintained by the French mathe- 
maticians that 4294967297 (=2** +1) was a prime number ; 
but the celebrated Euler detected the error by discovering that 
it was equal to 641x6,700,417. The same number was pro- 
posed to this child, who found out the factors by the mere 
operation of his mind. On another occasion, ha was requested 
to give the square of 999,999 ; he said he could not do this, 
but he accomplished it by multiplying 37037 by itself, and that 
product twice by 27. Am. 999,998,000,001. He then said 
he could multiply that by 49, which he did : Ms. 48,999, 
902,000,049. He again undertook to multiply this number by 
49: Ans. 2,400,995,198,002,401. And lastly he multiplied 
this great sum by 25, giving as the final product, 60,024,879,- 
950,060,025. various efforts were made by the friends of the 
boy to elicit a disclosure of the methods by which he performed 
his calculations, but for nearly three years he was unable to 
satisfy their inquiries. There was, through practice, an in- 
crease in his power of computation ; when first beginning, he 
went no farther in multiplying than three places of figures ; it 
afterwards became a common thing with him to multiply four 
places by four ; in some instances five figures by five have been 

Some persons had very strange ideas as to the manner in 
which he reckoned ; on one occasion, a gentieman came in, 
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and after putting some questions, began to believe that the boy 
was assisted by some note or hint furnished to him by some 
one concealed in the room ; he doubted so far as actually to 
request leave to carry him out into the street at a distance from 
the house, away from his father, to ascertain whetlier the same 
readiness of reply would be evinced. 

At another time a man came in while the room was full of 
company, having something wrapped up in a handkerchief 
under his arm, and taking the fatJier aside, requested leave to 
propose as his question, *' What book had he in his handker- 
chief?" he manifested considerable dissatisfaction because the 
question was not allowed." 

By this time the child, then between 8 and 9 years old, had 
at intervals learned to read and write, and he remarks tbat he 
was fond of reading as a pastime. 

"In the studies to which he subsequently gave his attention, 
he manifested no uncommon skill or quickness, though his pro- 
gress was always respectable. The acquirement of language 
was easy and pleasant; Arithmetic, (in the books,) entertain- 
ing; Geometry, plain but dull." — Mem.p. 40. 

In March 1814, a private instructor was employed to teach 
the youth Mathematics. 

"As might be expected from the nature of his early gift, he 
ever had a taste for figures. To answer questions by the mere 
operation of mind, fbough perfectly easy, was not anything in 
which he ever took satisfaction; for, unless when questioned, 
his attention was not engrossed by it at all. The study of 
Arithmetic was not particularly easy to him, but it afforded a 
very pleasing employment, and even now, were he in a situa- 
tion to feel justified in such a course, he should be gratified to 
spend his time in pursuits of this nature. The faculty which 
he possessed, as it increased and strengthened by practice, so 
by giving up exhibition, began speedUy to depreciate. This 
was not as some have supposed, on account of being engaged 
in study; it is more probable to him that the study of any 
branch that included the use and practice of figures would 
have served to keep up the facility and readiness of his mind. 
The study of Algebra, while he attended to it, was very plea- 
sant but when just entering upon the more abstruse rules of 
the first part, he was taken away from his books and carried 
to France." — Mem.p. 68. 

In 1814, Mr, Colbubn and son went to France where the 
son was fortunate enough to obtain a place in the Lyceum 
Napoleon, where he spent several months. In 1816 he returned 
to London, when he obtained a situation at Westminster school 
where he remained about three years. 
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In allusion to the study of Geometry, Mr. Colbubh 

remarks : 

"Many have inquired if the study of Geometry was easy 
to him ? He never found, that he recollects, any difficulty in 
understanding the demonstrations laid down by Euclid, Their 
fitness and adaptation to the various prohlems or theorems 
were very evident to his mind, but the study was always dry 
and devoid of interest. The reason probably was, while 
studying he did not realize, even in anticipation, the benefits 
of such a science; had he been engaged in some pursuit that 
would have required the continual introduction and application 
of Geometrical principles, the subject would have assumed an 
interesting appearance, his mind would have been engaged in 
it, and he would have remembered the principles and ai^ur 
ments laid down." — Mem. p. 114. 

After leaving Westminster, Mr. Colbuen and his son being 
both without means of support, the stage was suggested 
and Zekah was placed under the instruction of Charles 
Kemble; but his dramatic career was brief, and not flatter- 
ing; and he afterwards spent two or three years in misery 
through want of means and want of employment. He was 
then from 15 to 17 years of age and had long ceased to ex- 
hibit his peculiar powers for a support. Indeed his extraordi- 
nary powers seemed to leave him, as he acquired general 
education, and ceased to exercise them. 

In 1821 he obtained a school and spent several months in 
that employment, and in aiding Dh. Yoitng, in astronomical 
calculations. February 14, 1824, his father died, and soon 
afterwards the son embarked for America. After visiting 
home he engaged in teaching and afterwards became a Me- 
thodist travelling preacher, and continued in that profession 
untn his death; which occurred in 1839. His remains now 
lie in the town of Norwich, Connecticut, without a stone to 
mark the spot. Such is fame. In heart, he was one of the 
excellent of the earth. 

What might have been effected by die aid of a profound 
education, cannot be known; but it is fair to presume, from 
his own account of himself, that though he possessed respect- 
able talents, his mental endowments were not of a superior 
order; neither did he seem to possess common tacl for acquir- 
ing a livelihood, and the father appears to have had less than 
the son; hence they were harassed with want, and instead 
of helping themselves spent their time in soliciting aid from 
others. The education of Zehaii was respectable, although 
not what his friends desired. He possessed very considerable 
mathematical knowledge, and was familiar wi^ the French 
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language, which he learned during his stay in France where 
he also made some proficiency in the German; and during 
his attendance at Westminster he must have made very con- 
siderable proficiency in the Latin: added to al! this was the 
intercourse he necessarily had with mankind during his travels, 
which was well adapted to improve his mind, for the individ- 
uals with whom he associated were generally of the right kind 
to induce improvement. 

The following are some of the methods of calculation pur- 
sued by CoLBURN, as explained in his memoirs, 

" In extracting the square root, his first object was to ascer- 
tain what number squared would give a sum ending with the 
last two figures of the given square, and then what number 
squared will come nearest under the first figure in the given 
square when it consists of five piaces. If there are six figures 
in the proposed sum, the nearest square under the two first 
figures must be sought, which figures combined will give the 
sum required ;" and the cube root is found by ar» application 
of the same principle. The manner in which he proceeded to 
find the factors of numbers was somewhat similar. He ascer- 
tained or rather bore in mind what numbers had certain termi- 
nations, and narrowed down his search by the application of 
estabh^ed principles bearing upon the case. If for instance 
the given number was odd, he knew (hat the factors must be 
odd, and if it was not divisible by any proposed number, it 
could not be by any multiple of such number ; thus his pro- 
cess was narrowed down, but stili left too wide for the skill of 
the ordinary mind. 

His process of multiplying involved less difficulty, and was 
something like this : he first divided the factors into their 
round numbers, thus r Multiply 1675 by 325. 
1000 
600 300 



Then in his mind he mulUplied 1000 by 300 and remembered 

the product , . - - 300,000 

Then 600 by 300, and the product 180,000, 

added to the other, makes - - 480,000 

Then 70 was multiphed by 300, making 21, 

000, and being added to 480,000 made - 501,000 

To which lastly the product of 5 by 300 being 

added we have - - - - 502,500 

This disposes of the 300, and we take 20 times 

1000=20000, which makes - ' - 522,500 
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Then 20 times 600=12000, which added 

makes ----- 534,500 

And 20 times 70=1400, ■which added makes 535,900 

Then 20 times 5^100, which added makes 536,000 
This is the product by 320, to which we add 

the products of the several parts by 5, viz : 

1000 by 5=5000, making - - 541,0R0 

Then 600 by 5=3000, making - - 544,000 

Then 70 by 5=350, making - - 544,350 

Then 5 by 5=25, making the whole product 544,375 

This process is pecuhar in beginning at the highest place 
instead of the lowest; but it is plain that for mental operation 
this is far better, as the large numbers are so much more easily 
remembered from having no low places until almost the last. 
It is true that the process is prolix, but it is nature's process, 
and probably was used before our more artificial mode, and it 
may be profitable to compare it with the common mode, that 
botji may be better understood ; for when they are carefully 
compared, they will be found very much alike. Let us com- 
pare the calculations ; 1675 
325 

8375 



Product as before 



544,375 



He began by multiplying from left 
to right, so that bis products would 
stand thus, and a little observation 
will show that it is in effect the same 
process we daily use, only that we 
abridge it by carrying as we proceed 
from right to left. Compare for in- 
stance the products by 5, the last 
four products in the operation, with 
the product in a single line, and it 
will be found substantially the same. 
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Altliough the foregoing were given by Colbura as his modes 
of calculation, we are inclined to doubt their accuracy ; for 
some of them seem to pre-suppose a knowledfje of figures, 
which he certainly did not at that time possess. We are rather 
inclined to the belief that having become, at the time he defined 
his modes, somewhat acquainted with tiie use of figures, and 
being anxious to satisfy the reasonable curiosity of the world 
to learn his modes of calculation, he deceived himself in using 
characters while describing a purely mental operation ; for as 
he knew nothing of any representatives of numbers, he must 
have contemplated numbers themselves, 

Perhaps the present will be as fevorable a time as any other, 
to draw a distinction absolutely necessary to be made, between 
mental calculation by means of figures, and mental calcula- 
tions without their aid. The latter is what we would under- 
stand by the term Mental Arithmetic ; but the term is generally 
applied to all calculations in which neither sensible objects nor 
figures are used. Pestallozi carried this practice with his 
pupils to a very great extent ; and every child that commences 
oral exercises before using characters, must study in the same 
way ; but alter learning in the usual way, our mental calcula- 
tions are very similar to our written ones, and this without re- 
ference to the question whether we have studied the subject 
analytically or synthetically. Perhaps it is almost impossible, 
after becoming familiar with figures as the representatives of 
numbers, to calculate numbers entirely in the abstract. Our 
calculations seem naturally to flow into the common form, only 
carrying on the operation by concentrating the attention and 
imagining how the quantities would appear if written Prac- 
tice and effort will discipline the mind so as to enable it to 
produce astonishing results ; and yet there maj be little m\ en 
tion, and nothing whatever peculiar in the mind 

It is said of the celebrated mathematician, Euli.r, that two 
of his pupils having diffijred in the result of a comLigmg 
series of seventeen terms, at the fiftieth figure of the result, he 
reviewed their work mentally, and pointed out the proper cor- 
rection. This was probably in the latter part of his life, as the 
loss of his sight then compelled him to cultivate mental calcu- 
lation, and to avail himself of the aid of an amanuensis, lie 
was then able mentally to raise any number less tlian a hun- 
dred to the fifth or sixth power, without difiiculty. He had 
always however cultivated in some degree the habit of mental 
calculation. 

Dr. Waliston tells us that he himself could in the dark 
perform multiplication, division, and the extraction of roots to 
forty decimal places ; that he once proposed to hiniself, while 
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in bed, a number of fifty-diree places, and found the square 
root though extending to twenty-seven figures ; and that 'sith- 
out writing a single figure, he dictated the result from memory 
twenty days after. 

We sometimes meet with clerks who are ahle to extend the 
amounts in bills of items, and to sum up the total, with the 
apparent rapidity of thought. This may be in part the result 
of natural quickness, but it is much more dependent on prac- 
tice and close attention in observing the relations of numbers. 
For this purpose too it is desirable to be familiar with the pro- 
ducts of numbers as far as 20 or 30 at least, instead of 12, the 
ordinary limit of the multiplicalion table ; and to become 
familiar with every time and labor saving expedient. The 
following calculations are said' to have been performed by 
Abraham Hagahman, of Brighton, Monroe County, New 
York, and though they indicate nothing of the peculiar genius 
of Cap or of Colburn, they show very clearly the power of con- 
centrated attention and long continued practice ; for it is said 
that mathematical studies, and especially the solution of diffi- 
cult problems, has occupied his chief attention for thirty years, 
fourteen of which he has been an invalid. The experiment of 
mental calculation however has been commenced within a few 
years. We extract the following from his calculations. 
1st. 987654x345678-=341,410,259,412. 
2d. 9753214x2345678=22,877,899,509,092. 
3d. 46375619X54625125=2,533,273,984,827,376. 
4th. 123456789x123456789=15,241,578,750,190,521. 
5di. 9615324516X4256484144=40,927,476,341,768,474, 
304. 

6th. 82527613529 x 49243126216 = 4,063,917,689,313, 
816,176,264. 

7th. 951427523675 X 484324256144 = 460,799,427,678, 
822,324,209,200. 

8th. 831532463519 X 643234375246 = 534,870,264,668, 
411,251,650,674. 

9th. 648728416968 X 421875625125= 273,682,706,444, 
726,657,121,000. 

The first, second, third and fourth of the above operations 
he accomplished in from one and a half to two hours. The 
fifth, sixth, seventh, and eighth, occupied from two to three 
bouis. The ninth he accomplished in less than one hour, 
owing to the favorable character of the multiplier, this is 
certainly a great feat to be performed " in tlie head" alone ; 
and shows very clearly what can be done by persevering 
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effort, with perhaps no peculiarity of mental constitution, ex- 
cept a fondness for such amusements. Close attention is all 
important, it is the great constituent of inventive powers. Sir 
Isaac Newton says, " It is that complete retirement of the 
mind within itself, during which the senses are locked up — 
that intense meditation on which no extraneous idea can in- 
trude — that firm, straight forward progress of thought, devia- 
ting into no irregular sally, which can alone place mathemati- 
cal objects in a light sufficiently strong to illuminate them 
fully, and preserve the perceptions of the mind's eye in the 
same order that it moves along." 

This power over the attention may be acquired to a great 
extent, by any one of sound mind, but with very different de- 
grees of readiness, and probaHy not always to the same ex- 
tent by different persons. In some this power seems natural, 
while with others the acquisition costs great labor. The 
perceptive faculties are very different in different individuals, 
and this is true in regard to perceiving the relation of numbers, 
as wel! as all other mental perceptions. In some, this faculty 
seems peculiarly obtuse, and they practice calculations wim 
great difficulty. Some men even of fine minds require great 
effort in order to learn the simplest rules of arithmetic ; and 
Humboldt speaks of the Chaymas, (a people in the Spanish 
parts of South America,) that have great diiSculty in compre- 
hending any thing that belongs to numerical relations ; and 
that the more intelligent count in Spanish, with an air that 
denotes a great effort of the mind, so far as 30, or perhaps 50. 
He mentions, as a peculiarity, that the corners of their eyes 
are turned up towards their temples. 

James Gaksy, who was remarkable for his powers of calcu- 
lation, resided some years ago at Harper's Ferry, Va., and 
from J. A. FiTzsiMMONs, Esq., who was intimate with him, 
we have obtained the following account. 

Mr. Garry was boni in the county of Antrim, in Ireland, 
but immigrated to this country in early life. He was first em- 
ployed in New York cit)-, at a large salary ; and subsequently 
by Tiffany, Shaw & Co. of Baltimore, While there it was 
customary for one of the clerks to call over the items of the 
largest bills of goods, and as rapidly as the clerk could write 
them down, Garry would give the extension of each line and 
the footing of the bill ; without requiring the clerk to delay a 
moment, and with absolute certainty of being right. He was 
subsequently employed as a clerk by Messrs Wager & 
O'Byrne, of Harper's Ferry, Va., Commission Merchants, 
where we first heard of him ; and where Mr. Fitzsimmons 
was a fellow clerk with him. In a social point of view, he 
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Speaks of him as exceedingly ■warm hearted, though with a 
tinge of melancholy, that was probably increased by an un- 
fortunate habit of intemperance. An estimate may be formed 
of the extent of this singular gift, from the fact that while at 
Harper's Ferry, his former employers at Baltimore offered him 
§2000 dollars per annum, if he would return and bind himself 
to be temperate. But he declined. He was not prepossessing 
in Ills manners, and though a tolerable penman, was entirely 
unacquainted with Grammar, Geography, History &c., his 
great forte being mental calculation ; if that can be called cal- 
culation, which seemed to be mere perception. Mr. Fitzsim- 
raons says " His powers of calculation were indeed wonderful, 
and the gift was natural—not acquired. He was never known 
to make a mistalce, except when working with peri or pencil 
to show work; and then but seldom. He could give the sura 
total of any sum of figures, momentarily, without his ever 
having been found in error in any case; but he had very little 
ability for any science except figures. He was almost as 
prompt in tiie iiigher branches of arithmetic as in the elemen- 
tary; though complex operations evidently cost him thought. 

He could give no account of his modes of operation, but 
said the answer came instantly, and stood right before his 
y t he had only to read what he mentally saw. He 

d med to be there as by magic. In speaking of the 

t and summing up of a long bill of items, he remarked 

t f d tfiat " The items seemed to pass before him like 
th 1 t in Macbeth, at the same time adding themselves 
t th s they overtook each other in the journey; thus in- 
n bulk until the whole were united, and the sum total 
W t ce before him." 

I ver to the question whether liiere seemed to be any 

p f reasoning, Mr. Fitzsimmons stated that the result 

m d t be matter of instantaneous perception, and that Mr, 
G y described it; but stated that in difficult problems 
th w some little delay, and indications of mental effort, 
but Mr. Garry seemed to think, as he expressed it, that the 
operation was the same, "oidy the ghosts rose a little slower, 
and moved more solemnly." When intoxicated, his answers 
were rather less prompt, but still accurate. 

About 1837 or '38, he visited St. Louis where he died, aged 
about 38 years. 

Jedediah Buxton, of England was another instance. He 
was uneducated, and wrought his solutions by his native in- 
genuity. The following is given as one of his performances. 
"On being required to multiply 456 by 378, he gave the pro 
duct in a very short time; and when requested to work the 



..Google 



370 ARITHMETICAL PRODIGIES, &c. 

question audibly, so that his process might be known, he 
multiplied 456 first by 5, which produced 2280; this he again 
multiplied by 20, and found the product 45,600, which was 
the multiplicand multiplied by 100; tliis product he again 
multiplied by 3, which produced 136,800, the product of tffe 
multiplicand by 300. It remained then to multiply by 78, 
which he effected by multiplying 2280 (the product of the 
multiplicand by 5) by 15, as 5 times 15 are 75. This pro- 
duct being 34,200, he added to 136,800, which was the pro- 
duct by 300 and the sum 171,000 was 375 times 456. To 
complete the operation he multiplied 456 by 3, which produced 
1368, and having added this number to 171,000, he found the 
result to be 172,368." 

From this it appears that he was so little acquainted with 
the common rules as to multiply by 5 and then by 20, to find 
what the mere addition of two ciphers would have given him. 
In fact the whole operation seems awkwardly adapted to men- 
tal calculation ; but with him it was probably natuie's meHiod, 
and it produced the sought for result We have not the full 
and satisfactory account of his con'stitution ind habits that 
would be desirable; nor do we know anj tlimg of hii subse- 
quent history. In order fully to appreciate such phenomena it 
is necessary to know more than merely the results produced 
by them. 

We have seen an account of a clerk in the wir ofSce, in 
France, who in six minutes extracted the iquire root ot 
20,511,841; and in a qu-irter of an hour, without any written 
memoranda, gave the pioduct of 379,625,348 multiplied by 
itself. But we know nothing of him beyond tliis performance, 
and of course cannot class him with any other. 

In 1845 a child named Prolongeau, aged about six years, 
was announced in the city of Paris, that resolved difficult 
arithmetical problems, and even elementary operations in 
algebra; and a committee was appointed by the Jlcademy of 
Sciences to report the facts of the case, with his modes of opera- 
tion, &e. His countenance is spoken of as expressive; but 
we have been unable to learn further particulars, or that the 
committee has reported. 

George Bidder, a native of Devonshire in England, bom in 
1805, afforded another instance of extraordinary calculating 
powers when a mere child; and a number of gentlemen in 
Edinburg, undertook the charge of his education; with the 
design of cultivating his powers to the utmost extent. But 
though he excelled in Numbers, he proved nothing more than 
common in Geometry ; and by no means realized the hopes 
of his friends. When only eleven years of age, he would 



..Google 



ARITHMETICAL PRODIGIES, &c. 871 

solve difficalt algebraical problems in a minute or two ; but 
he failed in Geometry. 

We might mention other instances noticed in books, but we 
have not such particulars as would enable us to give a satis- 
factory account of them ; and after having mentioned two or 
three minor cases in our own country, we shall close with' a 
somewhat detailed account of Truman Henry Saffohd, who 
differs from all the foregoing, and is perhaps the most remark- 
able character in tliis respect, known to be in existence. 

An individual, named Peter M, Deshong, has been tra- 
versing the United States for several years past, who possesses 
an astonishing degree of quickness in performing the elemen- 
tary operations of Arithmetic, and especially in adding num- 
bers; but his knowledge seems limited to the mere elements 
of the subject. We saw him several years ago and again 
very recently and have no hesitation in saying that in adding 
together long columns of numbers, he very far exceeds in 
rapidity, any other person that we ever saw attempt the opera- 
tion His eye catches the numbers with the rapidity of 
thought, ind he gives tbe result almost at a glance. In mul- 
tiplymg, he uses but a single line, however large the muitipiier 
maj be, and m dividing, he uses a mode very similar to short 
diviiion, the remT.inders only being set down. He manifests 
unwillmgness to engage in calculations involving intricacy, 
And we doubt his ability to reasen to any considerable extent 
on the subject 

His practice is to travel from one important point to another, 
and exhibit his powers of calculation; at the same time offering 
for five or ten dollars to teach others to perform with equal ra- 
pidity. This he asserts he can do in half an hour; and to aid 
in the imposition he carries with him charts professing to give 
his modes of operation. Within a few years he has entirely 
changed his charts, and they are now well adapted to his pur- 
pose. Having carefully examined both his old and his revised 
charts, we have no hesitation in saying that he who expects to 
derive any thing valuable from them in regard to adding num- 
bers, or from the instruction of their author, will find himself 
mistaken. His mode of multiplying is ingenious, and might 
be profitably employed by many ; and to some extent the same 
is true of division ; but his power of rapidly adding and other- 
wise combining simple numbers, is nature's gift as much as 
Zerah Colburn's was, and cannot be bought for money, not 
acquired by any ordinary amount of practice. In addition to 
the peculiarities of nature, Mr. Deshong's whole time is de- 
voted to these operations, and he has evidently improved by 
practice. Like all others whose minds are e 
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to numbers, his memory on the subject is pecuharly retentive 
and prompt ; and thus he is greatly aided in producing results. 
His bold and positive assertions are calculated to deceive 
many ; but we understand thorougbly his professed modes of 
operation, and we have seen no one who has profited by his 
instruction in the addition of numbers. We say his professed 
mode, for we do not for one moment believe that he adds in the 
manner indicated by his charts. Addition may be thus per- 
formed, but the labor wonld be greater than in the ordinary 
way, and could not be performed so rapidly, unless when num- 
bers are set down with special reference to that mode of addi- 
tion. We have no wish to speak uncourteously of Mr. De- 
SHONG, but fi;el it to be our duty to warn the unwary, without 
wishing to prevent any one who desires to seek his mstruction 
from doing so. For his mode of multiplying, see page 280. 

We have received a detailed account of the peculiar powers 
of John Winn, formerly of Clark County, Ohio, and as the 
case differs from such as we have been considering, we shall 
give pretty free extracts from the letter before us. 

" In person he was large, and in the latter part of his life 
corpulent. The features of his face were prominent, and in- 
dicated decision and determination. Whatever he undertook 
was pursued with ardor ; and this remark applies as well to 
his religious and political opinions, as to his business transac- 
tions. He was decided in his friendships and his antipathies. 
His eariy education was limited, but as far as it went, was 
accurate and thorough. He was a good practical surveyor ; 
his written compositions were free from errors in orthography 
or syntax, and his hand writing unusually neat, compact and 
uniform. Papers drawn by him were always executed in a 
business-like manner. 

The most remarkable feature of his mind, however, was his 
facility in calculation. He was for some years engaged in 
buying and driving cattle and swine to market; and he prided 
himself on the rapidity and accuracy with which he could as- 
certain the numbers contained in droves, especially of swine. 
An opening would be made in a field containing a large drove, 
and he would sit on horseback, near the gap, and count as the 
animals were driven through, expressing himself audibly in 
something like this manner : '< Twenty-five — sixty — eighty — 
rush them on boys ! — hundred and twenty," and so on. Not- 
withstanding the rapidity with which he counted, he rarely 
ever mac'e a mistake ; and his estimate was considered con- 
clusive. 

In adding multiplying and dividing numbers, he possessed 
uncommon facitity. Instead of summing up units, tens, hun- 
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dreds, &c. separately, as is usual in addition, he would run 
the whole up together with as little apparent trouble as a com- 
mon operator would fee! in adding up a single column. In 
multiplying or dividing by numbers of two or three places he 
took the whole together as we do numbers under 12. He 
was fluent in conversation, possessed a retentive memory ; and 
with early discipline would have been capable of superior at- 
tainments. 

We have met with a description of George Blesins, son 
of John Blesins of Nashville, that would seem to rank him 
amongst the most remarkable prodigies of the present or the 
past ; but we have been unable by writing, to learn any thing 
further respecting him. 

George Blesins is described as being about seven years of 
age, (in 1847) of common statue, in good health, and very in- 
teresting in his appearance and manners. His head is un- 
usually large, his countenance one of those speaking ones 
that tell the fire within ; while his whole demeanor is digni- 
fied and commanding. Our informant states that on asBng 
him the product of 25 by 25, he answered instantly 625 ; and 
on being asked how he knew, he said "20 by 20 is 400; 5 
by 20 is 100, and this doubled is 200; 5 by 5 is 25; and then 
400 and 200 and 25 make 625." 

" He was then asked how many inches there were around 
the globe. He replied that there is a certain number of inches 
in a mile, and this number multiplied by 25,000 will give the 
circumference in inches. While his thoughts were engaged 
in the calculation, there was considerable merriment among 
the company, which did not divert his attention the least. 
Some person spoke to him, to see what effect it would pro- 
duce upon him. He replied, "Be patient a moment and then 
I will answer." Nothing could change the current of his 
thoughts when once put in motion. He in three minutes gave 
the exact distance round the globe, in inches; and this entirely 
by a mental process, _;%r he knew nothing of figures." 

Other instances of his calculations might be given, but we 
have not room. His powers of mind seem adapted to reason- 
ing generally, and hence he belongs rather to the Saflbrd than 
the Colbum school. 

We shall close the notices of these cases with an account 
of Teuman H. Saffoed, whom we shall notice somewhat 
fully. 

Truman Henry Safford, Jr., is tiie son of Truman H. Saf- 
FOBD, Esq., of Royalton, Vermont, where the son was born on 
the 6th of January, 1836. His frame is slight and his health has 
33 
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always been delicate, though he 11 represented as now acquir- 
ing greater strength. His hair and eyes are dark, and the 
latter shine with pecuhar biiUianc) while his native modesty 



and kindness of manner, render hira pecuharly interesting. 
His moral and reasoning taculties are astonishingly developed ; 
but we might well say of his body, as a steamboat captain is 
reported to have exclaimed of John Quincy Adams, while 
contemplating that wonderful man as he stood, in venerable 
age, the centre of an admiring group, "0 that we could tako 
the engine cut of die old Adams, and put it into a new hull !" 
But he that formed the brilliant machinery of young Safforb's 
frail bark, can give it strength for his purpose in the hour of 
need. 

At twenty months of age he had learned Ijis letters, and 
already could be seen the workings of" faculties that were soon 
to 3stonish every beholder. At three years he was familiar 
with many things seldom noticed by those of twice his age ; 
and already, though but a prattling child whose tongue had 
but imperfectly learned the legerdemain (excuse the solecism) 
necessary to shape the words he used, his mind was breaking 
its fetters and struggling to understand the objects around 
him. He was sent to school, but the rules of study and of 
recitation were irksome to him, and he pieferred to be at home 
where he could revel in study without control. In arithmetic 
he could not confine himself to the dull routine of the common 
rules and modes of operation. He saw the whole at a glance, 
and went through with a hop, skip and a jump, where others 
spent their days and weeks in slowly feeling tlieir way. In- 
stead of the neatly arranged rows of figures and the long 
columns that gradually step by step brings the result to the 
light of common minds, he would throw upon his slate a mass 
of half expressed numbers, in heterogeneous confusion, whde 
his mind leaped beyond, and the conclusion was reached ; 
but by giant strides that his teacher could not follow; and it 
was very soon concluded to leave him to his own course. His 
studies embraced every thing and any thing that came in his 
way — Geography, Chemistry, Grammar, and whatever afforded 
food for thought ; and all were pursued with success. 

The subjoined account of this wonderful youth was written in 
January,1846,bytheRev,HENKY W.Adams, agent of die Ame- 
rican Bible Society, and contains as full an account as may be 
necessary for our purpose. We may add that since Mr. Adams' 
article was written, ample provision has been made for the boy's 
education at Cambridge University, by the noble generosity of 
some public spirited friends of science ; and he is now receiving 
every attention that can guard his health carefully, while he is 
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enjoying the benefit of the greatest facilities that books, appa- 
ratus and living instructors can furnish. In order that his 
parents may watch over him, arrangements have been made 
to justify Mr. Safford in removing with his family to Cam- 
bridge and to support them for five years, during which time 
Henry is to remain in that institution free of charge. Every 
precaution is used to protect his health, and for this puipose 
strangers are not allowed to visit him unless by express per- 
mission ; while a board of physicians constantly guard against 
excess of study ; and all tests of his powers, for the gratifica- 
tion of visiters are forbidden. From a friend who has the best 
opportunity of knowing, we learn that his general health and 
strength are improving under the judicious course pursued, 
and that he is rapidly advancing in his studies. He entered 
the University in September, 1846, and the guardians of his 
education furnish him with books and instruction, for five years 
at least; so that whatever may be the result, flie friends of 
science will have the consolation of knowing that every effort 
has been made to foster the talent that now promises so much 
for the cause of human knowledge. We ought to remark lliat 
before the Cambridge arrangement was made, the youth calcu- 
lated almanacs for 1846 and 1847, both of which were pub- 
lished, as well .as an edition for 1847, adapted to the latitude 
of Cincinnati, and published in that city. He was but little 
over nine years of age when the almanac for 1846 was calcu- 
lated, and only ten when those for 1847 were calculated. This 
was certainly an effort of childhood that has no parallel. 

We will now give Mr. Adams' account of his inteiTiew 
with the boy in January, 1846. 

" Being a few days in tlie vicinity of Royalton, Vermont, 
on business connected with my Bible agency, I was induced, 
by the reports I had often seen in the public prints, of a remaik- 
able boy of that town, to pay him a visit. The name of tliis 
precocious youth is Truman Henry Sapford, Jr. At the 
age of twenty months he learned his letters Before three 
jears old, he would reckon time upon a clock almost intuitively. 
He also leiined to enumerate ac;,ording to the Roman method 
fiom Webstei's spelling book He commenced going to school 
when three j ears old, but this he did not like Since then 
he has been but lery little, and now goes none at all His 
mode of stidj was perfectly unique He did not puisue the 
common circuitous route to the results of study Probably no 
college m the United States could mstiuct him much, if any. 
When he first began to go to school, his teachers could not 
romprehend hi<! wa>s, nor instruct his infant mind Every 
branch of study he could mister alone, with rtpiditj and ease. 
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He commenced Adams' New Arithmetic on Tuesday morning, 
and finished it completely on Friday ni^t! And when he 
finishes a book it is done perfectly. He would not fully set 
down his sums, but cover his slate with a shower of figures, 
and at once bring out the answer. The teacher would look 
on in astonishment, unable to keep up with him, or to compre- 
hend his operations, carried on in his mind with the rapidity 
of lightning, and then dashed upon the slate, no matter which 
end first. His thirst for all kinds of knowledge is very great. 
The whole circle of the sciences is as familiar to him as a 
household word. His father obtained for him Gregory's Dic- 
tionary of the Arts and Sciences, in three large volumes, 
ITiis work, you know, is a vast encyclopedia of knowledge, 
treating briefly upon all branches of human knowledge. This 
was just the work he wanted ; for an outline of any tiling is 
enough — he can make the rest. It was this book that first 
gave him a taste for the higher mathematics. Here Jie found 
tiie definition of a logarithm, and from this alone, went on and 
made almost an entire table of them before ever seeing one. 
One day he went to his father and told him he wanted to cal- 
culate the eclipses and make an almanac! He said he wanted 
some books and instruments. His father tried io put him off; 
but the boy followed him into the fields and whithersoever he 
went, begging for books and instruments, with a most affecting 
importunitj-. Finally, his father promised to accompany him 
to Dartmouth College, and obtain for him, if possible, what he 
wanted. At this the boy was quite overjoyed ; so much so, 
that when they hove in sight of the college, he cried out in 
raptures, " O, there is the college ! there are the books! there 
are the instruments !" But they did not find all they wanted. 
At Norwich, however, they made up their complement. On 
coming home, the boy took Guraraere's Astronomy, opened it 
in the middle, rolling it to and fro, and dashing through its dry 
and tedious formulas, went out at both ends. By the way, this 
is his usual mode of study. He does not begin any book at 
the beginning, but always in the middle, and then goes with a 
rush both ways. I asked him if, when he opened Gummere's 
Astronomy in the middle, he could compiehend those compli- 
cated formulas which depended on previous demonstrations. 
He replied, he could generally, but sometimes he " looked 
back a little," On arriving home, he projected several 
eclipses, and also calculated them through all their tedious 
operations by figures. This, as all mathematicians know, in- 
volves a knowledge of the labyrmth's of mathematics, and also 
of formulas and processes most complicated and difficult. He 
has recently made an almanac for A. D. 1846. Two editions 
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—the first of seven thousand copies and the second of seven- 
teen thousand — have already been published and nearly all 
sold. In the almanac are the calculations of two eclipses of 
the sun, wrought out wholly by its infant author, besides other 
valuable tables ; especially one showing the amount of duties 
on wool, under all die tariffs since the formation of the govern- 
ment up to the act of 1842. This table the boy calculated 
alone. And that he calculated, without aid, the two eclipses 
of the sun, is attested by the pablished certificates of judges, 
lawyers, doctors, and clergymen. 

Not satisfied with the old, circuitous process of demonsti-a- 
tion, and impatient of delay, young Safford is constantly 
evolving new rules for abridging his work. He has found a 
new rule by which to calculate eclipses, hitherto unknown, so 
far as I know, to any mathematician. He told me it would 
shorten the work nearly one-third. When finding this rule, 
for two or three days he seemed to be in a sort of trance. One 
morning, very early, he came rushing down stairs, not stop- 
ping to dress himself, poured on to his slate a stream of figures, 
and soon ciied out in the wOdness of his joy, *'0! father, I 
have got it! I have got it! it comes! it comes!" I questioned 
him respecting this rule. He commenced the explanation. 
His eyes rolled spasmodically in their sockets, and he explained 
his work with readiness. To hear him talk so rapidly, and 
yet so technically exact, and so far above the comprehension 
of all, save the most profound mathematician, put to flight all 
my doubts, and iilled me with utter astonishment. He said 
he did not know as his new rule would work in all cases, but 
as yet it had. He also remarked that the nearer noon the 
eclipse came on, the easier it was to apply his rule. But 
young Saitobd's strength does not lie wholly in the mathema- 
tics. He has a sort of menta! absorption. His infant mind 
drinks in knowledge as the sponge does water. Chemistry, 
botany, philosophy, geography and history, are his sport. It 
does not make much difference what question you ask iiim, 
lie answers very readily. I spoke to him of some of the recent 
discoveries in chemistry. He understood them. J spoke to 
him of the solidification of carbonic acid gas by Professor 
Johnston, of the Wesleyan University. He said he under- 
stood it. Here his eyes flashed fire, and he began to explain 
the process. 

When only four years old, he would surround himself upon 
the floor with Morse's, Woodbcidge's, OIney's, Smith's, and 
Malte Bcun's Geographies, tracing them through and compar- 
ing them, noting all their points of difference. His memory, 
too, is very' strong. He has poured over Gregory's Dictionary 
32* ■ 
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of the Arts and Sciences so much, that I seriously doubt 
whether there can be a question, asked him, drawn from 
either of those immense volumes, that he will not answer 
instantly. 

I saw the volumes and also noticed he had left his marks on 
almost every page. I asked to see his mathematical works. 
He sprung into his study and produced me Greenleaf's Arith- 
metic, Perkins' Algebra, Playfair's Euclid, Pike's Arithmetic, 
Davies' Algebra, Hutton's Mathematics, Flint's Surveying, 
the Cambridge Mathematics, Gummere's Astronomy, and 
several Nautical Almanacs, I asked him if he had mastered 
them all. He replied that he had. And an examination of 
him for the space of three hours convinced me he had ; and 
not only so, but that he had far outstripped them. His know- 
ledge is not intuitive. He is a pure and profound reasoncr. 
In Qiis he excels all other geniuses of whom I ever read. He 
can not only reckon figures in his mind with the rapidity of 
lightning, but he reasons, compares, reflects, and wades at 
pleasure through all the most abstruse sciences, and compre- 
hends and reduces to his own clear and brief rules the highest 
mathematical knowledge. His mind is constantly active. No 
recreation or amusement can avail for any length of time to 
divert him from mental effort. 

Being accompanied by Rev, C N. Smith, of Randolph, Vt., 
who was acquainted with Mr. and Mrs. Safford, I had free 
access to the boy, and ample opportunity for a long and 
thorough examination. I went firmly expecting to he able to 
confound him, as I previously prepared myself with various 
problems for his solution. I did not suppose it possible for a 
boy of ten years only to be able to play, as witii a top, with 
all the higher branches of mathematics. But in this I was dis- 
appointed. Here follow some of the questions I put to him, 
and his answers. I said. Can you tell me how many seconds 
old I was last March, the 12th day, when I was twenty-seven 
years old ? He replied, instantly, " 852,055,200." Then 
said I, The hour and minute hands of a clock are exactly to- 
gether at 12 o'clock : when are they next together .' Said he, 
as quick as thought, " Ih, b^^m." And here I wdl remark, 
that I had only to read the sum to him once. He did not care 
to see it, but only to hear it announced once, no matter how 
long. Let this fact be remembered in connection with some 
of the long and blind sums I shall hereafter name, and see if 
it does not show his amazing power of perception and com- 
prehension. Also, he would perform the sums mentally, and 
also on a slate, working by the briefest and strictest rules, 
and hurrying on to the answers with a rapidity outstripping all 
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capacity to keep up with him. The next sum I gaye him 
was this: A man and his wife usually dranlc out a cask of 
beer in 12 (lays; but when the man was from home, it lasted 
the woman 30 days: how many days would the man alone be 
drinking it? He whirled about, rolled up his eyes and replied, 
"20 days." Then said I, what are the values of x in the 

equation a^+6'^ — 26x+a)':=_^-? He sprung to his slate, 

and dashed on a few figures, and replied in about a minute. 



i=:-i— .(in+x/a'^m^+i^ni"^ — a^n*,) He also eave the 
n^ — m^^ ' ° 

negative value of x. 

Then said I, What number is that which, being divided by 
the product of its digits, the quotient is 3 ; and if 18 be added, 
the digits will be inverted ? He flew out of his chair, whirled 
round, rolled up his wild, flashing eyes, and said, in about a 
minute, "24." Then said I, Two persons, A and E, departed 
from different places at the same time, and traveled towards 
each other. On meeting, it appeared that A had traveled 18 
miles more than B ; and that A could have gone B's journey 
in 15| days, but B would have heen 28 days in performing 
A's journey. How far did each travel ? He flew round tht 
room, round the chairs, writhing his little body as if in agony 
and in about a minute sprung up to me and said, "A traveled 
72 miles and B 54 miles — did'nt they? Yes." Then said I, 
What two numbers are those whose sum, multiplied by the 
greater, is equal to 77 ; and whose difference, multiplied bj' the 
less, is equal to 12 ? He again shot out of his chair like an 
arrow, flew about the room, his eyes wildly rolling in their 
sockets, and in about a minute said, "4 and 7." Well, said 
I, the sum of two numbers is 8, and the sum of their cubes 
153. What are the numbers? Said he instantlj-, " 3 and 5." 
Now in regard to these sums, they are the liardest in Davies' 
Algebra. I have had classes of one hundred scholars who have 
not been able to perform several of them. But young Salford, at 
one reading, comprehended them at a flash, and returned, 
almost instantly, correct answers. He also gave me correct 
Algebraic formulas for doing them. Then I took him into 
Plane Trigonometry. Said I, In order to find the distance be- 
tween two trees, A and B, which could not be directly mea- 
sured, because of a pool which occupied the intermediate 
space, the distance of a third point, C, from each was mea- 
sured, viz: C A=588 feet and C B=672 feet, and also the 
contained angle A C B^^55° 40 min.; required the distance 
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A B? He seized his slate, covered it with a group of figures, 
performed some of it mentally, and brought out the a er n 
about t«o minutes, saying, " 592.967 feet." I tl en ga e h m 
this in the mensuration of surfaces: What is tb e-i ol -t 
trapezoid wliose parallel sides are 760 and 1225 and t\ e alt 
tude 1540 ? He walked rapidly across the floor and wl rie 1 
about to and fro, and replied, " 1,520,750." Then sa d I f 
the diameter of the earth be 7921, what is the circun le en e 
He said, instantly, "24,884.6136." To do thi-i he mult pi el 
7921 by 3.1416. This he did mentally quicker tl a I coul I 
write the answer. Then I gave him this: Howmanj ac es n 
a circuJar piece of ground whose circumference is 31.416 
miles? He sprung on to his feet, flew round the room, and in 
a minute said, "50,265.6." Then, said I, required the num- 
ber of acres of blue sky in an ellipse whose semi-axes ate 35 
and 25 miles? He began to walk the floor again, twisting his 
little body, and whirling his eyes spasmodically, and in about 
a minute said, " 1,759,296 acres," How did you do it ? said 
I. Said he, " Multiply the semi-asBs together, and that pro- 
duct by 3.1416, and that product by 640," And did you per- 
form the entire operation in your mind so soon? " Yes, sir." 
Then I took him into the mensuration of solids. Said I, what 
is the entire surface of a regular pyramid whose slant height is 
17 feet, and the base a pentagon, of which each side is 33.5 
feet ? In about two minutes, after amplifying round the room, 
as is his custom, he replied, "3354.5558." How did you do 
it ? said I. He answered, " Multiply 33.5 by 5, and that pro- 
duct by 8,5, and add this product to the product obtained by 
squaring 33.5, and multiplying the square by the tabular area 
taken from the table corresponding to a pentagon." 

Now let it be remembered that this boy is only ten years old 
— that he did this sum for the first time in about two minutes, 
almost wholly in his head — and who can account for it ? * 

I asked him to give me the cube root of 3,723,875. He re- 
plied quicker than I could write it, and that mentally, " 155, 
is it not?" " Yes." Then said I, What is the cube root of 
6,177,717? Said he, " 173." Of 7,880,599? He instantly 
said, "199." 

These roots he gave, calculated wholly in his mind, as quick 
as you could count one. I then asked his parents if I might 
give him a hard sum to perform mentally. They said they did 
not wish to tax his mind too much, nor oi^en to its full capa- 
city, but were quite willing to let me try him once. Then said I, 
Multiply, in your head, 365,365,365,365,365,365 by 365,365, 
365,365,365,365 ! ! He flew round the room like a top, pulled 
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his pantaloons over the top of Lis boots, bit bis hand, rolled his 
eyes in their socket*;, sometimes smiling and talking', and then 
seemmg to be m agon^, until, in not more than one minute, 
said he, " 133,491,850,208,566,925,016,658,299,941,583, 
225'" Ihe bo>';. father. Rev. C. N. Smith, and myself, had 
each a pencil and slate to take down the answer, and he gave 
it to us in periods of three figures each, as fast as it was pos- 
sible lor us to -wnte them. And what was still more wonder- 
ful, be began to multiply at the left hand, and to bring out the 
answer from left to right, giving first, " 133,491," &c. Here, 
confounded above measure, I gave up the examination. The 
boj looked pale and said be was tired. He said it was the 
largest sum he e\er did i In conclusion, I am aware that this 
narratne is almost mcredible. But let it be remembered that 
I went a skeptic, took a good witness witli me, examined the 
boy carefully, and here pledge my sacred honor that all I have 
here stated is true. Rev. Mr. Smith, of Randolph, Vermont, 
is a witness to the correctness of this report. Further, if any 
are disposed to disbelieve my statement, I beg them to make a 
tour to Royalton, Vermont, where they will find the boy and 
have an opportunity to examine him for themselves. I was 
informed that he had been offered $1000 a year to cast interest 
for a bank not far from his father's. Mr. Safford has received 
many urgent proposals to permit his wonderful son to be car- 
ried round the world for exhibition, but he will not consent. 
Gentlemen of wealth have offered pecuniary aid to furnish the 
boy with books; &c.; especially one of Cincinnati — the patron 
of the distinguished Powers. 

HENRY W. ADAMS. 
Concord, N. H. Jan. 1846. 

In comparing the preceding cases, we find a great diversity 
of general intellect, and even diversity in the prominent fea- 
ture, but in some respects a striking similarity exists. In all 
cases in which the power of calculation exists in an extraor- 
dinary degree, the ability to recollect numbers is found to exist 
also ; and it is believed that it will prove true in every phase 
of mind. We find boys in every school that are dull in this 
subject, and others that are bright, and we find in regard to 
the former, that however the memory may be in other matters, 
it is difficult to cause them to remember rules involving arbi- 
trary numbers, as .7854, 3.1416, &c.; while with the learner 
that dehghts in the subject, these numbers are remembered 
with ease. Something is no doubt to be placed to the differ- 
ence in the ability to concentrate the attention, but this is not 
sufficient to account for al!. There seems to be a natural dif- 
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fereiHie, and this keeps pace with the power of calculation, 
from the dullest to the brightest specimen ; and like the power 
itself it is improvahle by exercise. 

We have already alluded to the distinction that may he 
drawn between the cases (hat seem to possess an unsought 
and apparently unacquired power, and those that are the re- 
sult of patient practice. The former shows itself most clearly 
in uneducated persons, who must of necessity contemplate 
numbers without the aid of figures, by modes of their own 
invention ; while the latter pursue the modes common with 
others, and hence in former cases the results seem the more 
astonishing. But if an individual of ordinary powers were 
faithfully trained by either mode, it would be found that a de- 
gree of proficiency might he acquired, that no one would an- 
ticipate : and this would increase with the intensity of atten- 
tion, which again would be proportioned to Hie proficiency ; 
for we love best and attend most closely to that in which we 
Can excel. 

We have seen detailed accounts of a school kept by J. E. 
Lovell, Esq., at New Haven, Ct, in which mental operations 
in arithmetic are made a very prominent subject of study, and 
the power to which the pupils attain is almost incredible. 
The multiplying of fifteen or twenty places of figures by as 
many, is not unusual, the numbers being set down and th^ 
operation wrought mentally by cross multiplication. The sur- 
prise often expressed on witnessing the performances of arith- 
metical classes, when that science is made the subject of es- 
pecial study, would cease on a more intimate acquaintance 
with the powers of the human mind. Carry the calf daily and 
you may carry it when it becomes an ox. Menial perform- 
ances, being more out of the usual routine of what is seen than 
written ones, excite most surprise ; for he that is busied with 
other cares feels how impossible it is for him to turn away 
from the world and look in upon his own mind with the in- 
tense and unbroken gaze, indispensable to success ; neither 
will tliey who now excite our surprise be able to do so when 
the cares and perplexities of iife come upon them. Even 
Colburn, the wonder of the world, was unable to do his ac- 
customed performances after other cares began to crowd upon 
him. In the case of Hagarman and some others to whom Vl'b 
have alluded, we find persons of maturity ; but they were men 
with whom this was a constantly practised hobby. Hom' far 
the object to be attained will justify the cultivation of this 
talent in youth, to the exclusion of others, is not the subject of 
our discussion. The man who appeared before a king of the 
olden time to show him with what certainty he could throw 
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peas through the eye of a needle, had acquired astonisliing 
(iexferity ; and the king duly appreciated his enterprise when 
he gave him a bag of peas for his pains. The thing can be 
done but is the acquisition worth the time and labor, and 
the sacrifice of other things involved ? 

If in other features the human mind presented no anomalies, 
her freaks in this particular would be more astonishing ; but 
we find scarcely two minds constituted alike, or in which the 



th g g - 

g 
takes the mateiials of Avhich its species usually build their 
nests, or constructsa different form In e\erj case of compu- 
ting power to which we hate alluded, ind m every case in 
community the power is improved bv ciltnation, ind lost by 
disuse. We do not for a moment beheie that Colbum would 
have lost his ability, had he continued to cultuite it; and 
been freed from his pecuniary and other cares and perplexities. 
The term intuitive, as applied to the ca-se is Ibss exception- 
able ; if we understand it to mean " Perceived by the mind 
immediately without the intervention of a tram ot reasoning or 
testimony. Perceived by bare mspection " But it is hard to 
say how far this is true ; for the operitions of the mind are 
often so rapid that the steps elude our observation, and we 
think we see at once, what indeed costs us a train ol leasoning. 
The celebrated Dugald Stewart believed that all the conclu- 
sions of Colburn were reached by processes of reasoning, so 
rapid as to elude his own grasp, and to make no impression 
upon his memory ; and hence he could give no account of 
them. After examining Colburn, Stewart seemed to attribute 
much of his peculiar power to Memory and Concentrated At- 
tention ; but these would produce ramer small results when 
brought to bear on a mental blank. Yet there is no doubt but 
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that a high degree of both was necessary to enab)e him to pro- 
duce results so astonishing to the world. 

It must be that a basis of axiomatic truths exists in ail 
minds; and bare perception, intuition if you please, suffices 
to establish their character. But then tie range and extent 
of these will depend on the ability of the mind to perceive ; 
and the same mind after being cultivated, possesses greater 
ability to perceive and compare than when in a state of nature- 
It might be very difficult to decide where mere perception or 
intuition ceases, and reasoning commences, for they blend by 
shades so imperceptible, that there is no clearly defined line. 
They would seem to vary with different minds, and with the 
same mind under different circumstances. But whether the 
cases under consideration owe their peculiarity entirely to a 
perceptive power, beyond their fellow men, or alone to an 
ability to reason on the subject, with a celerity and accuracy 
peculiar to themselves, or to both combined they are equally 
interesting subjects of philosophical investigation. 

In the case of Cap we find the power over numbers exist- 
ing as almost the only representative of mind ; while in Col- 
burn we find it in connection with an ordinary development 
of the other faculties; and in Safford, we find it combined 
with an astonishing development of the whole mind. We 
regard these three as the most remarkable cases on record ; 
while the others to which we have alluded, seem to fill the in- 
termediate spaces and to show a gradual ascent from the low- 
est to the highest. 

In the first we have an idiotj with no other faculty of the 
mind susceptible of education ; and as the cares of the world 
are not likely ever to intrude, we may expect to see this power 
continue wiffi him, and no doubt it might be increased under 
proper cultivation. In the second this ability perished or was 
choked by the growth of harassing cares and perplexities by 
which its unfortunate and highly sensitive possessor was 
weighed down, at an early age. He lost the indispensable 
power of withdrawing his attention from' other things and 
turning it in upon itself. It would indeed have been strange 
had it been otherwise. Perhaps too the net work of forms 
thrown around his mental operations, in breaking him into the 
ordinary routine of study and school discipline, embarrassed the 
free operation of those modes peculiar to himself; and of course 
adapted to his own mind. Safford differs from all the others, 
possessing the natural power, in being able to perceive and 
announce truths as promptly as they could; and vet to follow 
his own mental operation and make it intelligible to others. 
This would favor the belief that however astonishing the apti- 
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tude might be, and however rapid the perceptions, they are 
still analogous to th ry I y perations of the mind, and 

differ only in <!eg f th of the dullest school boy. 
The talent was not f d t t n Safford, without previous 

indications of mind f f ned, as well as perceived, 

from infancy. And t ht b matter of doubt, whether the 
course he pursues i pi t others, is always the original 

process of his own mil e respect these individuals 
seem to have reseiabl d 1 th , and that was in the effect 
of their mental ope t j th ir bodies, producing violent 

contortions, and s m g t k their whole systems. A 

similar expression f th j 1 o spoken of and an acute- 

ness in moral per pt H w far these things may have 

been true of the oth w t advised. In the case of 

Bidder and of Colb tl b bty -seems to have been con- 
fined to J^umbers, f n th , though tried, excelled in 
Geometry; but Saff d m q lly at home in either. From 
the account given of Wmn, we thmk he might have acquired 
great proficiency as an engineer. His accuracy in estimating 
objects within the field of physical vision was not necessarily 
associated with his power of combining numbers ; but taken 
together, they would have been invaluable to an engineer, or a 
field officer, 

Garry seems to differ in some respects from all the others, 
but not materially so, and we must make allowances for dif- 
ference in description, by different individuals. Though he 
thought he saw through no intervening medium, he admitted 
that in difficult problems "the ghosts moved more slowly and 
solemnly." To his mental vision, the sums of large numbers, 
and tiaeir various combinations, were as clearly present, as the 
sum of 3 and 4 would be to an ordinary mind. 

But with all their powers, if it were sought to make a pro- 
found mathematician it would probably be belter to take a 
subject of ordinary aptitude, with a sound mind in a sound 
body, and whose reasoning iaculties are susceptible of health- 
ful discipline. 

It would be a pleasant task to pursue this subject much 
farther, and for this the material is ample ; but if what has 
been hastily brought together shall lead inquiring minds to 
investigation, tlie object hoped for will be attained. Though 
such cases are rare, they are legitimate and important subjects 
of study. We have done no more on the present occasion 
than merely to throw out suggestions, which we hope others 
will improve. These anomalies are invaluable in the 
study of mind ; like some species of mania, they exhibit the 
mental constitution in weak and strong lights, favorable to 
33 
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contemplation. In the well balanced mind, much of the in- 
ternal working is concealed; but in the cases alluded to, the 
features of weakness and strength stand prominently out, and 
inTite scrutiny. 
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Having concluded the task assigned ourselves at the out- 
set, we shall devote a very few pages to the encouragement 
of the reader ; and more especially the young reader, for we 
know well that we are too apt to be easily discouraged in 
early life. First then, we would say to him, let his object be 
threefold. The Increase of Mental Power — The Acquisition of 
Knowledge— and Skill in its use. 

We have the testimony of the wisest men that have lived, 
that toil is the price of knowledge. Sir Isaac Newton says 
that to patient industry he owed whatsoever of knowledge he 
had acquired; and the present wonder of our countiy, Elihu 
BuKKiTT, the "learned blacksmith," who at less than forty 
years of age, has already learned more or less perfectly, some 
sixty or seventy languages, and studied various branches of 
science, says "All that I have accomplished, or expect, or 
hope to accomplish, has been and will be by that plodding, 
patient, persevering process of accretion which builds the ant 
heap, — particle by particle, thought by thought, and fact by 
fact." The Rev. John Todd, in his Student's Manual, a 
work that every seeker of knowledge should read, very appro- 
priately remarks: "Those islands which so beautifully adorn 
the Pacific, and which but for sin, would seem so many Edens, 
were reared up from the bed of the ocean by the little coral 
insect, which deposites one grain of sand at a time, till the 
whole of those piles are reared up. Just so with human exer- 
tions. The greatest results of the mind are produced by small 
but continued efforts. I have frequently thought of the motto 
of one of the most distinguished scholars in this country as 
peculiarly appropriate. As near as I remember, it is the pic- 
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ture of a mountain, with a man at its base, with his hat and 
coat lying beside him, and a pick axe in his band ; and as he 
digs, stroke by stroke, his patient look corresponds witb bis 
words, — Peu etpeu — "little by little." 

" The river rolling onward its accumulated waters to the 
ocean, was in its small beginning but an oozing rill, trickling 
down some moss-covered rock, and winding like a silver 
thread between the green banks to which it imparted verdure. 
The tree that sweeps the air with its hundred branches, and 
mocks at the howling of the tempest, was in its small begin- 
ning trodden under foot and unnoticed ; then a small shoot 
that the leaping hare might have forever crushed. It now 
towers to tbe heavens." 

He who expects by waiting, to rise by some bold stroke, 
will probably resemble at last the countryman who loitered on 
the river bank, hoping that the passing stream would exhaust 
its waters. But the young man who believes that knowledge 
is worth possessing, and is willing to apply his energies, has 
much to encourag 1' Hm^p'tt m fthb 'ght- 
est ornaments of th t 1 f tl II d t 11 f the 

time when they p d b R S man 

was a shoemaker d b d th th t his 

widowed mother dhljl fmlyytl b d epJy 

skilled in mathem t ft d dlww pitda 

judge, and rose t m j t d p 1 ti It has 

been remarked of him that he never said a foolish thing in his 
life. General Gbeene, the favorite of Washington, was a 
blacksmith ; and had only the elements of an English educa- 
tion given him, "But to him, an education so limited, was 
unsatisfactory. With such funds as he was able to raise, he 
purchased a small but well selected library, and spent his 
evenings and all the time he could redeem from his father's 
business, in regular study." Benjamin Franklin, it need 
scarcely be said, was a practical printer; and emphatically 
the artificer of his own fortune. Rittenhouse, who was pro- 
nounced second to no Astronomer living, was a farmer in early 
life ; and it is said that when a boy the smooth rocks in the 
field, and the fences by the way side, were often covered with 
his arithmetical calculations. He became eminent as an 
astronomer, and mathematician. Nathaniel Bowditch, the 
celebrated navigator and scholar, was poor and enjoyed few 
opportunities in youth to acquire knowledge ; all his science 
and his fame were the fruit of persevering application. Who 
was Fulton, whose inventions in the applications of steam 
power, have added millions to the wealth of our country, and 
especially of the west ? And who was Whitnev, the inventor 
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of the cotton gia, by which the weaith of tlie soutti was 
doubled ? 

Let the industrious student read his country's history and 
he will find that these are but very few of Uie number that 
have risen to eminence without the inheritance of fortune's 
favors. And amongst the living he will find laborers, and 
mechanics, standing conspicuous in our deliberative assem- 
blies; side by side, with the graduates of colleges and univer- 
sities. Youth should study too that they may make useful 
and respectable private citizens ; for such as seek to store their 
minds with useful knowledge, and who train their reasoning 
powers to think efficiently, will rise, Notwithstanding the frowns 
of fortune, if they are true to themselves. When we look 
around upon our substantial farmers, master mechanics, and 
prominent citizens, how large a portion were poor boys ! while 
the worthless and dissolute, are oi^en those who commenced 
life under favorable auspices. 

But there are difficulties in the way! or as (be wise man 
of old has it, " There is a lion in the way — a lion is in the 
street." Thousands would rejoice to be learned, were it not 
for the toil. They would gladly enjoy the gratifications that 
intellectual wealth affords, hut they are unwilling to labor for 
the prize. Think you that the men we have named, rose to 
distinction without effort. Or ratlier, did they not climb the 
ascent step by step? Buhritt, to whom we have already 
alluded, was not merely a blacksmith by profession, but until 
very recently a daily laborer for eight hours at the anvil. 
William Cobbett was once a common soldier, and after- 
wards a member of the British Parliament. He says of him- 
self: "I learned grammar, when I was a private soldier on 
the pay of sixpence a day. The edge of my berth or my guard 
bed was my seat to study in ; my knapsack was my book 
case, and a bit of board lying on my lap my writing table. I 
had no money to purchase candles or oil ; in winter time it 
was rarely that I could get any light but that of the fire, and 
only my turn even of that. To buy a pen or a sheet of paper, 
I was compelled to forego some portion of food, though in a 
state of starvation. I had no moment of time that I could 
call my own; and I had !o read and write amid the talking, 
laughing, singing, whistling and bawling of at least half a 
score of the most thoughtless of men; and that too, in tlie hours 
of freedom from all control. And I say, if I, under ciicum- 
stances like these, could encounter and overcome the task, is 
there, can there be, in the whole world, a youth that can find 
an excuse for tlie non -performance ?" 

Y«utb are apt to err in attributing too much to genius and 
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favorable opportunities. There certainly are grades of in- 
tellect, and with similar opportunities all would not succeed 
equally ; it is likewise true that wealth may buy advantages : 
but it often brings its disadvantages. It leads youth to rely 
too much on their opportunities ; and tlie mind lacks the 
energy which adverse circumstances generally impart. The 
young man who relies on his genius and college facilities, 
will not be apt to distinguish himself by his attainments. 

If misfortune overtake you — rally again. When the web 
of the spider is destroyed by (he hand of the intruder, it does 
not waste its time in idle repinings; but forthwith commences 
the work anew. Shall man do less? Though the labor of 
years may have been destroyed, can we better repair the loss 
than by sitting down patiently to tie task of restoration? So 
the student of mathem-itics will often find atter spending hours 
or 1 y 1 1 g m 1 on, that his plan is 

w 1 I g 1 been committed, by 

wh U h 1 b J d f 1. Then it is that, 

w h m d d pi d 1 k h m t, if he would suc- 

ce d m kly 1 h k f w. He that would 

Bi J 1 b 1 i sion. He must try 

— d f V 

Tit It th t 1 

f i t ts t 
th 11 t H. 1 tl 

p 1 b ] 1 b t 
t f th th q 

f h p 1 h 

g t f h t 

th p rp f f t g t 1 'St 1 d tl ect 

y w th 11 t pp t p t y t p t d t led 

eacb time ; but gatliering all its strength for the seventh effort, 
it was successful. Encouraged, the king rose up and returned 
to his scenes of danger ; and as he had never before gained a 
victory, he never afterwards sustained a defeat. May not the 
despairing student here find a lesson to cheer him in the hour 
. of despondency ! 

Let him turn his attention to biography. He will there learn 
what man has done, and be knows our motto. We would re- 
commend to his attention an excellent book entitled "Tlie 
Pursuit of Knowledge under Difficulties.'" It has been repub- 
lished in this country, and the Rev, Francis Wayland has 
promised a volume of American characters. The reader may 
learn from these books, the difEculties under which others have 
labored. He will find poverty, sickness, and physical misfor- 
tune opposing in vain. Sanderson and El'Lek, and Milton, 
33* 
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■were blind ; but did they waste their time in idle repining? 
WIio can peruse their memoirs without a thrill of admiration ! 

It is related of a poor gardener who had learned much by soli- 
tary application, that on surprise being expressed that he should 
understand J^ewton's Principia, he exclaimed " Can I not read ? 
And if I have books what more do I want?" That gardener 
■was Edmund Stone, atlerwards celebrated as a mathematician. 
"We find even the deaf and dumb becoming profound scholars ; 
what excuse then can he have, who can hold free communion 
with his fellows ? And there is Laura Bsidgman, now in 
the Massachusetts Asylum for the Blind, who can neither see, 
hear, nor speale, and her sense of smell is very imperfect ; and 
yet she has learned the use of language, so as to convey her 
ideas and learn the wishes of others. It is all nonsense for a 
young person to think that because he is not healthy, or has not 
leisure and books, and learned professors to instruct him, that 
therefore he cannot learn. Too many books are often a great 
disadvantage, by distracting the attention and preventing close 
application, A small, well selected, library is better for the 
student than a great variety of books. The text books should 
be studied very closely, very intently, and perseveringly ; it is 
not sulEcient that Ihey be read once, and then thrown aside. 

Coleridge says, " That readers may be diversified into four 
classes: — The first maybe compared to an hour glass, their 
reading being as the sand ; it runs in, and runs out, and leaves 
not a vestige behind. A second class resembles a sponge, im- 
bibing every thing and returning it in the same state, only a 
little dirtier. The third class is like a jelly bag, which allows 
all that is pure to pass away, and retains only the refuse and 
the dregs. The fourth class may be compared to the slave in 
the diamond mines of Golconda, who casting aside all that are 
worthless, preserves only the pure gems." We should always 
endeavor to be of ihe fourth class. To search for the diamonds 
of thought, and by patient investigation to make them our own. 
\¥e should thivk. 

But how am I to tliink.-' Be assured tliat to make thinking 
effectual it must be diligent, undivided, concentrated. One 
great object of Education, I might say the great object, is to 
acquire this mastery over the mind ; the amount of knowledge 
stored up is a matter of secondary importance. Gathering up 
the ideas of others may make a person learned ; but discipline 
of the mind is education. He whose mind is disciplined can 
at any time add to his stock ; he can learn facts and reason 
upon them ; but he who has not learned to think properly, is 
in danger of exhausting his stock. The mind of one is a 
living spring, of the other a mere cistern that may be filled and 
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emptied. The mechanic acquires manual dexterity in using 
tools, by long practice and patient training; — the mind of the 
thinking man, is Wie power by which he operates, and the dex- 
teritj- with wbich be can use it, depends upon the power he has 
acquired to concentrate it^ efforts and direct its energies. Tlie 
habit of trifling, instead of studying, is fatal to improvement. 
The student should never forget that whiie sands make the 
mountain's, moments make the jeai , and he should bear in 
mind the school boy's motto, " Play when your work is done." 

The Amencan boj has much to encourage him ; for tlie 
wide field ot preferment is open before bim, and earlier or later, 
merit will be rewardeti Let him remember that though but a 
boy now, a fen yeirs will place him in a different relation to 
those around him , and tliese years may be idled or improved . 
If idleJ, the i^norint boj wiilbe an ignorant man; but if im- 
proved, the ignorant bo^, may become the intelligent, useful, 
eminent man Coii<!ider the truth tontained in our first motto, 
" What man has done, man mai do," and then fearlessly 
and with fidl and persevering purpose of heart, practise tlie 
resolve"! WILL TRY." 

But how shall I try? To what point shall my efforts be 
directed? These are reasonable questions ; for every person, 
and especially every young person, should ask himself, 
"What is my aim — my enterprize — my object?" If we 
commence life with nothing particular in view, we shall 
generally end it with no acquisition. Bukns, the poet, attri- 
buted most of his misfortunes through life to the want of an 
aim. Hence his efforts were ill directed ; the beneficial results 
produced were not such as he anticipated, and with all his 
genius he fell an early victim to excesses. Adopt, therefore, 
some plan, fix on some object which is worth attaining; and 
make it your guiding stai'. What this object should be, your 
taste and circumstances may decide ; but whatever it be, let 
your battle cry be " Onward." Let it not be said of you as 
was said with caustic severity of one in the British Parliament, 
who taunted a member with having been a cobbler. " Had 
you, sir, been a cobbler, you would be a cobbler still." Im- 
prove by books — improve by thinking — improve by conversa- 
tion. It is less the facts and ideas which we acquire from 
others in conversation that are valuable, than the exercise given 
to one's own mind. The collision of mind with mind, makes 
youth prompt and self possessed ; discriminating and judicious. 
It is for this reason that teachers of youtii should be men of 
sound sense. Employ a fool for what you please, except lo 
teach children. 

The memory, as well as the reasoning powers, must be 
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cultivated, or all attempts to accumulate knowledge will bo 
but the task of Sisyphus. The leaking vessel is never filled — 
the spendthrift never becomes wealthy — neither can he who 
constantly forgets what iie has just acquired, ever become 
learned. It has been sarcastically remarked that "many com- 
plain of their memories, though but few of their reasoning 
faculties." It should.be considered that without memory the 
reasoning powers would be without elBciency; being without 
material to operate upon. The memory is far too important a 
faculty to be lightly esteemed or left uncultivated. 

" Knowledge is profitable unto all things, therefore get 
knowledge." If you are a farmer or mechanic, study your 
profession, and if possible, study the arts and sciences con- 
nected with your occupation. You will be more useful, more 
respected, more successful and more happy. I speak of posi- 
tive feeling, not the negative happiness of stupor. No youth 
should be content without the every day branches of educa- 
tion. He should Read and Write well — practice and care will 
soon enable him to do both. He should study Geography, it 
is a pleasing study ; and no man can even read a newspaper, 
or converse, to advantage, unless he knows the situation of 
places and countries. He should study English Grammar, 
for without it he cannot hope to succeed as a speaker or writer; 
or to acquit himself well in conversation. Are you afraid of 
the study? How did Cobeett learn it? When Cobbett 
stood in the house of Parliament, think you he regretted his 
early efforts? Study History, especially the civil and political 
history of your own country and its institutions ; no man can 
be properly qualified to exercise the privileges of a citizen in 
our republic, who is ignorant of his rights and obligations. 
Study yourself, study your fellow Man. — " The proper study 
of mankind is man." There is so much sameness in our race, 
that a critical investigation of a few specimens, will give you 
a very good idea of the whole. Geology and Botany are 
pleasant and useful studies. The former will teach you the 
nature of the materials which compose the globe wc inhabit ; 
the latter, the wonders and beauties of the vegetable world. 
These furnish a fruitful source of enjoyment in every ramble 
through town or country : but especially as we view the rich 
and varied scenery of nature. Study Astronomy, that noble 
and sublime science, which tells of the heavenly bodies and 
their laws. If you fear the enterprise, turn to the history of 
Ferguson, Rittenhouse, Bowditch, Herschel and others, 
and see what poor and obscure boys have done. No study 
can be more gratifying, or better adapted to improve the mind, 
The general laws and principles involve no intricate calcula- 
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tions ; they are easily understood and cannot be forgotten. 
Study the nature of material bodies, through Chemistry ; study 
their laws of being and action through JVatural Philosophy. 
Here is a rich and inexhaustible treat ; and you will be tread- 
ing in the footsteps of thousands whose difficulties were great 
as yours. 

I might run through the whole circle of literature and sci- 
ence, but I have perhaps already presented an appalling array. 
Be not however dismayed — take one subject at a time ; diifi- 
culties, like hills, Jook most formidable at a distance ; and 
think not mental application a fruitless task ; it brings its re- 
ward. At each step the mind becomes better disciplined, — 
the workman better skilled in the use of his tools. It was said 
by Stephen Gieaed that the acquisition of tlie first thousand 
dollars of his immense estate, cost him more trouble than all 
the rest ; and the analogy holds true in the acquisition of 
knowledge. 

We have known teachers who had pursued the occupation 
for life, and could teach to a certain rule in the Arithmetic, or 
a certain branch of mathematics, and no farther; like the cob- 
bler who mended shoes all his life, wiUiout ever attempting to 
make one. This any sane man should be ashamed of; for 
with common sense and reasonable industry, he may fit him- 
self to teach any thing that is demanded. Perhaps tliere are 
few situations better adapted for study than that of a teacher. 
He receives and imparts, but the process of imparting does not 
exhaust ; it only deepens the impression and makes the view 
clear. Many have studied at night, what they must teach by 
day ; and one at least studied Algebra and Astronomy, under 
just such circumstances. The advanced rules of Aridimetic 
are but an application of the four elementary rules ; and, in 
point of dilficulty, the step thence to Algebra is not greater 
than from one arithmetical rule to another. With a familiar 
treatise on this subject, any expert arithmetician may master 
the study in a few months; and no one who is a good arithme- 
tician should fail to study Algebra also. Surveying is a sim- 
ple study, with which any arithmetician may become familiar 
in a few weeks ; and the same remark is true of several other 
mathematical branches. The great difficulty seems to be in 
persuading ourselves that we are competent to the task. We 
survey the mountain, but forgetting the motto, we throw down 
the pickaxe ; and while the diligent workman is picking his 
way through, we are doing nothing. We are waiting for the 
stream to exhaust its waters, but it flows on, and must for- 
ever flow, for the springs which supply its streams are inex 
haustible. 



..Google 



..Google 



